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Abstract

Lattice Boltzmann Method (LBM) has developed as a new method in the field of
Computational Fluid Dynamics and is a good alternative to the conventional numerical
techniques like Finite Difference (FDM) and Finite Volume Method (FVM). The aim of this
research work is to develop a novel robust FVM-LBM computational solver for compressible
flows. The LBM model proposed by Kataoka and Tsutahara has been implemented in the
new hybrid method which has been benchmarked for the following standard problems: shock
tube problem (1D), shock expansion problem (2D), Roe Test and Riemann problem. The
hybrid method has a higher computational efficiency and the results obtained with this
method gives a steeper and more accurate shock profile as compared to the ones obtained by
the FVM along with the widely used Godunov scheme. Finally, a thermodynamically
consistent and fully conservative model for multi-component flows has been discussed and
benchmarked for a few test cases. The new hybrid method has been used to simulate fluid
flow having gases with different ratio of specific heat and molecular mass. It has been also

observed that the hybrid method is more efficient than the pure FVM for multi-fluid flows.
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Chapter 1

Introduction

Computational fluid dynamics (CFD) uses numerical methods and algorithms to solve and
analyze problems that involve fluid flows. Computers can efficiently perform the
calculations required to simulate engineering problems involving interaction of fluids and
gases with the complex surfaces. So, computational simulations are often preferred over
experimental methods to obtain higher accuracy and to minimize the time. Some of the
commonly used numerical methods to solve differential equations are Finite Element Method
(FEM), Finite Difference Method (FDM), Finite Volume Method (FVM) and Lattice
Boltzmann Method (LBM). Each of these methods has its own relative advantages and

disadvantages over others.

FEM is generally used for analysis in structural mechanics. CFD problems usually require
discretization of the problem into a large number of cells, therefore computational cost
favours simpler, lower order approximation within each cell. FEM may provide better
accuracy but it proves to be too expensive for CFD problems. FDM is another numerical
technique which approximates the partial differential equations to solve Navier-Stokes or
Euler equations. This method is easy to implement but it is difficult to use FDM for

unstructured meshes or complicated geometry.

In the finite volume method [1],[2], volume integrals in a partial differential equation that
contain a divergence term are converted to surface integrals, using the divergence theorem.
These terms are then evaluated as fluxes at the surfaces of each finite volume. "Finite
volume" refers to the small volume surrounding each node point on a mesh. This method is
conservative because the flux entering a given volume is identical to that leaving the adjacent

volume. This method is commonly used in many CFD packages due to its several advantages.



FVM can also simulate shock waves and contact discontinuity waves due to its conservative
nature. Another advantage of FVM is that this method can be easily formulated to allow for
unstructured meshes. Numerical schemes have been proposed to compute the surface fluxes
but the disadvantage of using FVM is that these schemes may be numerically expensive.
Some of the approximate solvers for computing surface fluxes may be more efficient than the

exact solver [2].

Lattice Boltzmann Method [3] has developed as an alternative and promising numerical
technique for simulating fluid flows. Unlike the traditional methods which solve the Navier-
Stokes and Euler Equations directly, this method is based upon solving mesoscopic kinetic
equation (Boltzmann Equation) for the particle distribution function [3]. The fundamental
idea in LBM is to construct a simplified kinetic model which obeys the Navier-Stokes or
Euler equations. LBM has several advantages over other conventional CFD methods,
especially in dealing with complex boundaries and algorithm parallelization. LBM has been
also able to successfully simulate multi-fluid problems. Multi-fluid LBM models have been
developed and these account for the increasing popularity of LBM in simulating complex
fluid systems. LBM can also deal with complex boundary problems and can accurately
simulate discontinuity waves like shock waves and contact discontinuity waves in
compressible flow problems. But the biggest disadvantage of LBM is that it can not be used
with non-uniform or unstructured meshes. Use of unstructured or non-uniform meshes is
often desired to reduce computational time while simulating complex three-dimensional

problem having a large domain of interest.

It has therefore been observed that Finite Volume Method and Lattice Boltzmann Method are
the two numerical techniques which have been widely used in computational fluid dynamics
due to their relative advantages over FEM and FDM. Both these methods also have some
relative advantages and disadvantages over each other. LBM incorporates particle kinematics
to accurately solve multi-fluid problems, but this method fails over non-uniform and
unstructured meshes. Significant numerical diffusion has also been observed in some of the
compressible flow models for LBM for e.g. the compressible flow model proposed by
Kataoka and Tsutahara [4] with lower order discretization in space. On the other hand, FVM

can be used with unstructured meshes, but it may be computationally expensive depending



upon the numerical scheme used to compute the inter-cell fluxes. The relative advantages of
these methods over each other provide a motivation to develop a novel hybrid FVM — LBM
method which can incorporate the advantages of both FVM and LBM. A novel hybrid FVM —
LBM method has been developed for compressible Euler equations in this work which is
computationally efficient besides being more accurate than either of the two pure Finite
volume and Lattice Boltzmann methods. This method can solve the multi-fluid flows which
are relevant in nuclear power reactor safety analysis and also find applications in chemical

engineering.

The plan of the thesis is as follows. Literature survey, which discusses the different numerical
methods for compressible Euler equations along with their relative advantages and limitations
over each other, has been presented in the chapter 2. Chapter 3 develops a theoretical
background to analytically solve the Riemann problem. Solution of the local Riemann
problem to obtain inter-cell parameters is a fundamental step in FVM. The widely used
conventional numerical methods for solving compressible Euler equations have been
discussed in the chapter 4. The novel FVM-LBM method for compressible flows has been
introduced in the chapter 5. A numerical model for compressible multi-fluid flows has been
discussed and the proposed hybrid FVM-LBM method has been extended to solve multi-fluid
flows. The numerical model for the multi-fluid flows has been presented in the chapter 6. The
results of the benchmarking tests have been presented and discussed in the chapter 7 and

chapter 8.



Chapter 2

Literature Survey

Several models have been suggested in the literature to solve compressible Euler equations.
The solution to the Euler equations may contain discontinuity waves such as shock waves and
contact discontinuity waves. Such discontinuities pose some stringent requirements on the
mathematical formulation of governing equations and the numerical schemes to solve the
equations. Non-conservative formulations may fail at discontinuities and give wrong shock
strength or shock speeds e.g. the one-dimensional shallow water equations [2]. It has been
established that conservative numerical methods do converge to the weak solution of the

conservation law [5].

Finite Volume Method is widely used to solve compressible Euler equations as this method is
conservative and can simulate discontinuity waves. In FVM, volume integrals of the
divergence terms in the partial differential equations are converted into surface integrals by
Gauss-Divergence theorem and these terms are then evaluated as surface fluxes. Several
schemes have been proposed in literature to obtain the surface parameters (or inter-cell
parameters) from the given node parameters. Godunov scheme [2],[6] has been widely used
to calculate the inter-cell parameters which are computed using analytical solution of local
Riemann problems. Godunov scheme can accurately simulate discontinuity waves but this
method has a high computational cost. Analytical solution to the local Riemann problem is
obtained using iterative methods like Newton-Raphson method and this leads to an increased
computational time. In a practical computation it may be required to solve the local Riemann

problem billions of times, which makes the solution process a very demanding task in FVM.

Associated computational efforts with an iterative method may not always be justified.
Approximate non-iterative solutions may have the potential to calculate the inter-cell

parameters for the numerical purposes. Several approximate Riemann solvers have been



proposed to find an approximation to a state and then evaluate the physical flux at this state.
Some of these approximate solvers are exceedingly simple but they may not be accurate
enough to produce robust numerical methods. The solver proposed by Roe [7] is one of the
most well-known approximate Riemann solvers and has been applied to a very large variety
of problems. Refinements to this approach were introduced by Roe and Pike [8] and the new
methodology was simpler and more useful in solving Riemann problems. Corrections to the
basic Roe scheme have been consistently made by experienced researchers but the solver may
still fail to give desired accuracy in complicated cases. Harten, Lax and van Leer [9] proposed
HLL Riemann solver which can directly approximate the inter-cell numerical fluxes without
calculating the inter-cell parameters. The central idea of this method is two assume a two
wave configuration which separates three constant states. This method is one of the very
efficient and robust Riemann solvers but the limitation of this method is the assumption of
two-wave configuration. As a consequence of this assumption, the resolution of physical
features like contact discontinuity may be inaccurate. Modifications have been proposed to

this solver [10], but the limitations of this method still remain.

Lattice Boltzmann Method [3] is another numerical method which is often used to simulate
compressible flow problems with shock wave and discontinuity because of the advantage of
high resolution for shock-wave computations. This method models fluid as consisting of
particles which perform the consecutive processes of collision and propagation over a discrete
lattice mesh. The numerical method has to confirm that macroscopic parameters (velocity,
pressure, temperature and density) obtained by solving LBM satisfy the fluid dynamics
equation (Euler Equation). Chapman-Enskog expansion [11] is the mathematical procedure
which is used to confirm that LBM satisfies Euler equations. Several Lattice Boltzmann
models have been proposed for incompressible Navier-Stokes equation. However the usual
collision-propagation method employed in the incompressible model can not be used to solve
the Euler equations as this method is limited to flows with small Mach number only. Earlier,
the LBM was limited to low Mach number but in the recent years many compressible Lattice

Boltzmann models have been proposed in the literature.

Alexander et al. [12] proposed a Lattice Boltzmann model with selectable sound speed to

simulate compressible flow. In this model sound speed was set as low as possible by selecting



the parameters of equilibrium distribution function properly. But this model failed to simulate
compressible flows beyond a certain Mach number. Yu and Zhao [13] suggested another
model in which sound speed is lowered by the introduction of an attractive force. Both of
these models are isothermal models and cannot simulate temperature profiles and thus can not
be used to develop robust compressible flow solvers. Guangwu, Yaosong and Shouxin [14]
proposed a three-speed-three-energy-level Lattice Boltzmann model for compressible Euler
equations. Specific heat ratio can be freely chosen in this 17-bit (a bit is the number of
particle velocities or energy levels in a LBM model) thermal model, but this method is
computationally expensive as it assumes three different levels of velocity and temperature.
The results obtained from this model have been shown in figure 1. LBM for the compressible
Euler Equation (2-dimensional) proposed by Kataoka and Tsutahara [4] is a 9-bit thermal
model and is computationally less expensive than the three-speed-three-energy level model.

This model has been discussed in detail in the following chapters.
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Fig 1: Results for a shock tube problem with a compressible flow LBM model [14]
(a). Density (b). Velocity (c). Pressure and (d). Internal energy
The two numerical techniques FVM and LBM have some relative advantages over each other
and this provides a motivation to develop a novel hybrid FVM-LBM method for

compressible flows. It has been observed that the new method is computationally efficient



and simulates a steep and accurate shock profile as compared to the ones obtained by FVM
along with the Godunov scheme. The new method will be discussed in detail in this thesis.
The multi-fluid flows can also be successfully solved with this new numerical method. A
comparison between the results obtained from the new numerical method and the multi-fluid

FVM model proposed by Wang et al. will be made in the chapter 7.



Chapter 3

Exact solver to Riemann Problem

The one-dimensional time-dependent Euler equations with an ideal equation of state are
studied in this chapter. The basic structure of the solution of the Riemann problem is also
outlined along with a study of elementary waves present in the solution. Finally, exact

solution to the Riemann problem is presented.

The conservative form of one-dimensional Euler equations in differential form is
Ui+ F(U)c=0. (3.1)

Where U and F(U) are the vectors of conserved variables and fluxes given by

P P
U=|pu| FU)=|pu’'+p | (3.2)
E u(E+ p)

Here p 1is density, p is pressure, u is velocity and E is total internal energy per unit volume

given by
1
E= p(;uz +e) (33)

where, e is the specific internal energy and it can be obtained by the equation of state for ideal

gases.

P

=PRI T, (3.4)

7 = cp/ ¢y denotes the ratio of specific heat.

The sound speed (a) is given by

a= 7P (3.5)



Solution of the Riemann problem

Solution of the Riemann problem [2], [16] is a key ingredient of the conservative schemes to
solve the Euler equations. The exact solution of Riemann problem is useful in a number of
ways. The solution contains the fundamental physical and mathematical character of relevant
set of conservation laws subject to the initial conditions. The exact Riemann problem solution
is often used as a benchmarking case in assessing the performance of numerical methods.
The solution of Riemann problem is used to simulate compressible Euler equations with
Godunov scheme, which will be discussed in the next chapter. There is no closed-form
solution to the Riemann problem and iterative schemes are used to arrive at the solution with

a desired accuracy.

The Riemann problem for the one-dimensional time dependent Euler equations with data

(Ur,UgR) is the initial value problem

Ui+ FU)=0
Ux,0)=Ur ......... ifx<0
|6 T ifx>0. (3.6)

In the context of Euler equations, Riemann problem is a slight generalisation of the so called
shock tube problem in which two stationary gases are separated by a diaphragm and the
rupture of diaphragm generates a wave system. Elementary waves such as rarefaction waves,
contact discontinuity waves and shock waves will be described and basic relations across
these waves will be established. These relations are used to determine the complete solution
of the Riemann problem. In Riemann problem, the initial state of gases need not be
stationary.

1. Rarefaction wave: Rarefaction wave is a smooth wave across which all the parameters
(density, velocity, pressure and internal energy) change. The wave has a fan-type
shape and is enclosed by two bounding characteristics corresponding to the Head and
Tail of the wave.

2. Contact discontinuity wave: This is a discontinuous wave across which pressure and
velocity remains constant but density jumps discontinuously as do other density
dependent variables like internal energy, temperature, sound speed, entropy, etc.

3. Shock wave: Shock waves are discontinuous waves across which all the parameters

(density, velocity, pressure and internal energy) change.



Vector W = (p,u,p)” is more frequently used rather than the vector U in the solution of
Riemann problem. Data consists of two constant states, which in terms of initial variables are
W, = (pL,uL,pL)T to the left of x = 0 and Wy = (pR,uR,pR)T to the right of x = 0, separated by a
discontinuity at x = 0. For the case in which no vacuum is present (presence of vacuum is
characterized by the condition p = 0), the exact solution of Riemann problem has three waves.
These three waves separate our constant states which from the left to right are Wy (data on
left hand side), W+, Wxg, and Wg (data on the right hand side). The unknown region between
left and right waves is the ‘Star Region’ which is separated into two sub-regions i.e. Star left
(W+) and Star right (Wxg). The middle wave is always the contact discontinuity wave while
the left and right waves may be shock or rarefaction waves. Therefore, there are four possible

wave patterns which are mentioned in the table 1.

Table 1: Possible wave patterns in the solution of Riemann problem

Cases Left wave Right wave
Case 1 Rarefaction wave Shock wave
Case 2 Shock wave Rarefaction wave
Case 3 Rarefaction wave Rarefaction wave
Case 4 Shock wave Shock wave

Pressure (p+) and velocity (u+) do not vary across the contact discontinuity wave while the
density takes two different values p+. and psz. A solution procedure is now explained to

compute the parameters in the Star region.

The solution for pressure (p+) of the Riemann problem is given by the root of algebraic

equation
f(p,We,Wr)= fu(p,Wr)+ fr(p,Wr)+ur—u. =0 (3.7)

where, the function f; is given by

1/2
(p—pr) {p fLBLj| if p > pr (shock)
Siulp,Wr) = , 1 (3.8)
%{(ﬁ) - 1} if p < pu (rarefaction)
y—1 pt

and the function fz is given by

10



1/2
(p- PR){ Ar } if p > pr (shock)
p+Br
filp W) = . (3.9)
2ar {(ﬁ) 27 —1} if p < pr (rarefaction)
y=1 pr
and the data-dependent constants A;, B, Ar, Br are given by
2 -1
r=——, Bi= % )pL,
(r+Dpr (7 +1)
2 -1
R=—"—, BRZO/ ) R.
(7 +1)pr (r+1)
(3.10)
The solution for velocity u= is given by
1 1
u*=5(ML+MR)+5[ﬁ%(p*)—ﬁ(p*)]. (3.11)

The unknown pressure p+ is obtained by solving the algebraic equation f(p) = 0. The
behaviour of the function f(p), which is monotone and concave down plays a fundamental
role in finding the equation roots numerically. The behaviour of the pressure function f(p) is
particularly simple and analytical expression for the derivative of f(p) is also available. So
Newton-Raphson iterative procedure is employed to find the root of f(p) = 0. A guess value

po 1s assumed for the true pressure p+

po= %(pL + DRr) —%(uR —u)(ar+ ar)(poL+ pPr) (3.12)

and the corrected value obtained after the first iteration is given by

S (po)

pr=po———. (3.13)
1 '(po)

The above procedure generalized at the k-th iterate gives

S(pu-n) .
S'(p-1)

Iterative procedure is stopped once the solution is within the desired tolerance range.

Dk=pt-n— (3.14)

The above algorithm can compute p+ and u+ The values of p+, and px are computed by

identifying the types of non linear waves which is done by comparing the pressure p+« to the

11



pressures p; and pr The appropriate conditions are then applied across the left and right
waves. Solution procedure to completely determine the left and right waves is also presented.
The different possible cases are now considered to obtain the exact solution to the Riemann

problem. These cases are taken from the references [2], [16].

Case 1: Left rarefaction wave and right shock wave (p«< p; and p«> pg)
The three waves are: left rarefaction wave, contact discontinuity wave and right shock wave.

The right shock wave is identified by the condition p«> pg. Density p+ is obtained from the

relation
P 7—1
PRy
PrR= PRI~ (3.15)
y+1 pr
and the shock wave speed Sy is computed using the relation
+1) p+
Sr=ur+ar (7/ )p (7/ ) _ (3.16)
2y pR 2y

The wave speed of contact discontinuity wave is u*.
The left rarefaction wave is identified by the condition p+ < p;. The density p+; is obtained

from the relation

per=puEy (3.17)
pL

The rarefaction wave is enclosed by the Head and the Tail, and the speeds of these Head and

Tail are given by

(r-1)/2y
SHL=ur—ar and STL—“*—aL(p ) ,
L

The solution for Wiz, = (p.u, p)" inside the rarefaction fan is given by

(3.18)

12



%7—1)

I DN t ) NP
p_p{(j/+l)+(7/+1)m(u t)} ’

Wlfan: u= 2 |:aL+(7/_1)UL+£j|9
(y+1) 2 t
2%‘/4)

_ 2 -0 . _x
p_p{(7/+1)+(]/+l)cu(u z)}

(3.19)

The complete solution set to this case is

(pLuL,pL)’ if Xt < Sur

W ifan 1f S < Xt < Sn

W=|(puep)’  ifSn<¥ < u (3.20)
(prusp)’ifue< % < S

(pruvp)’ f % > Sk

Case 2: Left shock wave and right rarefaction wave (p+> p; and p=«< pg)
The three waves are: left shock wave, contact discontinuity wave and right rarefaction wave.
The right rarefaction wave is identified by the condition p+< pg. Density p+z is obtained from

the relation

per=pr(L)"" (3.21)
pR

The rarefaction wave is enclosed by the Head and the 7ail, and the speeds of these Head and

Tail are given by

P*\-1i2y
SHR = UR+ QR and STR=U*+ar(~—) ,

PR

The solution for Wgs, = (p,u, p)" inside the rarefaction fan is given by

(3.22)

13



%7—1)

_ 2 - x
p= {W+D O+ Dar tﬁ :

Wrian = |u :L[_GR—FDWH_E:"
(y+1 2 t
o

3 2 (y—1) X
P= p{@+n O+ Dar tﬁ

(3.23)

The wave speed of contact discontinuity wave is u*.

The left shock wave is identified by the condition p«> p;. The density p+ is obtained from the

relation
* -1
P n /4 1
pr_y+
pri=pLl o 324
“1p+ (3.24)
VA A
y+1 pt
and the shock wave speed S; is computed using the relation
+1) p+
T NV V) A V) D7 | (3.25)
2y pL 2y
The complete solution set to this case is
QOL,uL,pL)T if Xt < St
(prus,pe)" if St < Xt < u
et * * T)* T 1 * X
W =|(p*r,uxp*) ifu-< < Str (3.26)
Wrfan 1f Str < Xt < Shr
(pr,UR,pr)" if X L Sur

Case 3: Left rarefaction wave and right rarefaction wave (p+< p; and p«< pr)
The three waves are: left rarefaction wave, contact discontinuity wave and right rarefaction
wave. The right rarefaction wave is identified by the condition p+< pg. Density p+ is obtained

from the relation

14



per=prEy (3.27)
pR

The rarefaction wave is enclosed by the Head and the Tail, and the speeds of these Head and

Tail are given by

(r-D/2y
SR =UR+ AR and STR=1U* +aR(pR) , (3.28)

The solution for Wg, = (p.u, p)T inside the rarefaction fan is given by
%7—1)

~ 2 - x
P= {(7/+1) (y+1)aR( t)} ’

WRfan: u= 2 |:—aR+(?/_l) uR"'i:la
(y+1) 2 t

(3.29)
2%%1)

_ 2 (y-) ~x
P= p{(7/+l) O+ Dan ™ z)}

The wave speed of contact discontinuity wave is u*.

The left rarefaction wave is identified by the condition p+ < p;. The density p+; is obtained

from the relation
1/
P*L—,OL(p ) (3.30)

The rarefaction wave is enclosed by the Head and the Tail, and the speeds of these Head and

Tail are given by

SHL=ur—ar and STL—“*—aL(p
L

The solution for Wiz, = (p.u, p)" inside the rarefaction fan is given by

)(7 /2y
) (3.31)

15



%7—1)

I DN t ) NP
p_p{(j/+l)+(7/+1)m(u t)} ’

Wlfan: u= 2 |:aL+(7/_1)UL+£j|9

(y+D 2 t (3.32)
2 1 2%‘/4)
p=pL + (7=1) (ML—i)
(y+1) (y+Dae t
The complete solution set to this case is
QOL,uL,pL)T if % < Sur
Wijan if Sue < Xt < St
* * * T 1 X *
W:(pL,u,p) lfSTL<%<u
(pr,u%p*)" ifux < Xt < St (3.33)
Wrfan 1f Str < Xt < Shr
(pr,Ur,pr)" if X L~ Str

Case 4: Left shock wave and right shock wave (p+> p; and p+> pr)
The three waves are: left shock wave, contact discontinuity wave and right shock wave. The

right shock wave is identified by the condition p+> pg. The density p+x is obtained from the

relation
pr. V- 1
PR Y+
PrR=PR| (3.34)
Ll pf +1
y+1 pr
and the shock wave speed Si is computed using the relation
1 n]"”
Sk =ur+ ar o+ )p_+_(7/ ) . (3.35)
2y  pr 2y

The wave speed of contact discontinuity wave is u*.
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The left shock wave is identified by the condition p=> p;. Density p+ is obtained from the

relation
P*+7—i
ﬁ”L:PL‘Q%rZi—
y=p +1
y+1 pL

and the shock wave speed S; is computed using the relation
+)pr, r=D]"
St=urL—ar Y P, Y= )
2y pL 2y

The complete solution set to this case is

(pLuL,pr)’ if X L < St

(p,uspr)’ ifSu< X LS w
W=

(prr,us,pr)’ ifus < X/ <Sw

QOR,uR,pR)T if X t > Sr

(3.36)

(3.37)

(3.38)

The computational solver has been developed to find the exact solution of the complete wave

structure of the Riemann problem at any point in the relevant domain of interest and at a time

t > 0. This solver forms an important part of the Godunov scheme, which will be discussed in

the following chapter.
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Chapter 4

Numerical methods for compressible Euler equations

This chapter discusses the numerical methods which have been widely used to solve the
compressible Euler equations. The methods are
a. Finite Volume Method (FVM) along with the use of Godunov scheme to obtain the
inter-cell parameters.

b. Lattice Boltzmann Method (LBM)

4.1 FVM along with the Godunov scheme for compressible Euler equations

The finite volume method [1], [2] is a numerical method for solving partial differential
equations that calculates the values of the conserved variables averaged across a volume. This
fully conservative method overcomes some of the limitations of FDM. The use of integral
form of the differential equations gives greater flexibility in solving complicated boundary
problems, as the finite volumes need not be regular. The method also works with unstructured

grids which is another limitation of FDM.

The three-dimensional Euler equations are of the form

U+V.[FU)]=0 4.1)
where F(U) is the flux vector.

These equations in an arbitrary domain of volume V and bounded by a closed surface S can

be expressed in the following integral form as

0
ajUdV+V.deV:O_ 42)
Vv V

The volume integral containing the divergence term is converted to the surface integral using

the Gauss divergence theorem. Therefore, the modified integral form is
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0
alUdVJr!FdS:O_ (4.3)

The integral conservation equation is not only applicable to the entire problem domain, but it
is also applicable to each control volume. Global conservation equations can be simply
obtained by summing up the conservation equation of each control volume. Thus global

conservation is built into the method and this is one of the advantages of the FVM.

The surface and volume integrals need to be approximated. To exactly compute the surface
integral the flux value F everywhere on the surface S will be required, which is not known.
The mean flux value over the surface is approximated as the inter-cell flux. Thus the surface

integral is given as

[ Fds = FU)AS @.4)
N

Subscript (ic) denotes inter-cell and AS is the surface area of the cell.
Similarly the volume integral is obtained by approximating the integrand U at the node. Thus

the volume integral is given as

[vdv =Uaar @5)
4

Subscript (node) denotes node and AV is the volume of the cell.
The conservative discretized form of the equation (4.3) can therefore be used to solve

compressible Euler equation by Finite Volume method.

The one-dimensional Euler equations, which have been studied in the previous chapter, is of
the form U;+ F(U),=0. (4.6)

A conservative FVM scheme for the one-dimensional Euler equations is of the form
At

U =U"+—[F.-%—Fi. 4] .7
Ax

where, Ui" denotes the parameters at the node i and at time interval n.

Godunov scheme [2],[6] is a widely used conservative numerical scheme for solving partial
differential equations. This scheme computes the inter-cell parameters by using the solution

of local Riemann problem. A basic assumption in Godunov scheme is that the data has a
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piece-wise linear distribution and parameter values in between the two inter-cells are assumed

to be equal to the node parameter values. The data at time level n may be seen as pairs of

constant states (U;", Ui|") separated by a discontinuity at the inter-cell boundary Xi+ )5 .
Thus the local Riemann problem is defined as
PDE: Ui+ F(U)y =0
Initial Condition: U(x,0) = U;" ifx<0
Ui" ifx>0. (4.8)

This local Riemann problem is analytically solved using the exact solver for Riemann

problem, which was discussed in the previous chapter. The analytical solution of this local
Riemann problem at location x = 0 corresponds to the inter-cell parameters U - % . The inter-
cell fluxes Fi - /5 and F'i+ % are given by

Fii=FWU- %) and Fis s =FU.%). (4.9)
The solution of the global problem at the next time step (n+1) is then obtained by substituting
the fluxes in the conservative form of Euler equations. This is a widely used method for the
simulating Euler equations. But, the analytical solution for local Riemann problem is obtained
by iterative methods like Newton-Raphson method and this reduces the computational

efficiency of the Godunov solver. The chapter 5 will introduce a new FVM - LBM method to

overcome this drawback.

4.2 LBM for compressible Euler equations

The fundamental idea in Lattice Boltzmann Method is to construct a simplified kinetic model
which obeys the Navier-Stokes or Euler equations. This method is based upon solving the
Boltzmann Equation for the particle distribution function [3]. LBM has some important
features which distinguishes it from other numerical method. Some of the features of
conventional Lattice Boltzmann method are:

1. The Navier-Stokes or Euler equation can be obtained by Chapman-Enskog expansion
[11],[17].

2. A minimum set of velocities are chosen and the fundamental particles are expected to

move in those directions only [3].
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3. The Bhatnagar-Gross-Krook collision model [18] is applied to the Boltzmann equation.

The conventional LBM model for can not simulate flow with high Mach numbers and also
generates some severe oscillations near the discontinuities which can not be removed easily.
These limitations of conventional LBM model, which normally solves the Navier-Stokes
equation, provided a motivation to study alternate LBM models suitable for compressible
Euler equations. The model proposed by Kataoka and Tsutahara [4] can solve the inviscid
Euler equations. This model can simulate steep shock profiles and contact discontinuities
encountered in the benchmarking problems. This model overcomes the defect in some of the
previously used models [11],[17] that the specific heat ratio of the gas cannot be freely

chosen.

Variables and equations are expressed in their non-dimensional form for the convenience of

numerical calculations and analysis. The non dimensional variables and equations for the
A A

following analysis are first listed below. Let L, pR , T* be the reference length, density and

temperature, respectively. The corresponding non dimensional variables are defined as:

t_;axzﬁay:lac’”: v ,Cyi = o ,771': ni 5
L L L ; ; "
[ VRT VRT VRT
RT
A A
i = fA',fi"”:fA ,
p" p" (4.10)
p: /A) JUx = uXA S Uy = uy/\ ,T: 7: ,p=#,
p" \/RTR \/RTR Tt P RT"
’ po b - uxo ,u."o_ uyo ,Tozzzo’p(): Apo A

P =—F—.Ux = = = = —_——
p" VRT* VRT® Tt p“RT*

The compressible Euler Equations and their initial conditions in terms of non dimensional

variables are:

op Opux Opuy _0
o ox oy
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Opux Opux> Opuxily Op _ 0
ot T ox oy ox o

Opuy Opusity Opuy* Op _ 0
of T ox oy oy

op(bT+u+uy*) Opux(bT+uy)+2 pux  Opuy(bT+ux)+2 puy 0
ot ’ ox ’ oy B

p=pT. (4.11)
where ¢ is non-dimensional time, x and y are non-dimensional spatial coordinates, p, uy, u,, R,
T and p are respectively non dimensional density, flow velocity in x-direction, flow velocity
in y-direction, gas constant, temperature and pressure. f; and fi., are the particle velocity
distribution function and the equilibrium particle velocity distribution function respectively.
The symbol with (") indicates the same quantities in their dimensional forms. b is a constant

which is expressed in terms of specific heat ratio (y) as

_2
b=%, 1 (4.12)

The initial condition is described as

p=poux=u"uy-w'T=T"  att=0. (4.13)

The macroscopic variables density, velocity and temperature are defined in terms of particle

distribution function as:
I

p= 1
i=1

I
PUx = ZﬁCxi,
i=1

1

Puy = Z ﬁCyi,

i=1

1
p(bT +u’ +u?) =) filed® « o +01i°).

i=1

(4.14)

cyi and ¢,; are the molecular velocities of the particle moving in ith direction (i = 1,2.... I=9)

and variable 7; has been introduced to control the specific heat ratio.
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The kinetic equation and its initial condition of non dimensional form are

oi O Ofi frpssuyT)—fi
WJFCMB}JFCJWF_)/: c (4.15)

and ﬁ:ﬁeq(poauxoouyooTO) (416)

where, ¢ is the Knudsen Number.

The two dimensional Lattice Boltzmann Model proposed by Kataoka and Tsutahara has been
presented below.
(0,0) fori=1

(cxi,Cyi) = w(cos%,sin %) fori=2,3,4,5 (4.17)

G +.5) sin I1(i+.5)
2 2

v2(cos ) fori=6,7,8,9

; ~_|mo fori=1 418
b fori=2.3,..9 (4.18)

where v;, v2 (v; # v;) and 5y are non-zero constants.

The local equilibrium velocity distribution function is defined as

17 = p(Ai+ Bi(uxCxi + tyCyi) + DiuxCri + yCyi)°) fori=12..9 (4.19)
where,
b_'? T fori=1
no
A= — (- )| fori=2345
40 —vr') 7o' v » (420)
L - T+ ) for 1=6,7,8,9
402 —v) | 7o’ vy

—v2' + (b + 2)T +ux’ +uy’

2vii(vit = v2?)
: 421)

—vii+(b+2)T + us" +uy fori=6.7.8.9 ’
2va2i(v2' —wvi?)

fori1=2,3,4,5
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fori1=2,3,4,5
2vit

Di= 1 , (4.22)
fori=6,7,8,9
PAZN

The parameters in equations (4.17) and (4.18) are chosen to be v = 1, v, = 3, no = 2. The
finite difference scheme with the usual first-order forward in time and second-order upwind
in space is used for numerical computations of the Boltzmann equation. This model is simpler

and numerically less expensive then some of the previously proposed models.
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Chapter 5

New FVM - LBM method for Euler Equation

As discussed in the previous chapter, FVM along with the use of Godunov scheme, to
calculate the inter-cell parameters, is a widely used numerical method to solve compressible
Euler equations. This is a conservative numerical method and will converge to the weak form
of solution to the Euler equations even at discontinuities. But the disadvantage of the method
is that the inter-cell parameters are obtained form the node-parameters by analytically solving
the Riemann problem. The analytical solution of local Riemann problem in-turn is obtained
using iterative method which will make the computations expensive. Also, it is not always
required to attain a very high accuracy in simulating the inter-cell parameters, therefore the
use of Godunov scheme may not always be recommended. LBM is another numerical method
which is widely used to solve compressible Euler equations. This method is computationally
efficient and can be easily implemented to solve compressible fluid flows. LBM can also be
very effective in simulating multi-fluid flows. But the biggest disadvantage of LBM is that

LBM can not be used with unstructured and non-uniform meshes.

The limitations of FVM and LBM provide a motivation to generate a new hybrid FVM-LBM
method for Euler equations which can incorporate the advantages of both FVM and LBM.
This new method has been generated from the same fundamental idea as in Godunov scheme.
Godunov scheme is a conventional and widely used scheme for compressible Euler equations
to obtain the inter-cell macroscopic parameter values from the node parameters. These inter-

cell parameters are required to calculate flux at the interface.

The new method uses LBM proposed by Kataoka and Tsutahara [4] to simulate the inter-cell
parameters at the new time step from the known cell and inter-cell parameters at the earlier
time step. The solution procedure in the new method is non-iterative and is more efficient

than Godunov scheme where the solution procedure is iterative. The conservative FVM can
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then be used to calculate the node parameters. The grid for the new scheme is shown in the

figure 2.
X X X
0 0 0
X X X
0 0 0
X X X
0 0 0

Fig 2: Grid structure of a 2-dimensional problem indicating node and inter-cell points

Here (.) indicates node point and (o) and (X) are X and Y inter-cell points respectively. The

steps implemented in the computational solver for the new numerical scheme are:

1. Parameter values at the old time step are assigned to each node and inter-cell.

2. The macroscopic parameter values are obtained for the X and Y inter-cell at the next time
step by implementing the LBM model proposed by Kataoka and Tsutahara. The
calculation of parameters at each of these points requires the solution of local Riemann
problem by the LBM model. The corresponding grids on which LBM is applied for one

time step are shown in figure 3.

(). (b).
. 0 .
TN
0
and X X X YI
0 BN
LN XI RN

Fig 3: (a). Grid structure for obtaining the x inter-cell parameter values by LBM.
(b). Grid structure for obtaining the y inter-cell parameter values by LBM.
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where,

LN  Left Node TN  Top Node
XI X inter-cell (inter-cell parameters have to be computed) YI Y inter-cell
RN  Right Node BN  Bottom Node

3. The fluxes are calculated at each inter-cell from the inter-cell parameter values calculated

using LBM.

4. The conservative FVM scheme which has been discussed in the chapter 4 is solved to

obtain the node parameters at the new time step.

Benchmarking of this method has been done with several standard test cases as discussed in
the chapter 7. A comparison of the results obtained and the computational time required with
the new FVM — LBM method and FVM (along with the use of Godunov scheme) is also done
in the chapter 7.
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Chapter 6

Model for compressible multi-fluid flows

The numerical simulation of multi-component or multi-fluid flows has recently received a
great deal of attention. Such flows are relevant in nuclear power reactor safety analysis and
find applications in chemical engineering and petroleum industries. A thermodynamically
consistent and fully conservative treatment of contact discontinuities has been proposed by
Wang et al. [15] for the simulation of compressible multi-component flows. This treatment is
able to accurately capture the contact discontinuities. FVM along with Godunov scheme has
been widely used for the simulation of single-fluid flow Euler equations, but Euler equations
alone can not be used to solve complicated multi-fluid flows. An extended conservation
system with additional conservational equations beside the original Euler equations has been
introduced in the new model. The additional equations describe the conservation of
parameters like mass fraction of each component of the gas and the ratio of specific heats of
the mixture (y). The proposed model is simple, physically consistent, fully conservative and

independent of the type of numerical schemes used to implement it.

Wang et al. [15] derived a new conservative model based upon the concept of total energy
conservation of the mixture. This model involves two new formulations for the calculation of
the ratio of specific heats of the mixture (y) and the molecular weight of the mixture (M) in

addition to the Euler equations. These new formulations are

o 1 1

0
and 5(7(,0) +V.(xou)=0 (6.2)

where, y is the ratio of specific heat at constant pressure to the gas constant, i.e.
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/4

X=7 <. (6.3)
(=1
Therefore the complete model including the new equations is
Ui+ FU)=0. (6.4)
where U and F(U) are the vectors of conserved variables and fluxes given by
p pu
pu pu’ +p
U=|E | FU)=|\u(E+p) (6.5)
/7 pu
M M
L AP | ApPu i

A computational solver has been developed to simulate multi-fluid flow using the proposed
model. Godunov scheme is employed to calculate the inter-cell parameters which are required
to calculate the inter-cell flux. This model has also been benchmarked against a few test cases
which have been discussed in the results chapter. Godunov scheme suffers from similar
limitations which have been discussed earlier. Use of iterative methods to compute analytical

solution increases computational time and makes the solver less efficient.

Finally, we propose to use the new hybrid FVM-LBM method which was introduced in the
chapter 5 instead of the usual FVM (along with Godunov scheme) to reduce the
computational time and to accurately simulate shock profile. LBM proposed by Kataoka and
Tsutahara can be used for gases with variable specific heat ratio and molecular masses. Non-

dimensional variables are defined in terms of the reference length (L), reference density

(p"), reference gas constant (R") and reference temperature (7). The new set of non —

dimensional variables for multi-fluid flows is

t xi i i
t:L—,X:%,y:%JC“”-:%,Cyi: i
S R AR R
/\ A
gl S
p" P’
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x ) RT
P:ﬁ,ux: Au —, Uy = Auy — Rl =———+—,p=— {7 >
R \/ R R \/ R R RRTR RRRTR
S A (6.6)
pozi,HXOZ lilon auy0: ijoA 9R0T0: ]EOTAO 9p0= A pAO A
p" RETH VRETF RT" p RT"

A little modification has been done to the LBM model to make it suitable for multi-fluid
flows. The variable T has been replaced by the term RT in the equations 4.11 — 4.22. This
modification makes the LBM model suitable for multi fluid-flows and it can now be used to

calculate inter-cell parameters from the node parameters.

The solution procedure with the hybrid model has been explained in a stepwise manner in the
chapter 5. The new hybrid method has been benchmarked for the multi-fluid flows using the
shock tube problem. Again, the computational time has been significantly reduced by the
FVM-LBM method. The method is also able to accurately simulate the shock profile. A
robust computational solver has been developed using the new hybrid FVM-LBM method

which is accurate and computationally efficient.
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Chapter 7

Results

The LBM model (proposed by Kataoka and Tsutahara), and the new LBM scheme have been

benchmarked for several test cases. The test descriptions are given below:

a. Shock tube problem (1D): The gases in the two sections are separated by a diaphragm.
When the diaphragm is broken, a shock wave propagates in one of the sections and an
expansion wave propagates in the other. The initial parameters on left and right sides of
the diaphragm are,

(pL,ur, Ty = 1,0, 1) x<0
(pr,ur, Tr= 5,0, 1) x> 0.

b. Shock Expansion in open space (2D): This test [19] is used to benchmark the new FVM-
LBM method for 2D inviscid Euler problems. The initial and boundary conditions have

been indicated in the figure 4.

!
07k
F

p=i

i |
u=0
v=l)

% L peraodic 1

Fig 4: Shock expansion in open space — Initial and Boundary Conditions
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c. Riemann Problem: The fundamental difference between a shock tube problem and
Riemann problem is that the velocity in the two sections for a Riemann problem is not
zero. This problem consists of initial flow parameters on left and right sides separated by
a discontinuity. Riemann problem generates flow with steep variations. It is the
elementary problem which is solved in all inviscid Euler schemes to obtain the cell inter-
cell parameters from cell node parameters. The initial value problem is:

(pL,uL, To = 1, 1, 1) x<0
(pr,ugr, T = 1,-1,1) x> 0.

d. Roe Test: Expansion fans are generated on both sides of the diaphragm. This problem
consists of the following initial flow parameters on left and right sides,
(pL,uL, T = 1, -1, 1.8) x<0
(pr,ur, Tr = 1,1, 1.8) x> 0.

7.1 Results from the conventional LBM model

Initially, the conventional Lattice Boltzmann model was used to simulate the shock tube
problem. This model could simulate shock tube problem for relatively small initial pressure
ratios only. The conventional LBM models fluid as consisting of particles which perform the
successive processes of collision and propagation. Severe oscillations were observed with this
LBM model in the profiles of parameters (velocity, pressure, density and temperature). The
limitations of the model for incompressible flows provided a motivation to study LBM

models for compressible flows.

The results obtained by the conventional model for the shock tube problem with an initial
pressure ratio equal to 3 have been shown in the figure 5. The three waves i.e. shock wave (at
X =0.75), contact discontinuity wave (at X = 0.32) and expansion fan (Head at X = 0.60 and
Tail at X = 0.30) can be observed in the pressure and temperature profiles (Figure 5(a), 5(b)).
The pressure and temperature ratios across the shock wave are 1.73 and 1.76 respectively.
The magnitude of oscillations is significantly large near the discontinuity region, so

alternative compressible flow models have to be studied.
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Fig 5: Shock tube problem results with incompressible LBM at time t = 1 (Ax =.001)
(a). Pressure (b). Temperature

7.2 Results from LBM (Kataoka and Tsutahara) Model

CFD results for shock tube problem, Riemann problem and Roe Test have been obtained by
LBM simulation. All these results show an exact matching with the analytical solutions of
these problems. But the limitation of this approach is that some severe oscillations are
observed at shock and contact discontinuity regions when higher order schemes are used.
Dissipation is significantly high with lower order schemes. The oscillations upon interaction
with other waves generate a chaotic profile for the macroscopic parameters (with random
oscillations) which is undesirable. The oscillations are found to be dependent upon Knudsen
number (g) (see Eq. 4.15). Lower Knudsen number generates steep shock profile but the

simulation time and severity of oscillation increases.

a. Shock tube problem
Shock Tube problem is a standard benchmarking test for all the compressible inviscid flows
as it includes all the three elementary waves that may be present in a compressible fluid flow

problem: shock wave, contact discontinuity and expansion fan wave. The steep shock wave
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(at X=-1.7) propagating towards left and expansion fan (Head at X=1.2 and Tail at X=0.4)
propagating towards the right can be observed in the macroscopic parameter profiles which
are shown in figure 6. A contact discontinuity wave (at X=-0.7) propagating towards left is

also observed in density and temperature profiles.

(a). (b).
04 ~
|0)
0.0 o 4 ‘
< 25 0 2/5 >
I [7p]
-) o
o =
04 | —LBM
LBM —— Exact
— Exact
3]
0-8 -2.5 0 25
X X
(©). (d).
6 14
4 / o
> =
> / ©
[y (6] 11
D o
o , |—LBM £
Z @
— Exact —
—LBM
— Exact
¢ 0:6
-2.5 0 2.5 25 0 25
X X

Fig 6: LBM results for shock tube problem after time t =1 (Ax =.002, ¢ =.0001, y =1.4)
(a). Velocity (b). Pressure (¢). Density (d). Temperature
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As discussed earlier, some oscillations are observed with the numerical method by Kataoka
and Tsutahara with second order discretization in space. A total of 2500 node points have
been used for these simulations. If the number of node points is reduced (or if the Knudsen
number is increased), then the computation time reduces considerably as well as the severity
of the oscillations decreases. But a reduction in the number of node points makes the shock

profile less steep.

b. Riemann problem

The solution to Riemann problem is the basic step in obtaining the results with FVM and with
the new hybrid FVM-LBM method. Local Riemann problems are solved by Godunov
scheme in the FVM and by LBM in the hybrid method. The solution of Riemann problem
obtained by LBM using second order discretization in space and the results are shown in
figure 7. Two shock waves (at X = 0.95 and at X = -0.95), which are propagating on the
either side of initial discontinuity, can be seen in the solution profiles of the macroscopic
parameters. Another feature of this Riemann problem is that contact discontinuity wave is
absent. Severe oscillations are again present at the location of discontinuities. The severity of
oscillations can be reduced by using smaller number of node points, but that will affect the

simulation accuracy of shock waves.
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Fig 7: LBM results for Riemann problem after time t = 1 (Ax =.02, ¢ =.001, y=1.4)
(a). Velocity (b). Pressure (c). Density (d). Temperature

c. Roe test

This is another test case which has been used to benchmark the compressible LBM model by
Kataoka and Tsutahara for one-dimensional problems. The flow is moving away from the
initial discontinuity in the Roe test whereas the flow was moving towards the initial
discontinuity in the case of Riemann problem and this generates a wave structure which is
different from the one which was generated in the case of Riemann problem. The results

obtained for the Roe Test have been shown in the figure 8.

Two expansion fans move on the either side of initial discontinuity. The right moving
expansion fan has its Head at X = 2.5 and Tail at X = 1.3, while the left moving expansion
fan has its Head at X = -2.5 and Tail at X = - 1.3. Similar to the case of the earlier Riemann
problem, the contact discontinuity wave is also absent in the Roe Test. Small oscillations
were observed near the initial discontinuity. These oscillations have been also observed in
some high resolution schemes and the reason in supposed to be an inappropriate choice of the

time step and the Knudsen number [13].
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Fig 8: LBM results for Roe test after time t =1 (Ax = .02, ¢ =.001, y = 1.4). (a) Velocity (b).
Pressure (¢). Density (d). Temperature

7.3 Results from the new hybrid FVM - LBM method

The new hybrid FVM - LBM method (denoted by FVM+LBM) is computationally more
efficient as compared to the conventional FVM along with the use of Godunov scheme. The
results obtained with the new method have been compared with the results from FVM and the
exact analytical solution. The comparisons have been shown in this section for several
benchmarking test cases and it can be observed that the new method is capable of simulating
sharp shock and contact discontinuity waves. The method has been benchmarked by shock

tube problem (1-D), shock expansion problem (2-D), Roe Test and Riemann problem.
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a. Shock tube problem

The new method simulates a steep shock and contact discontinuity profile as compared to the
profile obtained by FVM along with the use of Godunov scheme to calculate the inter-cell
parameters. A comparison of the results by the new method for the shock tube problem with
the exact solution and with FVM has been shown in figure 9. The accuracy in simulation of
discontinuity waves (shock and contact discontinuity) is evident from the comparisons. The
new method is computationally efficient and requires a significantly less computation time
(33.6 s) as compared to the computation time of FVM along with Godunov scheme (45.7 s),

that is an improvement by about 24% in computational time..
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Fig 9: Results for Shock Tube problem after time t=1 (Ax =.02, ¢ =.001,y=1.4)
(a). Velocity (b). Pressure (¢). Density (d). Temperature

All the three waves (shock wave, contact discontinuity wave and expansion fan) have been
accurately simulated by the new method. The jumps across the shock wave in pressure,
density and temperature are 2.13, 1.69 and 1.29 (Figures 9(b), 9(c), 9(d)) respectively. The
contact discontinuity wave moves at a speed of 0.68 towards the left of initial discontinuity
which is equal to the velocity drop across the shock wave (Figure 9(a)). The temperature
drops from 1.29 to 0.79 (Figure 9(d)) and density increases from 1.69 to 2.72 (Figure 9(c))
across the contact discontinuity. The new method simulates more accurate shock wave (at X
=-1.7), contact discontinuity wave (at X = -0.7) and expansion fan (Head at X = 1.2 and Tail
at X = 0.4) as compared to the results obtained by FVM along with the Godunov scheme.
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b. Riemann problem

Local Riemann problems have to be analytically solved in each time step of the Godunov
scheme. The LBM by Kataoka and Tsutahara is used to simulate the Riemann problem in the
hybrid FVM-LBM method and the results match analytically. The wave structure of
Riemann problem consists of two shock waves which move on the either side of initial
discontinuity. The contact discontinuity wave is absent in this Riemann problem. Once again,
the new method is computationally efficient and requires a significantly less computation
time (34.8 s) as compared to the computation time of FVM along with the use of Godunov
scheme (46.4 s) to compute inter-cell parameters, which is an improvement by about 25% in

computational time.

(a).
1.5
| o
05
9 \ Godunov
Dl T T L 0 Al T T —— FVM+LBM
3 2 1 05 0 1 2 3 Exact
-1 4
1.5
X
(b).
3
[ W
] f 275 |
5 5 = Godunov
a e FVM+LBM
[0} 15
pudt Exact
o 1 —
05

40




().

hY)
&l

r— —Z__ i
[ 1
*? 1 15 \ Godunov
0
c J k e F\/M+LBM
) I 1 ]
| Exact
0.5
-3 -2 -1 0 1 2 3
X
(d.
1.6
r R
1) J 1.2 k
% 3 L Godunov
= 08 - —— FVM+LBM
o
e Exact
2 04 -
T T O T T
3 2 1 0 1 2 3
X

Fig 10: Results for Riemann problem after time t=1 (Ax =.02; €=.001, y = 1.4)
(a). Velocity (b). Pressure (c). Density (d). Temperature
The new FVM — LBM method simulates accurate shock profiles for the Riemann problem
which is evident from the results shown in figure 10. The jumps across the shock wave in
pressure, density and temperature are 2.93, 2.08 and 1.41 respectively (Figure 10(b), 10(c),
10(d)). The flow in between the shock waves is stationary (Figure 10(a)). The comparisons
between the FVM along with Godunov scheme, new FVM — LBM method and the exact
solution shows that the new method accurately simulates the two shock waves (at X = 0.95

and at X =-0.95) on the either side of initial discontinuity.
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c. Roe test

The new FVM — LBM method has also been benchmarked by the Roe test. Contrary to the
wave structure of Riemann problem which was described earlier, the solution of Roe test
consists of two expansion fans which move on the either side of initial discontinuity. Again,
the contact discontinuity wave is absent in the Roe Test. It has again been observed that the
new method is computationally efficient and requires a significantly less computation time
(7.19 s) as compared to the computation time of FVM along with the use of Godunov scheme
(8.50s) to compute inter-cell parameters. The computational time required by the new method
is about 16% less than the time required by pure FVM. The new FVM — LBM method

simulates accurate wave profiles for the Roe test which is evident from the results shown in

figure 11.
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Fig 11: Results for Roe Test after time t = 0.2 (Ax =.02; ¢ =.001,y=1.4)
(a). Velocity (b). Pressure (¢). Density (d). Temperature
The results show that pressure drops from 1.80 to 0.70 (Figure 11(b)), density drops from
1.00 to 0.51 (Figure 11(c)) and temperature drops from 1.80 to 1.38 (Figure 11(d)) across the
expansion fan. The flow in between the expansion fan waves is stationary (Figure 11(a)). The
comparisons between the FVM along with Godunov scheme, new FVM — LBM method and
the exact solution shows that the new method accurately simulates the two expansion fan
waves (Head at X= 0.54, Tail at X=0.30 and Head at X=-0.54, Tail at X=-0.30) on the either

side of initial discontinuity.
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d. Shock expansion problem in a 2-D open space

Circular shock-waves expand and interact in open space. This test case [19] demonstrates that
the new scheme can effectively handle 2-D flows and multiple periodic boundary conditions
correctly. The pressure contour plot of the problem obtained from its source website [19] is
given in figure 12. Results obtained after time t=0.84 are also shown in form of contour and

vector plots.
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Fig 12: Pressure contour plot from source [19] for 2-D shock expansion problem
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Fig 13: Velocity vector plot for 2-D shock expansion problem in an open space
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0.25

03
X

45

075

0.75




0.a P ressurg
I 3282
3089
0.8 2934
— 277
07 L 2506
— 2442
2278
0.6 l 2114
155
— 1786
>0 — 1522
1453
0. 1.294
113
a 0865
0.
0.1
0
] 0.25 0a 0.74 1
X

D ensity
3527
3.344
31
2993
2.815
2637
2458
2.2
2103
1.925
1.747
1.569
1.3
1.213
1.035

Fig 17: Density velocity contour map for 2-D shock expansion problem in an open space

46



o9 Temperaturs
1477
1156
0.8} 1135
1114
o7 1.0893
1.072
1.051
Ue 103
1.009
049ss
0k E 0987
= 0.945
04 0925
= 0404
0= 5 0583
0.2F
01
E' e bV
0

Mach Mumbe
0126
01176
01092
0.1 003
0.0924
0.054
00756
0.0E72
0.0553
0.0504
0.042
00336
0.0252
0.0163
0.0054

.D A-'x_.__________._;?.AL.__

1] 0.25 s 0.75 1
X

Fig 19: mach number contour map for 2-D shock expansion problem in an open space

47



This is the first test which has benchmarked the method for 2-D flows. The pressure contour
has been compared with the pressure contour obtained from the website (Figure 12) [19]
which was the source of this problem. It is indeed interesting to note the symmetry of
pressure, temperature, density and Mach number contours across the diagonal line which is
due to the presence of symmetry boundary conditions. Effects of expanding circular shock
and its interaction with the surrounding space upon the macroscopic parameters can be
observed from the velocity vector plot (figure 13), velocity contour plots (figure 14 and figure
15), pressure contour pot (figure 16), density contour plot (figure 17), temperature contour

plot (figure 18) and Mach number contour plot (figure 19).

A comparison between the results obtained from the FVM (along with Godunov scheme), the
proposed FVM-LBM hybrid method and the exact solution for the shock tube problem,
Riemann problem and Roe test has been made in the above section. The results show that the
new scheme gives higher accuracy in comparison to the FVM. It has also been observed that
the new scheme is computationally more efficient (reduces CPU processing time by around

22%). The new scheme thus incorporates the advantages of both FVM and LBM.

7.4 Results from the model (by Wang et al.) for multi-fluid flows

The multi-fluid flow model proposed by Wang et al. [15] involves two new formulations for
determining the ratio of specific heats of the mixture and the molecular weight of the mixture
in addition to the Euler equations. This model has been benchmarked for different test cases
which have been used as benchmarking cases in the publication by Wang et al.. The results
obtained using this model along with the first-order Godunov scheme are shown and

discussed below.

Case 1: A shock tube initially filled with two different gases is considered. Two initial
constant states are defined as

(pL, UL, pL, YL, CyL = 14.54903, 0.0, 19430000, 1.67, 2420) x<0.5

(Pr, UR, Pr. Y&, Cyr = 1.16355, 0.0, 100000, 1.4, 732) x> 0.5
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The results obtained by the multi-fluid model have been shown in figure 20. All the three

elementary waves i.e. the shock wave, the contact discontinuity wave and the rarefaction

wave are present in the solution to the shock tube problem.
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Fig 20: Results for Case 1 after time t = 200 ps (Ax = .005). (a). Velocity (b). Pressure (c).

Density (d). Temperature (e). specific heat ratio (f). zoomed specific heat ratio
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The shock wave (at X = 0.85), the contact discontinuity wave (at X = 0.78) (Figure 20(e) and
Figure 20(f)) and the rarefaction wave (Head at X = 0.20 and T7ail at X = 0.60) have been
accurately simulated by the multi-fluid model proposed by Wang et al.. Across the shock
wave, velocity jumps from 1400 m/s to 0 m/s (Figure 20(a)), pressure jumps from 3000000
N/m? to 100000 N/m? (Figure 20(b)), density jumps from 6 Kg/m® to 1.16355 Kg/m® (Figure
20(c)) and the internal energy per unit mass jumps from 1250000 J/Kg to 210000 J/ Kg
(Figure 20(d)). The velocity in the region between the expansion fan wave and the shock
wave is equal to 1400 m/s. These results compare well with the exact solution. Note that these

quantities are being reported in their dimensional form.

Significantly large numerical diffusion has been observed and second-order Godunov scheme
is often used to improve the accuracy of the results. This model gives much accurate results
for specific heat ratio in comparison to the results obtained from some of the conventional

numerical models for multi-fluid flows.

Case 2: This test case consists of a shock tube filled with air, where a shock wave moves to
the right. In the pre-shock state, a slab of helium is located between x = 0.4 m and x = 0.6 m.

The shock wave is initially located at x = 0.25 m. The initial conditions and properties are

given as
(p,u, p,y, Cy = 1.3765, 0.3948, 1.57, 1.40, 0.72) 0.00 <x<0.25
(p,u, p,v, Cy = 1.0000, 0.0000, 1.00, 1.40, 0.72) 0.25<x<0.40
(p,u, p,v, Cy = 0.1380, 0.0000, 1.00, 1.67, 2.42) 0.40 <x<0.60
(p, u, p,y, Cy = 1.0000, 0.0000, 1.00, 1.40, 0.72) 0.60 <x <1.00

The results obtained by the multi-fluid model for the case 2 have been shown in figure 21.
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Fig 21: Results for Case 2 after time t = 0.3s (Ax =.0025). (a). Velocity (b). Velocity results
by 2" order Godunov [15] (c). Pressure (d). Density (e). Temperature (f). specific heat ratio
The initial discontinuity at X = 0.25 generates a rarefaction wave which moves towards left
and a shock wave which moves towards the right and strikes the slab of the helium gas at X =
0.5. The shock wave interaction with the helium slab results in a partial reflection of the wave
into the region of air and a partial refraction of the shock wave into the helium region. The
multi-fluid model successfully incorporates all the wave interactions to generate the results.
First order Godunov scheme is dissipative (Figure 21(a)) and it may not always be possible to
simulate accurate results with the first order scheme. Second-order Godunov scheme (Figure
21(b)) can be used to improve the accuracy of the results by decreasing the dissipation. Figure
21(b) is the velocity profile obtained from the source reference paper by Wang et al. [15] and

it has been compared with the velocity profile obtained with the 1* order Godunov scheme.

Case 3: This test case has been formulated to produce a weak post-shock contact

discontinuity by hitting a material interface with a strong shock wave. The shock tube
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consists of a stationary interface at x = 0.5 m separating argon and nitrogen, and a right
traveling shock wave (Mach number = 3.352) initially located at x = 0.25 m. The initial

conditions and properties are defined as

(p,u, p,y, Cy = 5.10970, 738.6, 1398737, 1.67, 208.1) 0.00<x<0.25
(p,u, p,y, Cy = 1.62286, 0.000, 0101325, 1.67, 208.1) 0.25<x<0.50
(p,u, p,y, Cy = 1.13802, 0.000, 0101325, 1.40, 296.8) 0.50<x<1.00
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Fig 22: Results for Case 3 after time t = 600 us (Ax=.0025). (a). Velocity (b). Velocity results
by Wang et al.[15] (b). Pressure (c). Density (d). Temperature (¢). specific heat ratio
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The results for case 3 have been accurately simulated by the multi-fluid model and have been
compared with the results by Wang et al. (Figure 22(b)) [15]. The shock wave (at X = 0.90),
the contact discontinuity wave (at X = 0.80) and the rarefaction wave (Head at X = 0.56 and
Tail at X = 0.50) can be seen in the results in the figure 21. Across the shock wave, velocity
jumps from 800 m/s to 0 m/s (Figure 22(a)), pressure jumps from 1150000 N/m* to 101325
N/m* (Figure 22(c)), density jumps from 4.50 Kg/m® to 1.14 Kg/m® (Figure 22(d)) and the
internal energy per unit mass jumps from 625000 J/Kg to 220000 J/ Kg (Figure 22(e)).
Internal energy jumps from 380000 J/Kg to 625000 J/ Kg across the contact discontinuity

wave (Figure 22(e)). This test also benchmarks the compressible multi-fluid model.

Case 4: This shock-contact surface interaction problem has been studied to verify the
convergence of numerical solutions to the correct weak ones. A stationary interface (at x =
0.5) problem is considered here where the interface separates two different gases. The initial
states are defined as

(pL, uL, pr,yL = 1.0, 0.00, 10.0, 1.6) x<0.5

(PR, UR, pr, YR = 2.0,-1.0, 0.10, 1.4) x>0.5
The results for the case 4 are shown in the figure 23. The shock wave (at X = 0.83) and the
contact discontinuity wave (at X = 0.66) have been accurately simulated by the multi-fluid
model. Across the shock wave, velocity jumps from 0.73 to -1.00 (Figure23(a)), pressure
jumps from 7.40 to 0.10 (Figure 23(b)), density jumps from 11.30 to 2.00 (Figure 23(c)) and
the internal energy per unit mass jumps from 1.64 to 0.13 (Figure 23(d)). Internal energy per
unit mass jumps from 15 to 1.64 and density jumps from 0.90 to 10.30 across the contact

discontinuity wave. This is another test to benchmark the compressible multi-fluid model.
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Fig 23: Results for Case 4 after time t = 0.3 (Ax = .005). (a). Velocity (b). Pressure (c).
Density (d). Temperature (e). specific heat ratio (f). zoomed specific heat ratio

Case 5: The different gases in the two sections of the tube are separated by a diaphragm. The
initial parameters on left and right side of the diaphragm are,

(pL,uL, Ty, RL = 1,0, 1, 1.40, 1.0) x<0

(pr > ur, Tr, Y8, R = 5,0, 1, 1.28, 0.8) x>0
Comparison between the results obtained from the new hybrid FVM-LBM method, FVM
along with the Godunov scheme and the exact solution has been shown in figure 24. The
results show that the new method gives a more accurate shock profile than the profile
obtained with the FVM for compressible multi-fluid flows. The new method also gives a
significantly higher computational efficiency as the LBM, which is a non-iterative procedure,

is used to compute the inter-cell parameters. The robust hybrid method incorporates the
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advantages of both FVM and LBM and this test case shows that the FVM-LBM method is

effective for multi-fluid flows also.
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Fig 24: Results for Case 5 after time t = 1 (Ax = .02). (a). Velocity (b). Pressure (c). Density
(d). Temperature (e). Specific heat ratio

All the three waves (shock wave, contact discontinuity wave and expansion fan wave) have
been accurately simulated by the new method. The jumps across the shock wave in pressure,
density and internal energy per unit mass are 1.90, 1.57 and 3.02 respectively (Figure 24(b),
24(c), 24(d)). The contact discontinuity wave moves at a speed of 0.57 towards the left of
initial discontinuity (Figure 24(e)) which is equal to the velocity drop across the shock wave.
The internal energy per unit mass drops from 3.02 to 2.37 and density increases from 1.57 to
2.79 across the contact discontinuity. The new method simulates more accurate shock wave
(at X =-1.57), contact discontinuity wave (at X =-0.57) and expansion fan (Head at X = 1.03
and T7ail at X = 0.37) as compared to the results obtained by FVM along with the Godunov
scheme. The computation time required by the new hybrid method (35.22 s) is about 23%
less than the time required by FVM along with Godunov scheme (43.35 s).
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7.5 Results from the hybrid FVM-LBM method with non-uniform grid

One of the limitations of Lattice Boltzmann method is that it can only be used with uniform
grids. Finite Volume Method on the other hand can be used with non-uniform grids also. The
new hybrid FVM-LBM method which is a combination of FVM and LBM can be used with
non-uniform grids. The results obtained for the shock tube problem with the hybrid method
using a non-uniform grid are shown in the figure 25. The entire domain is divided into 250
node points. The grid spacing i.e. the spacing between two nodes is alternatively set as 0.01
and 0.03. A comparison between the results obtained with the hybrid FVM-LBM method,
pure FVM along with the use of Godunov scheme and the exact solution shows that the

hybrid method can be effective with non-uniform grids also.
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Fig 25: Results for Shock Tube problem with non-uniform grid after time t = 1
(e=.001,y=1.4) (a). Velocity (b). Pressure (c). Density (d). Temperature

The new method is accurate and computationally more efficient with non-uniform grids also.
The profiles for velocity (Figure 25(a)), pressure (Figure 25(b)), density (Figure 25(c)), and
temperature (Figure 25(d)) show that the hybrid method generates more accurate shock and
contact discontinuity profiles than the Godunov scheme with non-uniform grids.
Computational time has also been significantly reduced by the hybrid method with the non-
uniform grid. Thus, the hybrid method overcomes the limitation of LBM which can only be

used with uniform grid.
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Chapter 8

Conclusions

It has been established that the newly proposed hybrid FVM-LBM method is capable of
simulating steep and accurate shock and contact discontinuity profiles in comparison with the
conventional methods for solving Euler equations i.e. FVM along with Godunov scheme to
simulate the inter-cell parameters from the node parameters. This scheme also overcomes one
of the main drawbacks of LBM as it can also be used with non-uniform mesh. At the same
time this scheme is computationally efficient and reduces processing time by around 22%.
One of the limitations of LBM proposed by Kataoka and Tsutahara is that local Mach number
has to be less than 1. Therefore, the new hybrid method will also be affected by this limitation

and alternative LBM models can help to overcome this limitation.

A computational solver has also been developed for the multi-fluid model proposed by Wang
et al.. This model has been benchmarked for a few standard test cases. The new hybrid
method has been used to simulate the shock tube problem with different gases on the either
side of initial discontinuity. The new hybrid method is again computationally more efficient
and produces accurate shock profile when compared with the Godunov scheme. Thus, the
new hybrid FVM-LBM method for compressible Euler equations appears to be a robust
numerical method which incorporates the advantages of both Finite Volume method and

Lattice Boltzmann method.
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Summary. Lattice Boltzmann Method (LBM) as a relatively new numerical method has re-
cently achieved considerable success in simulating compressible fluid flows. A hybrid method,
which is a combination of the usual Finite Volume Method (FVM) and the LBM, is proposed
here to solve the Euler Equations. The inter-cell parameters are obtained by solving the local
Riemann problem for each inter-cell using LBM. LBM is a non-iterative process and is thus
numerically inexpensive as compared to the Godunov scheme. The proposed scheme is bench-
marked for several 1-D problems such as the shock tube problem, the Roe test and the Riemann
problem. The results obtained using this hybrid method are compared with those obtained using
the Godunov scheme.

1 Introduction

Lattice Boltzmann Method (LBM) has developed as an alternative and promising numer-
ical technique for simulating fluid flows, e.g., [1],[2],[3]. Boltzmann equation is solved to
simulate the fluid flow using collision models such as the Bhatnagar-Gross-Krook (BGK)
model [4]. The method is computationally less expensive and the boundary conditions
can be easily implemented to get high accuracy [5]. It is very effective even with complex
boundaries [6] and can also simulate steep shock and contact discontinuity profiles. One
of the biggest disadvantages of LBM is that it cannot be used with a non-uniform mesh.
FVM along with the use of the Godunov scheme to obtain the interface parameters has
been widely used to simulate Euler equations [7]. The key ingredient of this scheme is
the solution of a Riemann problem. There is no closed-form solution to the Riemann
problem and iterative methods such as the Newton Raphson method are used to obtain
the solution. FVM can be used with non-uniform mesh but the use of iterative schemes to
obtain the solution of Riemann problem makes the method computationally expensive.

The proposed hybrid method in the present work solves the Euler equations using
FVM with the solution to the Riemann problem being obtained by LBM. We employ the
compressible perfect gas LB model proposed by Kataoka and Tsutahara [8]. This model
allows for the free choice of specific heat ratio. LBM is a non-iterative solver for the
Riemann problem and is therefore expected to be more efficient than Godunov scheme.
Thus the hybrid method is expectecd to incorporate the advantages of both FVM and
LBM.

2 Non-dimensional form of the Euler equations

All variables and equations are expressed in their non-dimensional form for the conve-
nience of numerical calculations and analysis. Let L, pro, and Tro respectively be the
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reference length, density and temperature. Then the other non-dimensional variables are
defined as

t:ﬁ,x:%,y:% (1)
~ ~ ~ T ~
P e VR VR T T T et @)
The symbol (") indicates a parameter in its dimensional form.
The two-dimensional time-dependent Euler equations in differential form are
Uy +FU),+GU), =0, (3)
where U, F(U) and G(U) are the vectors of conserved variables and fluxes given by
M o 1 p i
U= pu: , F(U) = p’lfzcuy , GU) = o +yp . (4)
E uz(E + p) uy(E + p)
E (total internal energy per unit volume) is given by
E = p[0.5(uj + uj) + €] (5)
Equation of state is given by
p=pT. (6)
A conservative scheme for Eq. 3 is of the form
Uity =Uiy+ j—;[Fi—lm — Fipap2] + j_;[Gi—lﬂ — Gyl (7)

where U(T;’ j)denotes the parameters at the node (4, j) and at time interval n. The inter-cell
numerical fluxes F' and G are computed using the solution of local Riemann problem.
Instead of solving the local Riemann problem in an iterative manner, the LBM scheme
is used to calculate inter-cell parameters.

3 LBM scheme for compressible Euler equations

LBM proposed by Kataoka and Tsutahara is used to simulate the inter-cell parameters
at the new time step from the known cell and inter-cell parameters at the earlier time
step. The solution procedure is non-iterative and is expected to be more efficient than the
Godunov scheme where the analytical solution of the local Riemann problem is obtained
by iterative procedure.

We now present a synopsis of the LB model developed by Kataoka and Tsutahara. In
the Lattice Boltzmann model, the macroscopic variables density, velocity and tempera-
ture are defined in terms of a particle velocity distribution function (f;) as:



Novel LBM Scheme for Euler Equations 3

(
p= 1<i<TI fi)

puy = ]_Szl':s_[ ficyia

| pIbT + w2 + 2] = 15%, fileli + b + 7).

Here, c;; and cy; are the molecular velocities of the particle moving in i*® direction (i
=1,2,..., I =9) and 5; is another variable which has been introduced to control the
specific heat ratio. b is a constant which is expressed in terms of specific heat ratio (vy)

as 5
= 9
b= ©)
The kinetic equation of the non-dimensional form is
Ofi 0f; Ofi _ [ (p,us,uy, T) — fi
ot TCrigy Tig, = ¢ )

where € is the Knudsen number and the distribution function at the old time step is
obtained from the equilibrium distribution function, i.e.,

£ = F0(0% ug,ug, T°). (11)

? T Yy

(10)

The two-dimensional Lattice Boltzmann Model is now presented:

(0,0) (1=1)
(Caiycyi) = { vi(cos B, sin TP (i =2,3,4,5) (12)

va(cos ””;5) ,sin ’T(i;s)) (1=6,7,8,9)

and

0 (i=2,3,..9)

where v, v2 (v1 # v2) and 7o are non-zero constants.

The local equilibrium velocity distribution function is defined as
£ = p(Ai + Bi(ugCei + uycyi) + Di(ugce; +uycyi)®) (i =1,2,3,...9) (14)

where

A; = mgl_—vgj[—vg +((b-2)% +2)T + Z—%(ui +ul)] (i = 2,3,4,5) (15)

A 2 (0-2% + DT + G2 +u2)] (i = 6,7,8,9)
4(vZ—v%) 1 vI\Tw Y L e
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—v3+(b+2)T+ul+ul .
2 va(vf—vg) (1’ = 2, 37 47 5)
.2 2., 2
St (i =6,7.8,9)
s (0 =2,3,4,5)

7o (i =6,7,8,9)

The parameters in Eq. 12 and Eq. 13 are chosen to be v; = 1, v9 = 3, 179 = 2. Discretized
form of Eq. 10 is used to determine the new inter-cell parameters from the old node
and inter-cell parameters in a single time step. In the present work the discretization
employed is first order forward in time and first order upwind in space.

4 Results

The hybrid method has been numerically benchmarked against several test cases. These
include several one-dimensional initial value problems (IVP) in gas dynamics, demon-
strating the generation and propagation of shock waves, rarefaction waves and contact
discontinuity waves. Specific heat ratio of the gas in all cases is 1.4 (or b = 5) and the
time step is set at At = €/4. All results from this hybrid scheme have been compared
with the exact solutions and the results obtained from Godunov scheme.

4.1 The shock tube problem

The rupture of a diaphragm which separates two stationary gases generates a wave system
that typically consists of a rarefaction wave, a contact discontinuity and a shock wave.
The initial variables of shock tube problem are given by

(pLauL:TL) = (1a071) (:E < 0)7

(pr;ur,Tr) = (5,0,1) (x> 0).
The pressure and the density profiles within the shock tube at a non-dimensionalized
time, ¢ = 1, are shown in Fig. 1. It can be noted that the hybrid scheme is able to
capture the wave structure more accurately as compared with the FVM with Godunov
scheme.

4.2 The Riemann problem

The Riemann problem is a slight generalization of the shock tube problem in the sense
that the two gases on either side of the diaphragm may not be stationary. The given
initial conditions generates a centered wave function which consists of two shock waves.
The initial variables of Riemann problem are given by

(pLauLaTL) = (17 ]-7 1) (.73 < 0)7

(pR;uRaTR) = (17 _17 1) (.CL' > 0)
The pressure and the density profiles within the one-dimensional domain at a non-
dimensionalized time, t = 1, are shown in Fig. 2. It can again be noted that the hybrid
scheme is able to capture the wave structure more accurately as compared with the FVM
with Godunov scheme.
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Fig. 2. Riemann problem: pressure and density profile at t =1 (Az = 0.02 ; ¢ = 0.001)

4.3 The Roe test

The given initial condition generates a centered wave function which consists of rarefac-
tion waves. The initial variables of Roe test are given by

(pr,ur,Tr) = (1,-1,1.8) (z <0),

(pR,uR,TR) = (1, 1, 1.8) (.’L’ > 0).

The pressure and density profiles within the one-dimensional domain at a non-dimensionalized
time, ¢t = 0.2, are shown in Fig. 3. Once again it is seen that the hybrid scheme is able to
capture the wave structure more accurately as compared with the FVM with Godunov
scheme.

5 Conclusion

A hybrid method which is a combination of FVM and LBM is presented. The bench-
marking tests show that the hybrid FVM-LBM scheme simulates the shock and con-
tact discontinuity profile more accurately as compared to the profiles simulated by the
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Fig. 3. Roe test: pressure and density profile at t = 0.2 (Az = 0.02 ; ¢ = 0.001)

Godunov scheme. The new scheme is computationally very efficient and this is clearly
indicated by the reduced processing times as shown in the Table 1. In order to clearly
determine the computational efficiency and accuracy, the hybrid scheme is required to
be employed to simulate multidimensional problems; such efforts are underway.

Table 1. Comparison of processing times for the FVM-LBM scheme and the Godunov scheme

Benchmarking tests |FVM-LBM hybrid scheme|Godunov scheme
Shock tube problem 33.63 seconds 45.71 seconds
Riemann problem 34.78 seconds 46.44 seconds
Roe test (time = 0.2) 7.19 seconds 8.50 seconds
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