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High order curved mixed meshes
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Continuous equation

0=V f(u,Vu)+s(u,Vu)



. Efficient FE
Formulation

J. Lambrechts

Continuous equation
0=V f(u,Vu)+s(u,Vu)
Discrete formulation
U|Qe = Z u_jed).l
J
0= / —f(u,Vu) - v¢,ds+/ q(u?, Vud)p;dl
Qe EIoR

Fe QF

i

+ /Qe s(u, Vu)op;ds
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Efficient numerical spatial integration

Se = / s(u)pids ~ > st wt ¢ ViVe
Q
e ¢

1. evaluate the unknown field at the integration points
Ut =3 uf gt VoVe
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5;9 = / S(U)(ﬁ,-ds ~ Zsef¢§wﬁjef ViVe
Q
‘ 3

1. evaluate the unknown field at the integration points
_ £
uss =37, ufg: VeVe
2. evaluate the conservation law and apply the mapping
S U = s(u®) S VoV
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Efficient numerical spatial integration
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Se = / s(u)pids ~ > st wt ¢ ViVe
Q
e ¢

1. evaluate the unknown field at the integration points
_ £
e = Do Usd; VeVe
2. evaluate the conservation law and apply the mapping
S U = s(u®) S VoV
3. perform the integration on the parent element
Sf o Yo s (uf) P wi S VoY,
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Efficient numerical spatial integration
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Se = / s(u)pids ~ > st wt ¢ ViVe
Q
. ¢

1. evaluate the unknown field at the integration points
us€ =3 ufes Veve O(NgNGN)
2. evaluate the conservation law and apply the mapping
s¢€JoE = s(usE) et VeVe O(NgNg)
3. perform the integration on the parent element
Sf o Yo s (uf) P wi S VoY, O(NgNgN)

In high order, operations 1 and 3 are expensive
= perform them as BLAS products.
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Evaluate the fields at integration points O(NgNgN)
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Recast costly operations as BLAS3 products

“Eg = Z ¢,§ g VeVe
A[E]l Bli][ek]
U=A-B
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Integrate over the parent element  O(NeNgN)
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Recast costly operations as BLAS3 products

Sg Y ghwE st Vv,
¢ \,./\V_/
AlIE] BIE][ek]
S=A-B
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Implicit : Evaluate the Jacobian matrix

Fe = / —f(u,Vu) - Vo;ds

e
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Implicit : Evaluate the Jacobian matrix

Fg :/ —f(u,Vu) - Vo;ds
Qe

dFg
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Implicit : Evaluate the Jacobian matrix
F,f,-:/ —f(u,Vu) - Vo;ds
Qe
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Implicit : Evaluate the Jacobian matrix
F,f,-:/ —f(u,Vu) - Vo;ds
Qe

ﬂ:_/ [afk du _|_Z Ok Oury, Vids
Qe
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> Four large BLAS3 matrix-matrix products
def

K=W; A +W, -A, + W3- -A3 +W,;-Ay O(N,%—N2NENc;D)

» The entries have to be re-ordered
Skl = K[k O(NZNNe)



Benchmark

Evaluation of the Jacobian matrix for continuous Galerkin 2D diffusion

5746 triangles

MacBook Pro ©2600MHz (single threaded)

P toid ‘ toew
1 0.06 0.08
2 0.39 0.13
3 1.76 0.25
4 5.96 0.39
5 16.51 0.61
6 42.51 0.95
7 96.47 1.43
8 196.49 2.33
9 373.01 4.28
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Benchmark

Evaluation of the Jacobian matrix for continuous Galerkin 2D diffusion

5746 triangles

MacBook Pro ©2600MHz (single threaded)

p Lol ‘ Erew Esotver
1 0.06 0.08 0.06
2 0.39 0.13 0.41
3 1.76 0.25 0.93
4 5.96 0.39 1.60
5 16.51 0.61 2.39
6 42.51 0.95 3.78
7 96.47 1.43 5.13
8 196.49 2.33 7.45
9 373.01 4.28 10.13
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Benchmark

Evaluation of the Jacobian matrix for continuous Galerkin 2D diffusion

5746 triangles
MacBook Pro ©2600MHz (single threaded)

p NgN? ‘ Lol ‘ Erew Esotver
1 36 0.06 0.08 0.06
2 252 0.39 0.13 0.41
3 1,300 1.76 0.25 0.93
4 4,275 5.96 0.39 1.60
51 11,907 | 16.51 0.61 2.39
6| 29,008 | 4251 0.95 3.78
7| 62,208 | 96.47 1.43 5.13
8 | 123,525 | 196.49 2.33 7.45
9 | 220,825 | 373.01 4.28 10.13
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Benchmark

Evaluation of the Jacobian matrix for continuous Galerkin 2D diffusion

5746 triangles
MacBook Pro ©2600MHz (single threaded)

N¢ N2

p NgN? ‘ toa o ‘ Erew Loolver
1 36 0.06 167 | 0.08 0.06
2 252 0.39 155 | 0.13 0.41
3 1,300 1.76 135 | 0.25 0.93
4 4,275 5.96 140 | 0.39 1.60
5| 11,907 | 16.51 139 | 0.61 2.39
6| 29,008 | 4251 147 | 0.95 3.78
7| 62,208 | 96.47 156 | 1.43 5.13
8 | 123,525 | 196.49 160 | 2.33 7.45
9| 220,825 | 37r3.01 169 | 4.28 10.13
r=—_10°
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Benchmark

Evaluation of the Jacobian matrix for continuous Galerkin 2D diffusion

5746 triangles
MacBook Pro ©2600MHz (single threaded)

N¢ N2

p NgN? ‘ toa o ‘ bhew — Inew Loolver
1 36 0.06 167 | 0.08 220 | 0.06
2 252 0.39 155 ]0.13 52| 041
3 1,300 176 135|025 20| 0.93
4 4,275 596 140 039 9.1 | 1.60
5| 11,907 | 16,51 139 | 0.61 5.1 | 2.39
6| 29,008 | 4251 147 | 095 33| 3.78
7| 62,208 | 96.47 156 | 1.43 23| 5.13
8| 123,525 | 196.49 160 | 233 19| 7.45
9| 220,825 | 37r3.01 169 | 428 1.9 | 10.13
r=—_10°
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Interface terms

Contributions from all faces with

identical face-volume relative position Pa
are computed with one single BLAS
product.

p1

Pe

P3
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Interface terms

Contributions from all faces with
identical face-volume relative position
are computed with one single BLAS
product.

Matrix assembled by blocks
MNE NNg

— ) )

NNg

P4

p1

Pe
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P3

Ps

p2

$20iq Iy
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Ng blocks



Discontinuous benchmark S
Evaluate and assemble the Jacobian matrix
Discontinuous Galerkin 3D advection/diffusion
MacBook Pro ©2600MHz (single threaded)

J. Lambrechts

p time/Ng interface
1 53107% 71.7%
2 1.1107% 625%
3 31107% 511%
4 92107%s 40.4 %
5 351073s 26.6%
6 1.1102%2s 199%
7 3110725 152 %
8 1.11071s 94%
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Conclusion
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v

Recipe to efficiently compute high order FE integrals

v

No compromize on integration precision

v

7 times faster for P3 triangles

v

90 times faster for P9 triangles



