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By considering the stochastic nature of the phase fluctuations in the ocean, the conventional ray
theory intensity relaxation was extended in an earlier paper [J. A. Neubert, J. Acoust. Soc. Am.
51, 310-322(1972})] to permit consideration of partial coherence in multipath problems. Although
this relation worked well in the open ocean [J. A. Neubert, J. Acoust. Soc. Am. 62, 326-334

(1977)], it proves to be incomplete for sound propagation through a random ocean front. By also
considering the amplitude fluctuations, a mean multipath intensity relation (as well as its standard
deviation o) is found that takes into consideration the strong horizontal sound-speed gradients

that occur in certain important ocean frontal regions.

PACS numbers: 43.30.Bp, 43.60.Cg, 43.20.Bi, 92.10.Vz

INTRODUCTION

The Lagrangian (i.e., pathwise) relation for the sound
pressure wave after having traveled an arc length s from §
through the refractive field n(x) is given by'

pX(s,6)] = 4 (slexp[ikoS (s)] (1)
ds’ dXi
=sdgesn| = [ 65 (5,
+ ikof ds’ n(s’)], (2)

where A is the amplitude, %, is the wavenumber,

S-Ef ds' n[X(s')] (3)
0
is the stochastic phase factor, and

Ppol§) = 4 (Elexp[ikoS (E)]- (4)

As in Ref. 1, the notation is as follows. The refractive
index 7 is represented by

n=n[X(s)] = nolX(s)] [1 + apls)] = co/c[X (5)], (5)
where ¢, is some convenient reference sound speed, ¢[ X(s)] is
the sound speed at path arc length s at point X, X(s) varies
from its initial point X(s = 0) = § to its terminal point x, au
is the fluctuation of n about its mean n,= (n), and
a(0 < a <) is the normalized rms variance of the refractive
index fluctuations [see Egs. (3)~(7) of Ref. 1].

Equation (2) yields the multipath intensity relation 7,
which is discussed in detail in Sec. I. Taking the ensemble
expectation of I yields the mean multipath intensity relation
for E (I} in Sec. II. In a similar manner, the standard devi-
ation o, about E {7 } isevaluated. Both E {I | and o, are de-
pendent on the new stochastic factors Fy(s) and F;(s). In Sec.
III and Ref. 2, it is shown that these two stochastic factors
are important (i.e., differ from unity) only in pronounced
sound-speed frontal regions. Therefore the previous rela-
tions for £ {I} and o, are valid outside of these frontal re-
gions but the complete relations derived below are necessary
to describe sound propagation through a pronounced sound-
speed frontal region.
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I. GENERAL EXPRESSION FOR INTENSITY

In Ref. 1 the effect of the phase fluctuation on the mean
multipath ray theory intensity in a random ocean was inves-
tigated. This resulted in the introduction of an important
stochastic factor, which is called the “partial coherence fac-

or.” In this development the amplitude fluctuation behav-

ior is retained as well. The result is two new stochastic fac-
tors that become important in sound propagation through
an ocean front.> These stochastic factors occur when the
approximation of Eq. (46) of Ref. 1 is not made. Further-
more, Eq. (42) of Ref. 1 left out one important term that does
not effect the results of Ref. 1. The corrected relation is

().~ (&), e l5).)

+aLd([#(S)no(S)])+0( 3 (6)

nols)
where
dX,.I nol€) dX;
( ds \s))o ny(x) ds © )+n0( )f a5’ no,fs’)- ()

Using the stochastic integral theory of Refs. 1, 3-6, the
integral of the second two terms of Eq. (6) can be accurately
approximated as follows using Eq. (7):

L))+ Lo o),
_ fds(u( ):;’:g)) = ° ’).
_ j ds’ no(a) ‘ ’( :((s )) )

+ [ as fds"[(u ) 280) 4 gis o
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dX

= — [ as' nol) S ow )
0 ds
+ fds’ f ds" y' 4ls"s"), (10)
where
ey f HI5)
= - ) (11)
oy Mi(s"), (11a)
’ o — t nO(S”)
W V={ 2] ) (12)
_—n‘,(s'),n(,u-”_’p 1 455" (12a)
and
o . ny Poals")\
8ls'ss )=([,U(5 ) — uls')] W)J—O- (13)

The symbol ~ means that the quantity g{s’,s"") will give
a negligible contribution compared to the other factors ap-
pearing in the following ensemble expectations.*® Taking
ny—1 gives the homogeneous limit.

Assume Eq. (34) of Ref. 1 so that

s dx,
Is)= I(g)exp( — J; ds' d_s") 4 (14)
o=ly(s)\H, (s)F, (s), (15)
where

Ls)=I (§)exp[ — f ds’(%)o'i] (16)

is the deterministic ray theory intensity as computed by con-
ventional ray theory software,

ax, ;o
Ho=exp( —ande) == ) [ @ i) 07

is the stochastic intensity path divergence factor, and

F, (s)Eexp(a f ds' f‘ das" p' (s”,s')) (18)

is the stochastic intensity fading factor which results from
pathwise phase fluctuations.
Therefore Eqgs. (38)—40) of Ref. 1 can be replaced by

M 2
D (5 H (5, )F 5, ) G (5,

m=1

I(x)~

(19)

= 2 IO(Sm )Ha (Sm )Fa (Sm )

m=1M—l M

+2 > X I s0H S (s,)H L s)
m=11l=m+1

XF 5 (s )F & (51)c08 [ Kol S, — 8], (20)

where M is the total number of multipaths, o is the angular
frequency, ¢ is the time, and

Ga(Sm)ECXp( - kosm ) (21)
is the stochastic pathwise phase fluctuation factor. The first
term in Eq. (20) represents the incoherent summation of in-

tensities while the second term represents the coherent con-
tribution to the multipath intensity.
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Il. THE MEAN MULTIPATH INTENSITY RELATION

The following developments parallel those of Appendix
B of Ref. 1 (with a few notational changes) except the approx-
imation of Eq. (46) of Ref. 1 is avoided. The ensemble expec-
tation of Eq. (20) gives the mean multipath intensity

EUMY= 3 Iys)E{H, (. )F, b5}
+2'3 S e a e

XH Y5, )F 2 (5,,) F 1 (s,)cos [ ko(S,, — )]}

(22)
The standard deviation o, about E{[ } is defined by
— plx) px) 11°
U’_E[ [e(x)]"2 E[ [c(x)]'“] ] 23
= _ gl 1P
= £} ‘E[ [c(x)]‘“] ’ 24

which is Eq. (57) of Ref. 1.

Equations (22) and (24) are evaluated as follows via the
conservation of energy for stochastic processes.*® The first
ensemble expectation in Eq. (22) is

E {H,(s)F,(s)}Fys)F(s), (25)
where

Fy(s)=exp( — 2a°R;Q,5") =exp( —s/d})  (26)
is the stochastic scatter loss factor [which is the ensemble
expectation of the interaction of the stochastic path diver-
gence factor and the stochastic fading factor; it represents
the scattering away of acoustic energy and is dependent on
the sound-speed gradients as shown in Eq. (29)] and

F,(s)=exp(2a’°R,, Q\s) = exp(s/d;) (27)
is the stochastic scatter gain factor [which is the ensemble
expectation of the stochastic divergence factor; it represents
the scattering in of acoustic energy and is dependent on the
sound-speed gradients as shown in Eq. (31)]. The decorrela-
tion length (d,) for Fys) is

do=[a(2R,;Q,)'*17", (28)
where
s S s’ dX‘
4R 0~ [ v [ [ o nfgtHOE {usf)
o o o ds
X [‘l.l;-l-(sl”,s”) —E{p.'jj(s'”,s")}]}. (29)
The correlation length (d,) for F; is
diE(zazRal AN . (30)
where

4R, 0~ [a [ s B (uishit ). (Y
Q (4]
The second ensemble expectation in Eq. (22) is
E{H (s, )H (s,))F {*(5.,)F (s, )cos [ kq(S,, — 1)1}
2 F 55, JF & (51)F (5,0

XF (8 (8, WFp (51)008 [ Ko (Som — Sai) ] (32)
where
So= f ds' no[X(s')] (33)
0
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is the deterministic phase factor and
F,(s) =exp( — a’k§Ls) (34)
is the partial coherence factor [which is the ensemble expec-

tation of the pathwise phase fluctuation factor; it gives the
decrease in the coherent crosspath term of Eq. (36)], where

4sL ~fs ds" Js ds” ny(s')nols"”)
X E{[us") — E ()N [uts”) - E s, (39)

Equations (25)—(35) are evaluated by direct application of the
techniques given in Refs. 1, 3-6. The empirical method for
determining the stochastic quantities R ;Q;,R, @, and L
from actual ocean data is given in Ref. 7.

Equations (22), (25), and (32) give the mean multipath
intensity

EUMY= S L, Fos,IFisn)

m=1

M1 M
+2Y Y 16 1)
m=1l=m+1

XF§? (8,) F§ (s)) F (7 (s0)F i (s:)

|

m=1

2 S Iyls,) Folsn) F, (5,) F2 f5,) + 2

XF), (s,,) F, (s1)cos[Ko(Som — Sar)] (36)

F;Oa,,Fp =0. (37)

When Fs) and F|(s) are essentially unity (which occurs out-
side a pronounced sound-speed frontal region as shown in
Sec. IIT and Ref. 2), Eq. (36) reduces to

M
E{Ix}= ¥ Iis,)

m=1
M-1 M
+ 2 z z I(ll/z(sm )I(l]/z(sl )Fp (sm)
m=1ll=m+1
pr(sl)cos[kO(Sﬂm _Sm)]’ (38)

which is Eq. (49) of Ref. 1.
In a similar manner o, of Eq. (24) can be evaluated as
follows. Equation (51) of Ref. 1 is replaced by

B S e H )

XF i (5m) Ga (5) € (39)

which can be shown to yield"*¢

M—1

S Y IS ) Fo (5,) Fo (s)

m=1{=m+1

XEY (5, FI 5 Fy (5) F, (51008 [KofSom — Sal] Ho

Therefore Egs. (24), (36), and (39) yield

0=~ Z_llo(sm)Fo(sm)E(sm)[l—F,i(sm)] (41)
= E{I},F,=0. (42)
P

When F(s) and F(s) are essentially unity (i.e., outside a pron-
ounced sound-speed frontal region), Eq. (41) reduces to

oy 3 Is,)[1 - Fp (5] (43)

m=1

which is Eq. {56) of Ref. 1.
Note that the incoherent limits of E {/} and o, are
theoretically equal, i.e., :

E{I}=E{l,(F,=0)}~0,(F, =0)=0;. (44

However, during sound propagation scattering smooths out
the higher order statistics (i.e., it essentially lowers the tails
of the probability distribution) so that o, is reduced from its
theoretical value and gives

E{l}~ao, (45)

in practice; a»1 and depends on frequency. In Ref. 7,
a=6.5at 1030 Hz.
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|
llil. CONCLUSIONS

In Ref. 1 the effect of the phase fluctuation on the mean
multipath ray theory intensity in a random ocean was devel-
oped. This resulted in the introduction of the partial coher-
ence factor of Eq. (32). In this paper the amplitude fluctu-
ation behavior was retained as well. This resulted in the two
new stochastic factors of Egs. (26) and (27) that become im-
portant (i.e., differ from unity) only in regions of strong hori-
zontal sound-speed gradients that can occur in an ocean
front.>*° These stochastic factors occur when the approxi-
mation of Eq. (46) of Ref. 1 is not made. Instead Eqs. (25) and
(32) are applied to Eq. (22) to give the mean multipath inten-
sity relation of Eq. (36). In a similar manner, Egs. (36) and
(40) are applied to Eq. (24) to give the standard deviation o,
about E{/ } in Eq. (41).

Figure 1 shows some typical sound-speed contours in
the North Pacific ocean between Hawaii and Alaska.” Note
that the sound-speed gradients that impact Fy(s) and F;(s)
[see Egs. (26)<31)], and hence E {I | of Eq. (36), are negligible
except for the sharp horizontal sound-speed gradient above
about 300 m at about 40 °N which constitutes a pronounced
ocean front. Outside this frontal region, Eq. (36) reduces to
Eq. (38). However, for sound propagating through this ocean
front all factors in Eq. (36} prove necessary.”

We cannot determine the random variable x(s) from the
averaged data of Fig. 1 so we cannot use Egs. (29) and (31) to
determine R_,Q, and R, Q,, respectively. However, the
sound speed changes by about 5 m/s across the front in Fig. 1
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FIG. 1. Sound-speed contours (m/s) between Hawaii and Alaska.

soit can be estimated that a =3 X 1073. From Ref. 2 foracw
source depth of 500 ft, a receiver depth of 300 ft and an
acoustic frequency near 200 Hz, an intensity drop of about 8
dB occurs over a frontal distance of about 100 km. Assuming
one dominant path eliminates the second term in Eq. {(36)
leaving Fy(s)F;(s) to account for the 8-dB drop over s= 100
km. Since a relatively sharp drop (i.e., 8 dB in 100 km) is seen
in Fig. 5 of Ref. 2, it will be assumed that F(s) dominates F;(s)
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so that d,, of Eq. (26) equals about 74 m. Then Eq. (28) gives
R,; 0y~ 10/m? which, of course, agrees with the 8-dB loss
via Eq. (26). If it is assumed R, @, is of the same order of
magnitude as R, Q, and Eq. (27) is used, 10 log,, F;(s)
~0.08 dB which is indeed negligible compared to
10 log,o Fyls)=~ — 8 dB from Eq. (26). Hence the relative s
dependence in Egs. (26) and {27) should lead to Fy(s) dominat-
ing F;(s) in Eq. (36).
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