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Iterated pressure-correction projection schemes for the unsteady incompressible Navier–
Stokes equations are developed, analyzed and exemplified, in relation to preconditioned 
iterative methods and the pressure-Schur complement equation. Typical pressure-correction 
schemes perform only one iteration per stage or time step, and suffer from splitting errors 
that result in spurious numerical boundary layers and a limited order of convergence in 
time. We show that performing iterations not only reduces the effects of the splitting 
errors, but can also be more efficient computationally than merely reducing the time step. 
We devise stopping criteria to recover the desired order of temporal convergence, and to 
drive the splitting error below the time-integration error. We also develop and implement 
the iterated pressure corrections with both multi-step and multi-stage time integration 
schemes. Finally, to reduce further the computational cost of the iterated approach, we 
combine it with an Aitken acceleration scheme. Our theoretical results are validated 
and illustrated by numerical test cases for the Stokes and Navier–Stokes equations, 
using implicit–explicit (IMEX) backwards differences and Runge–Kutta time-integration 
solvers. The test cases comprise a now classical manufactured solution in the projection 
method community and a modified version of a more recently proposed manufactured 
solution. The different error types, stopping criterion, recovered orders of convergence, 
and acceleration rates are illustrated, as well as the effects of the rotational corrections 
and time-integration schemes. It is found that iterated pressure-correction schemes can 
retrieve the accuracy and temporal convergence order of fully-coupled schemes and are 
computationally more efficient than classic pressure-correction schemes.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Solving the unsteady fully coupled incompressible Navier–Stokes equations is computationally demanding [40,59,26,62]. 
The projection method introduced by [14] and [56], which can decouple the momentum and continuity equations numer-
ically by replacing the latter with a Poisson equation for the pressure, is often a preferred option. A non-divergence-free 
velocity field is first obtained by omitting the pressure term in the momentum equation, and is then corrected using the 
pressure Poisson equation (PPE). This method was reinterpreted as a fractional-step scheme by [32] and a number of vari-
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ants of the original scheme have been developed, a review of which can be found in [24]. In this study, only the incremental 
pressure correction schemes are considered. This time splitting decouples the computation of velocity and pressure in the 
sense that instead of solving a large linear system for all velocity components and pressure simultaneously, it only solves 
(d + 1) smaller linear systems for each velocity component and pressure (or pressure correction) separately [62], where d
is the spatial dimension of the flow. Because the cost of solving a linear system typically scales worse than linear, such 
breakdown is beneficial. Moreover, the decoupled linear systems all have the same structure as a discrete Laplacian, which 
is symmetric positive definite (SPD) and can be solved efficiently with many mature techniques. In contrast, the coupled 
system yields a saddle-point problem (symmetric indefinite) and is worse-conditioned because it involves both the momen-
tum equations and the continuity equation, which behave very differently. However, this gain for time splitting comes at the 
price of a splitting error which manifests itself as an artificial boundary layer in space and as a limited order of temporal 
convergence [36,51,25,24].

Incremental pressure-correction methods use the pressure at the previous time step as a guess for the current time. 
This guess is then updated, and the scheme moves on to the next time step. In order to obtain a more accurate solution, 
instead of directly moving on to the next time step, it is possible to repeat the process and use the newly computed 
pressure as the guess. Indeed, doing so reduces the splitting error, and if the process is repeated enough times, it renders 
the splitting error negligible compared to the error due to the time-integration scheme. In fact, other methods, such as the 
Uzawa algorithm [40], the SIMPLE method and their variants [21], which as projection schemes decouple the system and 
replace the incompressibility condition with a pressure Poisson equation, perform similar inner loop iterations in addition 
to the time-integration outer loop. They are particularly efficient for stationary problems with pseudo time integration [21]. 
However, for unsteady problems, since the splitting error scales with the time step, it is not always clear whether performing 
those pressure correction iterations offers a real benefit as opposed to using smaller time steps in order to achieve the same 
accuracy. One of our objectives is to investigate the convergence properties of such iterated pressure-correction schemes 
and assess the benefit of performing more iterations as opposed to reducing the time step.

The pressure-correction method can also be viewed as one iteration towards solving the pressure-Schur complement 
equation. This is in fact also true for the Uzawa and SIMPLE schemes [40,41,46]. More precisely, those methods can be 
understood as preconditioned Richardson iterations and only differ in the preconditioner being used. In the case of the 
projection method, the preconditioner is the Laplacian operator and with a regular scheme, only one iteration is performed 
[60]. If more iterations are performed, the numerical solution converges to the solution of the pressure-Schur equation. With 
this approach [3], it is possible to estimate how fast the splitting error decreases with each iteration and thus assess how 
performing more iterations compares to reducing the time step in terms of computational cost and accuracy. When doing 
so, care is needed to differentiate among the different error types, namely the spatial, splitting, and time-marching errors.

A wide range of time-integration schemes are available to solve the incompressible Navier–Stokes equations, for both 
fully-coupled and projection-type methods. A common choice is the backward difference formulae (BDF) schemes [11]. 
Those fully-implicit schemes usually enjoy good stability for relatively large time steps. However, they require root-finding 
for a nonlinear system because of the nonlinearity of the advection term [60,43]. Implicit–explicit (IMEX) schemes thus offer 
a good alternative and have indeed been commonly used with projection-like schemes [32,37,11,49].

Nevertheless, BDF schemes are not self-starting and have smaller stability regions at high orders [50]. In particular, 
methods of order higher than 3 are not A-stable and methods of order higher than 6 are unstable [28]. Although this is not 
necessarily an issue for all types of problems [18] and other multi-step methods with better stability properties do exist 
[27], multi-stage methods, such as Runge–Kutta schemes seem to offer a viable alternative. The study of their application 
to projection methods has however been limited so far. A number of studies address the use of fully-explicit schemes 
[48,30,37,19]. Second-order RK-IMEX schemes were studied in [45] and [44], and higher order schemes in [71] and [16] for 
PPE-based methods. A pressure-free projection method for cases with periodic boundary conditions was proposed in [70]. 
To our knowledge, [62] outlines the most general IMEX-RK schemes for pressure-correction schemes.

In what follows, we first summarize the usual time discretization schemes for the Navier–Stokes equations and common 
strategies to deal with the nonlinear advection term (Sec. 2). We then outline common ways to handle the velocity–pressure 
coupling and discuss their inter-connections (Sec. 3). We develop and analyze the accuracy and convergence properties of 
the new iterated projection methods (Sec. 4). In particular, we show that in order to achieve a certain accuracy, it is often 
advantageous in terms of computational effort to perform more iterations than to reduce the time step. We obtain a time 
step size-dependent stopping criterion that allows the control of the temporal order of convergence of the remaining split-
ting error. We show how iterations can be accelerated using an Aitken relaxation scheme [39]. Next, in Sec. 5, we explain 
how the method can be practically embedded into existing pressure-correction schemes, for both IMEX linear multi-step 
and IMEX Runge–Kutta time-integration schemes. In Sec. 6, we present numerical results that illustrate and verify the prop-
erties inferred by applying the new methods to test cases of manufactured solutions for both the Stokes and Navier–Stokes 
equations. We illustrate and discuss the different error types, stopping criterion, recovered orders of convergence, suppres-
sion of the splitting errors, acceleration rates, and computational costs, as well as the effects of the rotational correction and 
time integration schemes. Finally, conclusions and future directions are provided (Sec. 7).
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2. Discretization and handling nonlinearity

The incompressible Navier–Stokes equations can be written as:{
∂u

∂t
= ν∇2u − ∇p + f − u · ∇u (a)

∇ · u = 0 (b)
(1)

where p is pressure divided by the constant fluid density (p is called pressure hereafter for conciseness), ν the kinematic 
viscosity, and f a given forcing term that does not depend on u. Note that p enters the equations only through its gradient, 
so p is determined only up to an additive constant, which is uniform in space but can vary arbitrarily in time. In practice, 
this degree of freedom can be eliminated by imposing an extra condition on p either out of a realistic physical setup, e.g. 
anchoring p at a reference point: p|x=xref = pref, or for numerical convenience, e.g. requiring p to have a vanishing spatial 
mean: 

∫
�

pdx = 0.
The system (1) is different from a normal dynamic PDE (Partial Differential Equation) system in that although p is an 

unknown field, there is no prognostic equation for p and the only extra equation (1b) other than (1a) for u does not involve 
p at all. Therefore, p is determined by being a field such that u governed by (1a) always satisfies the divergence-free 
constraint (1b).2

Due to the special role of p and (1b), to numerically evolve u and p from time tn to tn+1, we can only apply a time-
marching scheme to (1a) and treat the pressure implicitly,3 such that both un+1 and pn+1 are unknowns in the time-discrete 
counterpart of (1a). The field pn+1 is then determined such that un+1 computed by the time-marching scheme given this 
pn+1 also satisfies ∇ · un+1 = 0. This mimics the role played by p in the time-continuous setting.

Terms other than the pressure gradient can be treated either explicitly or implicitly, so a general time-marching scheme 
can be formulated as an IMEX (IMplicit–EXplicit) scheme. For a time-dependent PDE, the right hand side is divided into two 
parts, one is treated implicitly and the other explicitly:

∂u

∂t
= F im(u, t) + F ex(u, t) . (2)

If no term is treated explicitly, (2) reduces to a fully-implicit scheme (backward difference formula (BDF), Adams–Moulton, 
etc.). The general s-step IMEX linear multi-step scheme [5] reads∑s−1

j=−1 a j un− j

�t
=

s−1∑
j=−1

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j, (3)

where F im
n− j = F im(un− j, tn− j), F ex

n− j = F ex(un− j, tn− j) and the a j ’s, b j ’s, and c j ’s are constant coefficients of the specific 
IMEX scheme. For an IMEX linear multi-stage scheme such as IMEX-RK (Runge–Kutta), the scheme at each stage within a 
time step has the same form as (3), so we will assume the multi-step setting hereafter, except that the detailed algorithms 
for the multi-stage setting is described in Sec. 5 and the related numerical results shown in Sec. 6.

In the case of the incompressible Navier–Stokes equations, the diffusion term and the (possibly stiff) forcing are typically 
treated implicitly to avoid too stringent of a stability constraint (�t ≤ Ch2/ν for some C > 0), while the choice for the 
advection term is not as clear.

IMEX. If we treat the advection term explicitly, i.e.

F im
n− j = ν∇2un− j − ∇pn− j + f n− j, F ex

n− j = −un− j · ∇un− j,

and use an IMEX scheme, we avoid solving a nonlinear system but �t is subject to a stability constraint (�t ≤ Ch/U0 for 
some C > 0, with U0 a characteristic flow velocity). In this case, at each time-step, we solve a Stokes system{ ( a

�t
− ν∇2

)
un+1 + ∇pn+1 = f n+1,n

rhs (a)

∇ · un+1 = 0 (b)
(4)

where a = a−1/c−1 and f n+1,n
rhs contains every term of (3) that is known before the system is evolved to tn+1, i.e.

2 In a variational formulation of (1) [9], the velocity is the solution to a constrained optimization problem and the pressure is the Lagrangian multiplier 
to enforce the divergence-free constraint.

3 Here being explicit or implicit is with respect to only the momentum equation (1a) with the pressure term viewed as a given forcing. Some literature, 
such as Sec. 7.3.2 of [21], also present “fully explicit” schemes. Technically there is no genuine “fully explicit” scheme for (1), because solving a linear system 
is inevitable due to the way u and p are coupled. Even when a fully explicit time-marching scheme is used, we still solve a linear system for the Poisson 
equation for pn to enforce the divergence-free constraint on un+1. Therefore, treating the pressure “explicitly” in time marching saves no computational 
efforts and one might as well just treat it implicitly.
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f n+1,n
rhs = f n+1 + 1

c−1

⎛
⎝−

∑s−1
j=0 a j un− j

�t
+

s−1∑
j=0

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j

⎞
⎠ .

With some spatial discretization schemes applied to (4), the fully-discrete linear system can be written in matrix nota-
tion: [

A G
−D 0

][
un+1

pn+1

]
=

[
f n+1,n

rhs + bcn+1
mom

bcn+1
con

]
. (5)

Here A = (a/�t)I − νLu is SPD (Symmetric Positive Definite) with Lu being the discrete vector Laplacian and A is fixed in 
the whole simulation. G and D are the discrete gradient and divergence operators, respectively. They satisfy GT = −D and 
Lp = DG = −GTG is the discrete scalar Laplacian. Note that we negate the continuity equation in (5) to make the linear 
system symmetric. The conditions bcn+1

mom relate to the discretization of the diffusion term in the momentum equations and 
account for the boundary values prescribed to the normal and tangential boundary conditions of velocity at tn+1, while 
bcn+1

con relates to the divergence term in the continuity equation and involves the boundary values associated with only the 
normal boundary conditions of velocity at tn+1. For wall bounded flows, i.e. without any inflow or outflow boundaries, we 
have u · n = 0 everywhere at the boundary, so bcn+1

con = 0. Note that we use u, p and f rhs to denote both their continuous 
and discrete counterparts and which one is referred to should be clear from contexts.

Fully-implicit. If we also treat the advection implicitly, i.e.

F im
n− j = ν∇2un− j − ∇pn− j + f n− j − un− j · ∇un− j, F ex

n− j = 0,

we usually eliminate the stability constraint so a larger �t can be used, but now a nonlinear system needs to be solved at 
each time step, i.e.⎧⎨

⎩
( a

�t
− ν∇2 + un+1 · ∇

)
un+1 + ∇pn+1 = f n+1,n

rhs (a)

∇ · un+1 = 0 (b)
(6)

where

f n+1,n
rhs = f n+1 + 1

c−1

⎛
⎝−

∑s−1
j=0 a j un− j

�t
+

s−1∑
j=0

c j F im
n− j

⎞
⎠ .

There are various ways to solve (6) iteratively [58]. One way is to directly apply a general nonlinear root-finding algorithm 
such as Newton–Raphson (e.g. [43,34]). The (k + 1)-th Newton–Raphson iteration then simply solves the system linearized 
around the solution from the previous iteration k, i.e.⎧⎨

⎩
(

a

�t
− ν∇2 + un+1

k · ∇ +
(
∇un+1

k

)T ·
)

un+1
k+1 + ∇pn+1

k+1 = f n+1,n
rhs,NR (a)

∇ · un+1
k+1 = 0, (b)

(7)

where f n+1,n
rhs,NR = f n+1,n

rhs + un+1
k · ∇un+1

k . The initial guess can be un+1
0 = un . Note that

D(u · ∇u)|un+1
k

(·) = un+1
k · ∇(·) +

(
∇un+1

k

)T · (·)
is the Fréchet derivative of the advection term at un+1

k . In (7a), the term un+1
k · ∇un+1

k+1 is a linear advection term and (
∇un+1

k

)T · un+1
k+1 a linear “reaction term”. The fully-discrete counterpart of (7) can also be written in the form of (5), but A

is then no longer symmetric and varies at every iteration. Newton–Raphson has quadratic convergence if the initial guess is 
close to the fixed point, which is the case if �t is small enough.

Since the “reaction term” 
(
∇un+1

k

)T · un+1
k+1 does not appear in the original equation (1), implementing (7) requires extra 

coding efforts. Moreover, the reaction term can worsen the conditioning of the linear system in some cases [58]. Therefore, 
often a simpler fixed-point iteration where only the linear advection term retained is used, which yields an Oseen system⎧⎨

⎩
( a

�t
− ν∇2 + un+1

k · ∇
)

un+1
k+1 + ∇pn+1

k+1 = f n+1,n
rhs (a)

∇ · un+1
k+1 = 0, (b)

(8)

whose fully-discrete form still has a varying and non-symmetric A. In principle, this iteration only converges linearly, e.g. 
[34].
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Of course, instead of a linearization, we can also just use the solution from the previous iteration to evaluate the whole 
advection term and thus each iteration requires solving only a Stokes system⎧⎨

⎩
( a

�t
− ν∇2

)
un+1

k+1 + ∇pn+1
k+1 = f n+1,n

rhs − un+1
k · ∇un+1

k (a)

∇ · un+1
k+1 = 0, (b)

(9)

whose fully-discrete form has a fixed SPD matrix A , as in the case of IMEX.
Note that in some literature, the advection term is linearized around the solution at the previous time step and the 

time-marching scheme is computed without iteration. This is equivalent to solving (7) or (8) only once. Such treatment 
changes the aggregate time-marching scheme and the order of accuracy can be compromised [58] if the order of the 
time-marching scheme is higher than the order of the linearization applied to the advection term. If the goal is only the 
final steady state (e.g. using pseudo time marching to solve a steady flow problem), this compromise is fine, but if the goal 
is the transient flow development, such approximation should be avoided.

The requirement of iteration in each time step may sound unsatisfying but this is inevitable if we want to treat the 
nonlinear advection term implicitly. However, if some solution procedure of (1) requires iterating on u no matter whether 
the advection is treated explicitly or implicitly, such as the pressure-correction projection methods to be discussed in the 
next section, then the iteration for the implicitly-treated advection can actually get a “free” ride by being combined with the 
main iteration. That is, we use the same iteration to achieve two purposes. Although in the following two sections, we will 
focus almost exclusively on the case of IMEX (4) because it allows us to perform rigorous analysis of convergence and effi-
ciency of the proposed iterated pressure-correction schemes, we will discuss how to deal with fully-implicit time-marching 
schemes with our proposed methods in Sec. 5.3.

3. Handling velocity–pressure coupling

The strategy to handle the velocity–pressure coupling is independent of the choice of the time-marching scheme. In 
other words, any of the following strategies can be applied to any fully-implicit or implicit–explicit (IMEX) time-marching 
schemes, although we will base our analysis on the case of IMEX.

3.1. Fully-coupled systems

A straightforward way to handle the velocity–pressure coupling is to treat the coupling as it is and numerically solve 
(1a) and (1b) simultaneously in each time step. Schemes based on this strategy are referred to as fully-coupled schemes.

The fully-coupled system (5) is a symmetric indefinite linear system which is also called a saddle-point problem. Its 
solution is known to be computationally expensive [9]. Over the years, a variety of techniques to decouple the computation 
of velocity and of pressure have been devised for a reasonable trade-off between accuracy and computational cost. They 
include pressure-Schur complement methods, SIMPLE-based methods, pressure-correction projection methods, and velocity-
correction projection methods. Next, we compare and contrast them, and importantly, provide some new inter-connections.

3.2. Pressure-Schur complement methods

In (5), we can formally manipulate the first equation to obtain an expression for un+1 in terms of pn+1:

un+1 = A−1( f n+1,n
rhs + bcn+1

mom − G pn+1) (10)

Inserting this in the second equation in (5), we obtain an equation that involves only pressure but no velocity:

D A−1G pn+1 = D A−1( f n+1,n
rhs + bcn+1

mom) + bcn+1
con . (11)

It is thus possible to first solve for the pressure using (11) and recover the velocity with (10). This technique is called the 
Schur complement [69] method because D A−1G is exactly the Schur complement of A in (5). This is commonly used for 
physical problems with a conservation equation coupled with a constitutive equation (e.g. see [15] for a nodal analysis in 
electrical engineering).

For the incompressible Navier–Stokes equations, D A−1G is referred to as the pressure-Schur complement and (11) as 
the pressure-Schur complement equation [60]. Eqs. (10) and (11) are simply the Uzawa’s scheme expressed in another 
analytically equivalent form. The main difficulty of the Schur complement method lies in solving the linear system of 
D A−1G . Direct methods are infeasible because A−1 is dense, while iterative methods, whether stationary or Krylov subspace 
methods, require a good preconditioner of D A−1G for fast convergence [66]. For example, a Richardson iteration applied to 
the pressure-Schur complement equation with preconditioner P is given by,

pn+1
k+1 = pn+1

k − P −1
(

D A−1G pn+1
k − bn+1

)
, (12)

where bn+1 = D A−1( f n+1,n + bcn+1
mom) + bcn+1

con .
rhs
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3.3. Pressure-correction projection methods

Commonly-used techniques for velocity–pressure decoupling are the projection methods introduced by [14] and [56], and 
reviewed in [24]. Here, we only consider the incremental pressure-correction schemes, in both non-rotational and rotational 
form. The schemes are well-known and are outlined here mostly to introduce some concepts and the notation.

Again, we assume that an IMEX time-marching scheme (4) is used and the pressure-correction scheme involves the 
following four steps:( a

�t
− ν∇2

)
un+1∗ + ∇pn = f n+1,n

rhs , (13a)

∇2q = a

�t
∇ · un+1∗ , (13b)

pn+1 = pn + q − ν∇ · un+1∗︸ ︷︷ ︸
Rotational corr

, (13c)

un+1 = un+1∗ − �t

a
∇q . (13d)

Here pn is used as a guess of pn+1 to predict a non-divergence-free velocity field un+1∗ with the momentum equation. After 
un+1∗ is obtained from the prediction step (13a), the auxiliary variable q related to pressure correction is computed by solv-
ing the Poisson equation (13b), which ensures the corrected velocity un+1 in (13d) to be divergence-free. For wall-bounded 
flows, (13d) implies that a zero Neumann boundary condition ∂q/∂n = 0 should be imposed to this Poisson equation. Once 
q is known, the pressure is updated to pn+1 through the pressure correction (13c), which lends its name to the method. 
Finally, (13d) yields a divergence-free corrected velocity. Note that in the Stokes case with the advection term absent, all 
terms are treated implicitly and the time-integration scheme becomes fully-implicit.

The term with an under-brace in (13c), introduced in [57] and popularized by [25] under the name “rotational cor-
rection”, is only present when the rotational form is used and is otherwise absent. This rotational correction serves two 
important purposes. First, the rotational correction avoids an unphysical normal derivative of pressure at the boundary. 
Second, it renders the aggregate scheme (13) consistent with the fully-coupled scheme (4), up to the tangential velocity 
boundary conditions. Further details are given in Appendix A.

So far, the boundary condition for q has not been discussed and indeed, this is a recurrent issue with projection methods. 
There is no single “correct” boundary condition for q, and there are different choices [36], all of which result in some 
inconsistency in the boundary values of one or more variables. In fact, similar problems exist for other methods where a 
Laplacian operator is applied to the momentum equation (1a) [52].

Inconsistencies in the boundary conditions manifest themselves in a splitting error that limits the overall order of tem-
poral convergence of the scheme, regardless of the order of the time integration scheme used. It can be shown that when 
the rotational correction is applied, the splitting error only results in an inconsistent tangential boundary condition on un+1

and that the L2-norm error in un+1 is of order O(�t2) and the L2-norm error in pn+1 of order O(�t3/2), if a second- or 
higher-order time-marching scheme is used [25]. These are the best convergence orders for a projection method in general, 
although in some special cases, it is possible to achieve higher order temporal convergence [70].

3.4. Pressure correction as one iteration of the pressure-Schur complement

The algorithmic description (13) of the projection method involves various intermediate variables, but these intermediate 
variables can be eliminated when (13) is rewritten using the discrete matrix operators A, G and D . After the elimination 
(see Appendix B for derivations), we obtain

un+1∗ = A−1( f n+1,n
rhs + bcn+1

mom − G pn) (14a)

pn+1 = pn −
⎛
⎝ a

�t
L−1

p − ν I︸ ︷︷ ︸
Rot

⎞
⎠(

D A−1G pn − bn+1
)

(14b)

un+1 = (I − G L−1
p D)un+1∗ − G L−1

p bcn+1
con (14c)

with bn+1 = D A−1( f n+1,n
rhs + bcn+1

mom) + bcn+1
con as before. Here L p is the discrete scalar Laplacian that satisfies L p = DG . 

We can see that (14b) is indeed of the same form as (12) with k = 0, initial guess pn+1
0 = pn and preconditioner P −1 =

(a/�t)L−1
p (or P−1 = (a/�t)L−1

p − ν I in rotational form). This means that the incremental pressure-correction method 
is a preconditioned Richardson iterative method for the pressure-Schur complement equation. The preconditioner is the 
Laplacian and the first guess is the value at the previous time step. Only one iteration is performed and a bound is known 
for the error of the solution obtained after that one iteration. A more detailed explanation of this can be found in Sec. 2.2 
of [60]. Interestingly, according to [60], the use of this preconditioner was first introduced in [23], even before the rotational 
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Fig. 1. (a) Analytical solution of the Stokes equations along with the errors obtained using (b) a fully-coupled scheme, (c) a regular pressure-correction 
scheme, and (d) an iterated pressure-correction scheme after 12 iterations (color bar limits differ among panels). The time-integration method is a BDF2 
scheme with �t = .1. The space resolution (N = 200, 4th order discretization in space) is chosen to be high enough such that spatial errors are negligible 
compared to temporal and splitting errors. This means that the error of the fully-coupled scheme is essentially that of the time integration scheme. As 
more iterations are performed, the error obtained with the iterated scheme converges to that of the fully-coupled scheme. (For interpretation of the colors 
in the figure(s), the reader is referred to the web version of this article.)

correction was used in [57]. Moreover, as [60] pointed out, the popular Uzawa-like algorithms can also be formulated as 
such an iteration, but with a scalar matrix (or the mass matrix in pressure space for finite element) being the preconditioner.

Note that −P is semi-SPD (symmetric positive semi-definite) without the rotational correction, because −L p = −DG =
GTG is semi-SPD. With the rotational correction, −P is SPD (symmetric positive definite) because ν > 0. Since L p is sin-
gular with a one-dimensional null space (due to the constant up to which a pressure field is determined), L−1

p should be 
understood here as taking a regularized solution that satisfies a specified extra constraint for pressure.

To showcase the differences between a fully-coupled scheme, a regular pressure-correction, and an iterated pressure-
correction (the latter two in rotational form), a classic manufactured solution for the Stoke equations [25] is utilized. This 
test case will be revisited in more details in Sec. 5.1. Fig. 1 illustrates the analytic solution and the errors of the three 
schemes. We find that the regular pressure-correction scheme (bottom-left) yields an error two orders of magnitude larger 
than the fully-coupled scheme (top-right) does, while the error of the iterated pressure-correction (bottom-right) becomes 
similar to the fully-coupled error. Without iteration, the splitting errors induced by the pressure-velocity decoupling domi-
nates the time integration error. The iterated projection methods proposed in the next section attempts to address this issue 
of regular projection methods. We aim at schemes that avoid solving a coupled saddle-point problem and have splitting er-
rors smaller than time integration errors.

3.5. Connection between pressure correction and SIMPLE-based methods

Another family of velocity–pressure decoupling schemes are based on the SIMPLE (Semi-Implicit Method for Pressure-
Linked Equations; [12]) algorithm. Popular variants of SIMPLE include SIMPLEC (“C” for “Consistent”; [64]), SIMPLER (“R” for 
“Revised”; Sec. 6.8 of [47]) and PISO (Pressure Implicit with Splitting of Operator; [29]). The family of pressure correction 
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methods and the family of SIMPLE-based methods were rarely compared and connected in literature. It is mostly in [44] that 
SIMPLE, SIMPLEC, and pressure-correction schemes are connected and compared, using a unified local-stencil framework.

In Appendix C, we first present this connection from an operator-splitting perspective that may be more natural and 
provides new insights. We show that both families of techniques utilize a prediction-correction approach. The difference 
lies in how the matrix operator A = (a/�t)I − νLu is split in the pressure and velocity correction step. The SIMPLE splits 
it into the diagonal and the off-diagonal part, which makes the resultant discrete correction equations have no continuous 
counterpart. In contrast, the pressure-correction projection method splits the operator into the time-derivative and the 
diffusion part, which readily leads to a continuous interpretation of the correction equations. SIMPLEC is a modification of 
SIMPLE that coincidentally coincide with the pressure-correction projection method in non-rotational form, “coincidentally” 
because this connection was not noticed when SIMPLEC was proposed in [64]. This connection helps explain why SIMPLEC 
improves SIMPLE.

Beyond SIMPLE and SIMPLEC, we also show that although SIMPLER and PISO are two modifications of SIMPLE, the key 
ideas therein do not depend on how the operator A is split and therefore, those ideas can be applied to the pressure-
correction projection method as well. Indeed, we find that SIMPLER is simply a first iteration of an alternating projection 
scheme based on the Helmholtz–Hodge decomposition. PISO is an iterative scheme that treats diffusion explicitly for the 
exact velocity and pressure correction equations. These insights enable us to better evaluate how well they work and even 
further motivate the new iterated pressure-correction methods proposed here. Results of Appendix C may thus contribute 
to clarifying the big picture of different existing velocity–pressure decoupling techniques.

4. Iterated pressure-correction schemes

In Sec. 3, we formulated the regular incremental pressure-correction scheme in the form of a preconditioned fixed-point 
iteration of the pressure-Schur complement method. This idea naturally leads to the iterated projection methods. Since the 
regular pressure-correction scheme is equivalent to performing the first iteration, if we keep iterating and the iteration 
solution sequence converges, it should converge to the solution to the fully-coupled scheme.

This interpretation also explains why the pressure-correction scheme yields much larger errors than the fully-coupled 
scheme, because it is simply analogous to using an iterative scheme to solve a linear system and taking the result of the 
first iteration as an approximate solution. However, the fact that even this first iteration is decent, in the sense that we can 
already use it for time integration and obtain reasonably accurate results that will converge upon mesh and time-step re-
finement, indicates that the regular pressure-correction scheme serves as a very good preconditioner P−1 to the fixed-point 
iteration (12).

Moreover, the pressure-correction scheme also hints at a convenient way to carry out the iteration (12). If we rewrite 
(14) as

un+1∗ = A−1( f n+1,n
rhs + bcn+1

mom − G pn) (15a)

pn+1 = pn +
⎛
⎝ a

�t
L−1

p − ν I︸ ︷︷ ︸
Rot

⎞
⎠(

Dun+1∗ + bcn+1
con

)
(15b)

un+1 = un+1∗ − G L−1
p (Dun+1∗ + bcn+1

con ), (15c)

we can see that we can indeed use (15a) and (15b) to iterate on velocity and pressure alternately as

un+1
k+1 = A−1( f n+1,n

rhs + bcn+1
mom − G pn+1

k ) (16a)

pn+1
k+1 = pn

k +
⎛
⎝ a

�t
L−1

p − ν I︸ ︷︷ ︸
Rot

⎞
⎠(

Dun+1
k+1 + bcn+1

con

)
(16b)

and only in the end, after kn+1 iterations, apply un+1 = un+1
kn+1

− G L−1
p (Dun+1

kn+1
+ bcn+1

con ). Note that the last step is not 
necessary if we iterate until convergence, because the final predicted velocity un+1

kn+1
and the final corrected velocity un+1

should coincide.
The fact that the predicted and corrected velocities coincide when the iteration converges provides a second motivation 

for iterated projection methods that does not originate from the pressure-Schur complement iteration. It is well known 
that in projection methods, neither of the predicted and the corrected velocity is superior to the other in terms of accu-
racy [24]. The predicted velocity is computed with both normal and tangential boundary conditions imposed, but is not 
divergence-free, while the corrected velocity is divergence-free, but is computed with only the normal boundary condition 
imposed. This motivates the idea of re-inserting the new pressure back into the prediction step as a better guess of pn+1

and performing the projection method again. Hopefully, if this is repeated enough times and convergence is achieved, the 
two velocities will coincide and the dilemma will go away.

Since both motivations point to iterated projection methods, we will investigate iterated pressure-correction schemes 
analytically and numerically. As a first intuition, Fig. 1d shows the result of 12 iterations of the pressure-correction scheme 
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(in rotational form unless otherwise mentioned). We see that the error is indeed driven to that of the fully-coupled scheme, 
in both magnitude and spatial pattern.

This observation leads to a key question relating to the trade-off between accuracy and computational costs: To achieve 
the same accuracy, is it less costly to perform more iterations of the pressure-correction scheme within a fixed time step 
�t than to reduce the time step with the regular scheme, i.e. with only one iteration in each time step?

Next, we show that the iterated pressure-correction schemes converge in both rotational and non-rotational forms, and 
that the former should be preferred because the convergence rate of the latter could get arbitrarily slow due to a boundary 
inconsistency in pressure. We also show how iteration schemes can efficiently reduce the splitting error and improve the 
global temporal order of convergence. We compare the resulting computational costs to that of simply decreasing the time 
step and show why iterated pressure-correction schemes are more efficient than regular ones. Moreover, we discuss the 
stopping criteria for the iteration and how Aitken acceleration speeds up the iteration.

4.1. General scheme

4.1.1. Scheme
The generic iterated pressure-correction scheme considerer here is

un+1
k+1 = A−1( f n+1,n

rhs + bcn+1
mom − G pn+1

k ) (17a)

pn+1
k+1 = pn

k +
⎛
⎝ a

�t
L−1

p −ν I︸︷︷︸
Rot

⎞
⎠(

Dun+1
k+1 + bcn+1

con

)
(17b)

where A = (a/�t)I − νLu and a is a positive parameter depending on the time-integration scheme used (e.g. a = 1 for 
BDF1-IMEX scheme).4 Here Lu is the discrete vector Laplacian corresponding to the diffusion term in the momentum equa-
tions. This iteration is performed in each time step for a multi-step time-integration scheme, or in each stage within each 
time step for a multi-stage scheme such as Runge–Kutta.

Remark. Such iterated projection methods differ from using a projection method to precondition the original fully-coupled 
system, as has been studied extensively (e.g. [10]). In the latter, some iterative solver (e.g. GMRES) is applied to the fully-
coupled system and the projection method serves only as a preconditioner. In contrast, an iterated projection method itself 
is not just a preconditioner, but a complete iterative scheme to solve the fully-coupled system.

4.1.2. Error types
When dealing with an incompressible flow solver using a projection method, one is confronted with three types of 

errors:

• Spatial error, which scales as hp , where h is a parameter representative of the mesh resolution and p is the order of 
the spatial discretization scheme.

• Time-integration error, which scales as �ts with s being the order of the time-integration scheme. Typically s is the 
number of steps in a multi-step scheme (e.g. BDF) or of stages in a multi-stage scheme (e.g. Runge–Kutta).

• Splitting error, which scales with �t s̃ , caused by applying a projection method on top of the time-integration scheme 
to decouple the velocity and pressure in computation

The total error of the numerical solution can thus be conceptually decomposed into three parts:

etotal = espace + esplitting + etime = O(hp) + O(�ts̃) + O(�ts). (18)

Note that technically such an expression is not precise, because errors from different sources may not be separable (e.g. 
mixed terms such as O(hp�t s̃) occur).

Since a focus here is on how to control esplitting relative to etime for the iterated pressure-correction projection method, 
we assume h is small enough and espace is negligible compared to the other two, and we ensure that this assumption holds 
in the numerical tests (e.g. see Sec. 6.1). Also since in general pressure converges more slowly than velocity due to the 
special role it plays in the equations, we will base our analysis on the errors in pressure.

When the time step is reduced, both the time-integration and splitting errors decrease. Hence, if one of the errors 
dominates in magnitude, it affects the rate at which total errors decrease. If we measure this apparent temporal order of 
convergence by successive reduction of �t , we will get something between s̃ and s depending on which error dominates 
and by how much.

4 We will identify what a is for particular time-marching schemes in Sec. 4. Roughly speaking, a is the ratio of the coefficient in front of un+1 to the 
coefficient in front of the implicitly treated terms evaluated at tn+1 (e.g. ν∇2un+1). See Appendix B for a derivation.
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Fig. 2. Pressure errors after different numbers of pressure-correction iterations (color bar limits differ among panels). Same manufactured solution test case 
for Stokes equations as in Fig. 1, except that a BDF3 time-integration scheme is used. After 25 iterations, the shape of the time-integration error is already 
distinguishable, while after 35 iterations, the splitting error is negligible compared to the time-integration error and the shape of the total error is virtually 
identical to that obtained with a fully-coupled scheme. The space resolution (N = 400, 4th order discretization in space) is chosen to be high enough so 
that the spatial errors are negligible compared to the time-integration errors.

Typically we have s > s̃ for pressure, because with an incremental pressure-correction scheme, s̃ = 1.5 in rotational form 
and s̃ = 1 in non-rotational form, irrespective of what time-integration scheme is used [24]. Therefore, asymptotically the 
splitting error should dominate the time-integration error.

This can be verified numerically. In Fig. 1, the error of the fully-coupled scheme (Fig. 1b) is purely due to the time-
integration error, while the error of a regular pressure-correction scheme (Fig. 1c) consists of both the time-integration and 
splitting errors. The latter is two orders of magnitude larger than the former, and the splitting error thus dominates. This 
is further verified by how pressure-correction iterations drive the latter to the former, as illustrated in Fig. 1d and in more 
details, in Fig. 2, which is from the same test case with a different time-integration scheme. After a number of iterations, 
the pressure field becomes closer and closer to that of the fully-coupled scheme.

For clarity of exposition, next, we utilize the following terms:

• Iteration: One pressure-correction iteration from k to k + 1 by (17).
• Temporal convergence: Apparent order of convergence of the aggregate scheme of time integration and a projection 

method, as observed when the time step is reduced.
• Time-integration scheme convergence: Intrinsic order of convergence of the time-integration scheme.

4.2. Convergence properties of iterated pressure-correction schemes

Here we first prove the convergence and derive the convergence rate of the iterated pressure-correction schemes. We 
utilize a theorem from [10], which used a non-incremental pressure-correction scheme in rotational form to precondition 
the fully-coupled system coming from discretizing the Stokes equation with the same grid and spatial schemes as we use for 
the numerical tests here, but with only a backward Euler scheme. That work analyzed the spectrum of the preconditioned 
system, and we use an intermediate result from there to bound the convergence rate of our new iterated pressure-correction 
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schemes, first in rotational form. We then show that the convergence of the schemes in non-rotational form could be 
much slower and how this can be related to the artificial boundary conditions imposed on pressure due to the lack of the 
rotational correction. Our analysis applies to cases of any multi-step or multi-stage time-marching schemes.

Second, we show how the number of iterations can be controlled to make the splitting error decay at a desired order to 
raise the apparent order of convergence to that of the time-integration schemes. Moreover, we propose practical stopping 
criteria for implementation. Finally, analogous to how [6] used Aitken relaxation to accelerate an iterated velocity-correction 
scheme, we show how the same technique can accelerate an iterated pressure-correction scheme.

4.2.1. Convergence guarantee of the iteration
First, it is straightforward to verify that if convergence is achieved in (17) (with or without rotational correction), the 

converging point will satisfy (10) and (11) obtained by the pressure-Schur complement reduction and thus also satisfy the 
original fully-coupled system (5).

To analyze the convergence rate, writing the iteration (17) in the form of (12) in terms of pressure only is more conve-
nient:

pn+1
k+1 = pn+1

k − P −1
(

D A−1G pn+1
k − bn+1

)
, (19)

where we recall that −P −1 = (−a/�t)L−1
p (or −P−1 = (−a/�t)L−1

p +ν I with the rotational correction) and A = (a/�t)I −
νLu .

The iteration matrix of scheme (19) is M = I − (−P −1)(−D A−1G). For convenience to analyze the spectrum of M , we 
can rearrange the scalar coefficient a/�t between P −1 and A without changing M to make −P −1 = −L−1

p (or −P−1 =
−L−1

p + (ν�t/a)I with the rotational correction) and A = I − (ν�t/a)Lu . For stationary iterative methods such as the classic 
Richardson iteration as well as the Jacobi and Gauss–Seidel iterations, the necessary and sufficient condition for convergence 
is ρ(M) < 1, where ρ(M) = max |λ(M)| is the spectral radius of M [66].

Since the values corresponding to the boundary conditions, the variables at the previous time level, and the forcing 
terms are all contained in the vector bn+1, they do not affect ρ(M) and therefore have no effect on the convergence of the 
algorithm. Only the choice of space and time discretization does.

If we denote the (negative) pressure-Schur complement by S = −D A−1G and an eigenvalue of M by λ(M), we have 
λ(M) = 1 − λ(−P−1 S) and ρ(M) = max

∣∣1 − λ(−P −1 S)
∣∣. We know pressure is only determined up to a uniform constant, 

which spans Ker(G), so here we restrict ourselves to Ker(G)⊥ to avoid dealing with the singularity of S and L p , which is 
immaterial. The regular eigen-problem −P −1 S p = λp can be equivalently transformed to the generalized eigen-problem 
S p = λ(−P )p. Since the eigenvalues of the latter are real and positive because both S and (−P ) are SPD, although −P −1 S
may not even be symmetric, we know λ(−P −1 S) ∈R+ .

In the following, we will prove the convergence of the pressure correction iteration in both rotational and non-rotational 
form by showing that λ(−P −1 S) ∈ [C, 1] with some C > 0. We denote the −P −1 in the case with and without the rotational 
correction by −P −1

rot = −L−1
p + (ν�t/a)I and −P −1

non = −L−1
p , respectively, and then by M rot / Mnon the M corresponding 

to P rot / P non.

Pressure correction in rotational form. When the rotational form is used, we can directly use Theorem 2 in [10] to prove 
that β2 ≤ λ(−P −1

rot S) ≤ 1, where β is the constant in the inf-sup condition (a.k.a. the Ladyzhenskaya–Babus̆ka–Brezzi (LBB) 
condition), which is positive for a stable u-p discretization and depends only on the domain geometry, but not on the 
resolution of the mesh. For clarity, we extract the relevant part of that theorem and restate it here using the notation in 
this paper.

Theorem 1 (Thm. 2 of [10]). Let A = I − ε2 Lu and −P −1 = −L−1
p + ε2 I with ε2 ≥ 0, then we have λ(−P−1 S) ∈ [β2, 1], where 

S = −D A−1G .

In our case, we simply plug in ε2 = ν�t/a and thus conclude that ρ(M rot) ≤ 1 − β2. Estimating the spectrum of a 
non-symmetric matrix is in general hard, because we don’t have the variational characterization of the eigenvalues in terms 
of a Rayleigh quotient, which is much easier to estimate than an eigenvalue. The key step of the proof of this theorem is 
relating the (nonzero) eigenvalues of −P −1 S to the generalized Rayleigh quotient5

uTG(−P −1)GTu

uT Au
, u ∈ Ker(GT)⊥\{0}. (20)

With this connection, by bounding (20), we obtain an upper and a lower bound for λ(−P −1 S). Next, we sketch the deriva-
tion in a slightly different form than in [10]. This modification later facilitates adapting the proof to the case without the 
rotational correction.

5 In [10], the domain of u for (20) and some other equations is consistently written as u /∈ Ker(GT), which we believe is a typo.
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To obtain both sides of the bound, we need the following identity:

uTG(−L−1
p )GTu = uTu, u ∈ Ker(GT)⊥. (21)

This is true because since Im(G) = Ker(GT)⊥ , there is some p such that u = G p. Therefore,

uTG(−L−1
p )GTu = pTGTG(GTG)−1GTG p

= pTGTG p

= uTu.

Another key result we need is the inequality

1 ≤ uT(−Lu)u

uTG GTu
≤ 1

β2
, u ∈ Ker(GT)⊥\{0}, (22)

which is also proved in [10] and summarized in Remark 1 therein.
To bound (20), we use the particular structure of P rot and manipulate it as

uTG(−P −1
rot )GTu

uT Au
= uTG(−L−1

p )GTu + ε2uTG GTu

uTu + ε2uT(−Lu)u

= uTu + ε2uTG GTu

uTu + ε2uT(−Lu)u

= 1 + ε2(uTG GTu)/(uTu)

1 + ε2(uT(−Lu)u)/(uTu)
.

Because of (22), the last expression is a decreasing function of ε2 over [0, +∞). Therefore, by taking ε2 = 0 and ε2 → +∞, 
we have

β2 ≤ uTG GTu

uT(−Lu)u
≤ uTG(−P −1

rot )GTu

uT Au
≤ 1, (23)

and the desired bound [β2, 1] follows.

Pressure correction in non-rotational form. When the non-rotational form is used, (20) becomes

uTG(−P −1
non)GTu

uT Au
= 1

1 + ε2(uT(−Lu)u)/(uTu)
.

The only difference with the rotational case is that the second term in the numerator is now missing. This is still a decreas-
ing function of ε2, but if we take ε2 = 0 and ε2 → +∞, we only have the bound [0, 1], whose lower part is useless because 
we need a positive lower bound to guarantee convergence. It turns out that in this case we simply do not have a lower 
bound that is mesh- and viscosity-independent. For a particular ε2, we have

inf
u∈Ker(GT)⊥

uTG(−P −1
non)GTu

uT Au
≥ 1

1 + ε2λmax(−Lu)
> 0. (24)

Hence, convergence is still guaranteed. For a given geometry and a particular spatial discretization, λmax(−Lu) typically 
scales as 1/h2, where h is characteristic of the mesh resolution. By comparing the generalized Rayleigh quotient in the two 
cases, we already know for any given ε2, the lower bound is always smaller in the case without the rotational correction 
than otherwise, which implies slower convergence. However, what is worse and what is actually devastating is the mesh-
and viscosity-dependence of the lower bound. Since ε2λmax(−Lu) ∝ ν�t/h2, when ν�t/h2 is large, ρ(Mnon) can become 
arbitrarily close to 1 and thus the convergence of the non-rotational pressure-correction iteration can become arbitrarily 
slow, much slower than its rotational counterpart. We will show this dramatic difference in the numerical results of Sec. 6. 
Conversely, to accelerate the convergence, one needs to make sure ν�t/h2 is moderate, which imposes similar prohibitively 
stringent constraint on �t as in the case of explicit diffusion treatment.

This phenomenon is likely due to the inconsistency of the pressure normal gradient at the boundary caused by the 
non-rotational scheme. When the boundary condition ∂q/∂n = 0 is used for (13b) to impose the normal boundary condition 
on the corrected velocity through (13d), a side effect is that ∂ p/∂n is locked because of (13c) without a rotational correction, 
which is not physical. This inconsistency produces an artificial boundary layer in the solution when the non-rotational 
scheme is used [24]. However, we have just shown that the iterated pressure-correction scheme in non-rotational form 
nonetheless converges to the solution of the fully-coupled system. How can we reconcile this with the fact that analytically 
∂ pn+1/∂n is locked along iterations? A key observation is that when discretizing PDEs here (and in most cases in general), 
k
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we only impose the boundary values “softly” through the forcing terms in the linear system. Based on this, a plausible 
explanation to the dilemma is that when the non-rotational scheme is iterated, the artificial boundary layer is further and 
further confined towards the boundary. Since all the cells next to the boundary have finite sizes, eventually this boundary 
layer effect becomes negligible to the discrete solution. The fact that the convergence slows down when ν�t/h2 increases 
also supports this explanation. The higher the viscosity, the deeper into the interior will the boundary conditions be felt. The 
larger the time step, the larger will the normal pressure gradient inconsistency be, because 

∣∣∂ pn+1/∂n − ∂ pn/∂n
∣∣ increases 

with �t . Finally, the finer the mesh, the smaller and closer to the boundary will the cells right next to the boundary be.
In summary, since the extra cost of the rotational correction is simply a vector addition, but the gain is a higher or-

der scheme (larger s̃) and mesh-independent convergence behaviors if the scheme is iterated, one should always use the 
rotational form in practice.

Lastly, also note that when ν = 0 and thus ε2 = 0, the above analysis indicates that both ρ(M rot) and ρ(Mnon) are zero, 
which implies that one iteration, i.e. the classical projection method, yields the solution of the fully-coupled system. This 
makes sense because the rotational correction is proportional to ν , so if ν = 0, this correction is null and should make no 
difference. Moreover, since ν = 0 reduces the Navier–Stokes equations to the Euler equations (still incompressible), which 
admit only the normal velocity boundary condition, the inconsistency in the tangential boundary condition for the projection 
methods disappears. This explains why a classical pressure-correction scheme is totally equivalent to the fully-coupled 
system in this inviscid case.

4.2.2. Number of iterations needed to achieve a certain temporal convergence order
With the guaranteed convergence of the iterated projection methods, in principle we can keep iterating and drive the 

splitting error arbitrarily close to zero (e.g. machine epsilon in practice). However, since this convergence is only linear and 
each iteration is an application of the whole projection scheme, which requires solving several large linear systems, we still 
want to be judicious about the number of iterations and do not want to iterate more than needed.

The core issue here is that the lower order of convergence s̃ < s of the splitting error is the bottleneck that prevents the 
temporal convergence from achieving the order s of the time-integration scheme. To resolve this, we don’t need to eliminate 
the splitting error completely, but only need to make sure the remaining splitting error converges in time at an order of at 
least s. Since the remaining splitting error can be controlled by the number of iterations k, we discuss next how this can 
be achieved by setting the number of iterations to be �t-dependent and by estimating the ideal k∗ for the desired order of 
accuracy.

If only one iteration is performed, as for the regular pressure-correction method, the splitting error ‖e1‖ on the pressure 
is such that6

‖e1‖ = 
(�ts̃). (25)

Now, at each time step, we perform a sufficient number k∗ of iterations such that the temporal order of convergence of the 
splitting error ‖ek∗‖ is s̃∗ > s̃:

‖ek∗‖ = 

(
�t s̃∗

)
. (26)

If R < 1 is the convergence rate of the iteration under some norm ‖·‖, we have ‖ek∗‖ ≤ ‖e1‖Rk∗ . Hence, we want to ensure

‖e1‖Rk∗ = 

(
�t s̃∗

)
. (27)

Using (25), for the needed k∗ iterations, we obtain

Rk∗ = 

(
�t s̃∗−s̃

)
. (28)

Therefore, asymptotically, we can set the number of iterations k∗ to

k∗ = (s̃∗ − s̃) logR(�t) = 
(ln(�t)). (29)

As �t tends to 0, k∗ tends to infinity, which means that as the time step gets smaller, more iterations are needed to achieve 
the desired order of convergence for the splitting error. Next we show that iterated projection methods with k∗ set by (29)
are computationally more efficient than their regular counterparts.

6 Note that f (�t) = 
(g(�t)) if for �t small enough, we have C1|g(�t)| ≤ | f (�t)| ≤ C2|g(�t)| for some positive C1 and C2. Intuitively f (�t) =

(g(�t)) means f (�t) and g(�t) change at the same speed with �t asymptotically.
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4.2.3. Cost comparison between regular and iterated projection methods
The splitting error e1 for the regular pressure-correction scheme converges in order s̃ asymptotically (25), i.e.

e1 = 
(�ts̃), (30)

and the temporal error (both time-integration and splitting) for an iterated scheme with enough iterations can converge at 
most as fast as the time-integration error, namely at order s. Therefore, the most economic way is to set k∗ in (26)–(29)
such that s̃∗ = s, i.e.

ek∗ = 
(�ts). (31)

Let us now assume that if the time step used for the first scheme is �t1, the time step needed for the second scheme 
to have an error ek∗ asymptotically equivalent to e1 is �t2. Neglecting higher order terms, e1 = 
(e2) implies:

�t1 = 

(
�ts/s̃

2

)
. (32)

Using this relation (32) and the number of iterations (29), the computational costs c1 and c2 for each of the two schemes 
can then be expressed in terms of the number of projections, respectively, as

c1 = T

�t1
= 


(
�t−s/s̃

2

)
(33)

and

c2 = k∗
T

�t2
= 
(ln(�t2)) · 


(
�t−1

2

)
= 


(
ln(�t2)

�t2

)
. (34)

The ratio of the costs is thus,

c2

c1
= 


(
ln(�t2)

�t1−s/s̃
2

)
, (35)

which converges to 0 as �t2 tends to 0, because s > s̃ and thus 1 − s/s̃ < 0. Therefore, asymptotically, the iterated scheme 
costs less to achieve the same accuracy than the regular scheme does, and is thus computationally more efficient. More 
importantly, this cost ratio is not just some fixed small fraction, but will decrease to 0 as �t is reduced, so in practice, as 
long as �t falls below the threshold where asymptotic results on errors hold reasonably well, the iterated scheme can be 
expected to outperform its regular counterpart.

4.3. Stopping criteria: convergence order and magnitude of splitting errors

As with any iterative method, one difficulty is to decide when to stop iterating, and indeed choosing a stopping criterion 
is an art in itself. Stopping criteria often involve the value of the residual and, for the best ones, knowledge of the iteration 
matrix [8], neither of which are often readily available. In any case, it is necessary to choose a tolerance for the error, and 
if possible, this choice should not be arbitrary.

An advantage of projection methods is that we know a bound of the error in terms of the time step after one iteration. 
We will now show that using this information, it is possible to devise a stopping criterion that depends only on the 
parameters at hand, and also allows some level of control on the overall temporal convergence rate of the scheme.

Let us assume that for a certain projection scheme, the splitting error is of order s̃ and let pn+1
ex be the exact solution,

‖pn+1
1 − pn+1

ex ‖ ≤ C1�t s̃ . (36)

Since pn+1
ex is unknown, this bound is of little practical value. However, we do know the value of the second pressure 

correction ‖pn+1
1 − pn+1

2 ‖ for which we can derive a bound using (36):

‖pn+1
1 − pn+1

2 ‖ = ‖pn+1
1 − pn+1

ex + pn+1
ex − pn+1

2 ‖ ≤ ‖pn+1
1 − pn+1

ex ‖ + ‖pn+1
2 − pn+1

ex ‖ . (37)

Recall that R < 1 is the convergence rate of the iteration under some norm ‖·‖. Therefore,

‖pn+1
2 − pn+1

ex ‖ ≤ R‖pn+1
1 − pn+1

ex ‖ ≤ RC1�t s̃ , (38)

so

‖pn+1
1 − pn+1

2 ‖ ≤ (1 + R)C1�t s̃ . (39)

We now utilize this simple result to devise a stopping criterion. As mentioned previously, we want a scheme that 
converges at order s̃, in which case we would stop at the iteration k when, if for the first time,
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‖pn+1
k − pn+1

ex ‖ ≤ C�ts (40)

for some constant C . We now show that if we choose the following stopping criterion,

‖pn+1
k−1 − pn+1

k ‖ ≤ C2‖pn+1
1 − pn+1

2 ‖�ts−s̃ , (41)

with an arbitrary constant C2, (40) will be satisfied.
First, at each iteration, we have

‖pn+1
k − pn+1

ex ‖ ≤ R‖pn+1
k−1 − pn+1

ex ‖ . (42)

With this, the error at iteration k can be bounded by a multiple of the pressure correction at iteration k, i.e. ‖pn+1
k−1 − pn+1

k ‖, 
as follows:

‖pn+1
k−1 − pn+1

ex ‖ ≤ ‖pn+1
k−1 − pn+1

k ‖ + ‖pn+1
k − pn+1

ex ‖
≤ ‖pn+1

k−1 − pn+1
k ‖ + R‖pn+1

k−1 − pn+1
ex ‖ ,

(43)

and thus, since 1 − R > 0,

‖pn+1
k − pn+1

ex ‖ ≤ R‖pn+1
k−1 − pn+1

ex ‖ ≤ R

1 − R
‖pn+1

k−1 − pn+1
k ‖ . (44)

If we now choose (41) as our stopping criterion, using (44), we see that,

‖pn+1
k − pn+1

ex ‖ ≤ C2 R

1 − R
‖pn+1

1 − pn+1
2 ‖�ts−s̃ . (45)

Hence, using (45) and (39), we indeed obtain (40):

‖pn+1
k − pn+1

ex ‖ ≤ C1C2 R(1 + R)

1 − R
�t s̃�ts−s̃ = C�ts . (46)

This result is valid for any classic norm. In this study, we implement the criterion with the L∞-norm and C2 = 1.
Of course, (41) is only guaranteed to be effective asymptotically. The criterion (41) only ensures that when we succes-

sively reduce �t , we achieve temporal convergence order s for the aggregate scheme. In practice, we are not only concerned 
about the convergence order; we also want the splitting error to be dominated by the time-integration error to avoid con-
taminating the accuracy of the time-integration scheme by the artificial boundary layer effects caused by the projection 
methods. However, (41) does not guarantee this for any finite �t . Also there is an unspecified constant C2 in (41), which 
does not affect the asymptotic behavior but surely affects the outcome of the iteration for a particular finite �t . Indeed, for 
�t given, without knowing R , C1 and especially the time-integration error, one cannot tell a priori how small C2 should be.

A first way to deal with this is to use (41) jointly with a common stopping criterion for iterations (i.e. exit only when 
both criteria are met),∥∥∥pn+1

k−1 − pn+1
k

∥∥∥∥∥∥pn+1
k

∥∥∥ ≤ ε, (47)

which directly detects how well the convergence has been achieved. If we have a rough estimate of the order of magnitude 
of the time-integration relative error, we can simply let ε be one or two orders of magnitude smaller than that to make 
sure the iteration does not stop until the splitting error magnitude goes below the time-integration error magnitude.

The time-integration error can be estimated by three simulations (e.g. using �t , �t/2 and �t/4) for a short period of 
time, but only if the splitting error is eliminated. In order to completely eliminate the splitting error, we can use stopping 
criterion (47) with ε set to machine epsilon. If the spatial error is also dominated by the time-integration error, we can 
then estimate the time-integration error using (e.g. see [34])

s ≈ log2

∥∥p�t − p�t/2
∥∥∥∥p�t/2 − p�t/4
∥∥ , ‖p�t − pex‖ ≈

∥∥p�t − p�t/2
∥∥

1 − 1/2s
, (48)

where p�t represents the numerical solution obtained with time step size �t .
If an estimate of ‖p�t − pex‖ is available, one can also use the convergence rate R of the pressure-correction iteration to 

obtain a second stopping criterion. An estimate for R is provided by

R ≈
∥∥pk − pk+1

∥∥∥∥pk−1 − pk
∥∥ (49)

in a sample iteration sequence. With R and ‖p�t − pex‖, together with
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‖pk − p�t‖ ≤ R

1 − R
‖pk−1 − pk‖, (50)

which can be derived similarly as (44), we can use the stopping criterion

∥∥pk−1 − pk
∥∥ ≤ 1 − R

R
‖p�t − pex‖ (51)

to ensure ‖pk − p�t‖ ≤ ‖p�t − pexact‖, i.e. the splitting error dominated by the time-integration error.
A third criterion is from the residual of the continuity equation, i.e.∥∥∥Dun+1

k+1 + bccon

∥∥∥ ≤ ε, (52)

because if the pressure is close to the converging point, the predicted velocity using this pressure as a guess should be close 
to being divergence-free.

Note that since s̃ < s, if a classic projection method without iteration is used, asymptotically the splitting error domi-
nates the time-integration error. Therefore, if we use an iterated projection method with s̃∗ > s but without requiring the 
remaining splitting error to be always dominated by the time-integration error, we may observe a super-convergence phe-
nomenon at a range of �t where the apparent time convergence order becomes s̃∗ , which is even faster than what the 
time-integration scheme promises. Such super-convergence implied by our theory is verified and investigated numerically 
in Sec. 6.2.

4.4. Convergence acceleration

Stationary iterative methods converge only linearly with an arbitrary initial guess when the spectral radius of the itera-
tion matrix is smaller than 1. A good candidate to accelerate such iterations is the Aitken relaxation method. There are many 
variants of this method in the case of a vector sequence, which differ in the scheme and in the choice of initial parameters 
[39]. Here we selected the scheme devised by [2], which was also used by [6] for an iterated velocity-correction scheme. 
Given an iteration scheme

xk+1 = F (xk) (53)

where xk is a vector, the Aitken relaxation scheme is defined as

xk+1 = F (xk) + ωk
(
xk − F (xk)

)
, (54)

where ωk is a dynamic relaxation parameter, computed as follows,

ωk = ωk−1 + (ωk−1 − 1)
dT

k(dk − dk−1)

‖dk − dk−1‖2
2

, (55)

and dk is defined by dk = xk − F (xk).
Here, we apply the Aitken relaxation to pressure at the end of each iteration, so xk = pn+1

k and F (·) is the operation (19)

that computes pn+1
k+1 from pn+1

k . For implementation, we employ the version of [7], which is a slight modification of [2] that 
includes a stabilization parameter. The initial ω0 can be chosen to be a large number [7] or the value at the previous time 
step [6]. The stopping criterion (41) for the unaccelerated iteration translates to this case as,

‖dn+1
k−1‖ ≤ C2‖dn+1

1 ‖�ts̃−s . (56)

The extra cost of the Aitken relaxation (55) is mainly computing two vector inner products and one vector subtraction, 
which is negligible compared to the cost of one normal projection iteration. But, as we will see in the results of Sec. 5, this 
tiny effort significantly reduces the number of iterations needed.

5. Iterated pressure correction with common time-integrations

In the previous section, using the discrete version of the differential operators represented as matrices, we showed how 
pressure correction schemes can be iterated to control the splitting errors and we analyzed properties of this iteration. Now, 
we provide detailed algorithmic descriptions of how the iterated pressure correction is applied to several common types of 
time-integration schemes.
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5.1. General IMEX linear multi-step schemes

A regular pressure-correction scheme applied to (3) contains four steps:

1. Compute the predicted velocity with (3) except that pn+1 in the j = −1 implicit term F im
n+1 is replaced by a guess pn .

2. Solve the Poisson equation for an auxiliary scalar field q.
3. Correct the pressure from pn to pn+1.
4. Correct the predicted velocity to recover the intended scheme (3).

To obtain the iterated version, we simply iterate through the first three steps by inserting the newly-obtained corrected 
pressure from step 3 back to step 1 as a new guess of pn+1.

Algorithm 1 (Iterated pressure correction for IMEX linear multi-step schemes).
Input: un and pn .

1. pn+1
0 = pn

2. Iterate through k = 0, . . . , (kn+1 − 1):

a−1un+1
k+1 + ∑s−1

j=0 a j un− j

�t
= c−1

(
ν∇2un+1

k+1 − ∇pn+1
k + f n+1

)
+

s−1∑
j=0

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j

∇2qk+1 = a−1

c−1�t
∇ · un+1

k+1

pn+1
k+1 = pn+1

k + qk+1 − ν∇ · un+1
k+1

3. un+1 = un+1
kn+1

− (c−1�t/a−1)∇qkn+1 , pn+1 = pn+1
kn+1

Output: un+1 and pn+1.

Note that this scheme formulated as (17) will have a = a−1/c−1. Here kn+1 is the number of iterations performed at 
time step (n + 1), which can either be prescribed or be determined implicitly by a stopping criterion proposed in Sec. 3.3. 
Note that although upon convergence (i.e. after infinite iterations), the correction of un+1

kn+1
in the final step is null and thus 

redundant, we may still want to carry it out in practice (with only finite iterations), to ensure un+1 satisfies the discrete 
divergence-free constraint up to only round-off errors.

A popular choice of the IMEX multi-step schemes is the family of s-step BDFs-IMEX schemes, which have c j = 0 except 
for c−1 = 1:∑s−1

j=−1 a j un− j

�t
= F im

n+1 +
s−1∑
j=0

b j F ex
n− j. (57)

The corresponding iterated version is as follows.

Algorithm 2 (Iterated pressure correction for BDFs-IMEX schemes).
Input: un and pn .

1. pn+1
0 = pn

2. Iterate through k = 0, . . . , (kn+1 − 1):

a−1un+1
k+1 + ∑s−1

j=0 a j un− j

�t
= ν∇2un+1

k+1 − ∇pn+1
k + f n+1 +

s−1∑
j=0

b j F ex
n− j

∇2qk+1 = a−1

�t
∇ · un+1

k+1

pn+1
k+1 = pn+1

k + qk+1 − ν∇ · un+1
k+1

3. un+1 = un+1
kn+1

− (�t/a−1)∇qkn+1 , pn+1 = pn+1
kn+1

Output: un+1 and pn+1.
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5.2. General IMEX Runge–Kutta schemes

IMEX-RK (Runge–Kutta) schemes were first developed in [4]. We follow the procedure outlined in [62] except that the 
forcing term is treated implicitly. An s-stage IMEX-RK scheme can be represented by the following Butcher tableau:

0 0 0 0 · · · 0
c1 aex

1,0 0 0 · · · 0

c2 aex
2,0 aex

2,1 0
. . .

...

...
...

...
. . .

. . . 0
cs−1 aex

s−1,0 aex
s−1,1 · · · aex

s−1,s−2 0

bex
0 bex

1 · · · · · · bex
s−1

(58)

0 0 0 0 · · · 0
c1 aim

1,0 aim
1,1 0 · · · 0

c2 aim
2,0 aim

2,1 aim
2,2

. . .
...

...
...

...
. . .

. . . 0
cs−1 aim

s−1,0 aim
s−1,1 · · · aim

s−1,s−2 aim
s−1,s−1

bim
0 bim

1 · · · · · · bim
s−1

(59)

The IMEX-RK time marching scheme applied to (2) is carried out as below:

u j − u[n]

�t
=

j∑
i=0

aim
j,i F im

i +
j−1∑
i=0

aex
j,i F ex

i , j = 1, . . . , s − 1, (60a)

u[n+1] − u[n]

�t
=

s−1∑
j=0

bim
j F im

j +
s−1∑
j=0

bex
j F ex

j , (60b)

where u[n] denotes the approximation of u(tn) at the end of each time step and u j denotes the approximation of u(tn +
c j�t) at each stage within a time step. F im

j = F im(u j) and F ex
j = F ex(u j) are the right hand side terms evaluated at 

different stages. Note also that u0 = u[n] .
In each stage of (60a), the scheme is analogous to a linear multi-step scheme (3), so the pressure correction can be 

similarly applied and iterated. If the scheme at stage j is formulated as (17), we will have a = 1/aim
j, j . All the previous 

analysis on iteration based on a linear multi-step scheme still applies.

Algorithm 3 (Iterated pressure correction for IMEX Runge–Kutta schemes).
Input: u[n] and p[n] .

1. u0 = u[n] and p0 = p[n]
2. Loop over RK stages: For j = 1, . . . , (s − 1),

(a) p j
0 = p j−1

(b) Iterate through k = 0, . . . , (k j − 1):

u j
k+1 − u[n]

�t
= aim

j, j

(
ν∇2u j

k+1 − ∇p j
k + f j

)
+

j−1∑
i=0

aim
j,i F im

i +
j−1∑
i=0

aex
j,i F ex

i

∇2qk+1 = 1

aim
j, j�t

∇ · u j
k+1

p j
k+1 = p j

k + qk+1 − ν∇ · u j
k+1

(c) u j = u j
k j

− (aim
j, j�t)∇qk j , p j = p j

k j
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3. Perform the recombination step:

û[n+1] − u[n]

�t
=

s−1∑
j=0

bim
j F im

j +
s−1∑
j=0

bex
j F ex

j

∇2q = 1

bim
s−1�t

∇ · û[n+1]

p[n+1] = ps−1 + q

u[n+1] = û[n+1] − (bim
s−1�t)∇q.

Output: u[n+1] and p[n+1] .

Note that as the notation implies, the number of iterations within each RK stage needs not be the same, which is the 
case when a tolerance instead of a prescribed number of iterations is set.

5.3. General fully-implicit schemes

Although in this paper we focus on the iterated pressure correction with IMEX schemes, which treat the nonlinear 
advection term explicitly and thus enable a rigorous analysis of the convergence and the cost, the idea of iterating a 
pressure-correction scheme also applies to fully-implicit schemes. This is similar to how SIMPLE is applied to fully-implicit 
schemes for the Navier–Stokes equations. Indeed, we show next that, in the fully-implicit case, when compared to the 
single-step pressure-correction schemes and to the fully-coupled schemes, it is very advantageous to iterate the pressure 
correction.

First, the aggregate scheme obtained by regular single-step pressure correction, even with the rotational correction, 
will not recover the fully-implicit scheme exactly, but the iterated version removes this inconsistency. The fully-implicit 
counterpart of (13) will have (13a) replaced by( a

�t
− ν∇2 + un+1∗ · ∇

)
un+1∗ + ∇pn = f n+1,n

rhs , (61)

where f n+1,n
rhs is the fully-implicit counterpart. The resultant aggregate scheme with the rotational correction thus becomes

( a

�t
− ν∇2

)
un+1 + un+1∗ · ∇un+1∗ + ∇pn+1 = f n+1,n

rhs , (62)

which is almost the same as (6a), except that the advection term is un+1∗ · ∇un+1∗ instead of un+1 · ∇un+1. Although un+1∗
and un+1 are equivalent in terms of accuracy, this scheme discrepancy is not ideal conceptually. If the pressure correction 
is iterated, the algorithm becomes Algorithm 1 with the prediction step replaced by( a

�t
− ν∇2 + un+1

k+1 · ∇
)

un+1
k+1 + ∇pn+1

k = f n+1,n
rhs . (63)

Upon convergence, the predicted velocity coincides with the corrected velocity, which removes the inconsistency in the 
aggregate scheme and recovers the fully-implicit scheme exactly.

However, to solve the nonlinear equation (63), we need some iteration to deal with the advection term. As was men-
tioned at the end of Sec. 2, the iteration for the nonlinear term can be efficiently combined with the pressure-correction 
iteration, i.e. with (63) replaced by either of the following three options:( a

�t
− ν∇2 + un+1

k · ∇ + (∇un+1
k )T·

)
un+1

k+1 + ∇pn+1
k = f n+1

rhs,NR, (64a)( a

�t
− ν∇2 + un+1

k · ∇
)

un+1
k+1 + ∇pn+1

k = f n+1,n
rhs , (64b)( a

�t
− ν∇2

)
un+1

k+1 + un+1
k · ∇un+1

k + ∇pn+1
k = f n+1,n

rhs , (64c)

which are analogous to (7), (8) and (9), respectively. The initial guess can be un+1
0 = un . The above novel iterated modifica-

tions (64) will not change the converging point but they allow the use of new fully-implicit iterated schemes at almost the 
same cost per iteration as that incurred by their IMEX counterpart.
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Fig. 3. Spatial error shapes obtained with discretizations of different orders.

6. Numerical results

We now present numerical examples to support the theoretical results and illustrate the concepts and algorithms ob-
tained. We use a finite volume method on a staggered Arakawa C-grid (a.k.a. marker-and-cell grid) that is uniform and 
Cartesian for the spatial discretization of the Stokes and Navier–Stokes equations. We use the 4th order central difference 
scheme for the diffusion term and the QUICK scheme [67] for the advection term. Further details on the numerical schemes 
and their implementation are provided in [61].

Next, unless otherwise noted, we always use the rotational form of the pressure correction schemes. For the Stokes equa-
tions, we always use fully-implicit time-marching schemes, while for Navier–Stokes, we use IMEX time-marching schemes 
that treat the advection term explicitly and the others implicitly.

6.1. Guermond and Shen test case

We start with a widely-used analytic test case originally proposed by [25] for Stokes and later extended to Navier–Stokes 
[71,13,62,16]. Figs. 1 and 2 shown previously were based on this test case.

Denote the two-dimensional velocity by u = (u, v). The analytical expressions for this manufactured solution are

u = π sin(t) sin(2π y) sin2(πx),

v = −π sin(t) sin(2πx) sin2(π y),

p = sin(t) cos(πx) sin(π y),

(65)

which has periods of 2 in space and of 2π in time. The viscosity is set to ν = 1, which corresponds to a Reynolds number 
of order 1 to 10. We specify a no-slip boundary condition u = v = 0 at the four boundaries of the solution domain [0, 2] ×
[0, 2]. The corresponding boundary condition for the auxiliary variable s̃ in pressure correction is thus ∂ s̃/∂n = 0. We set the 
initial time as t0 = 0 and run all the simulations up to t = 1 (away from a null solution), when we compare the numerical 
solution to the analytic one and compute the errors.

To investigate the temporal convergence order, we ensure that the spatial resolution is fine enough to have the spatial 
errors dominated by temporal errors due to both the time-marching scheme and pressure correction scheme. Here we use 
a mesh resolution of �x = �y = 0.01 (i.e. a 200 × 200 mesh). Note that in some cases, the spatial error field can look 
deceivingly similar to the temporal one. For example, the spatial error due to a 4th order spatial discretization plotted in 
Fig. 3b has a similar pattern as the temporal error shown in Fig. 1b, while Fig. 3a illustrates that the pattern of the spatial 
error due to a 2nd order spatial discretization is closer to that of the solution shown in Fig. 1a.

6.1.1. Reducing time step size vs. increasing number of iterations
An objective of this study is to illustrate whether it is more efficient to perform more iterations or to merely reduce 

the time step without iterating the pressure correction scheme. Therefore, we compare and contrast the use of different 
time step size �t and different number k of pressure-correction iterations per time step. All examples integrate the Stokes 
equations with the BDF3 scheme. For testing purpose, we fix k for each time step in a simulation instead of using a stopping 
criterion introduced in Sec. 3.3. We let k vary across 1, 2, 4, 8 and 16 and for each k, we plot in Fig. 4 how the errors for 
pressure and velocity in L2 and L∞ norms vary as �t is reduced. Note that we use the total number of pressure correction 
iterations k · T /�t as abscissas, so that points on the same vertical line correspond to the same computational cost. This 
makes it straightforward to compare efficiency because for two points on the same vertical line, the lower point achieves a 
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Fig. 4. Errors for pressure and velocity are plotted against the total number of pressure correction iterations k · T /�t for different values of k and �t . For 
each curve, the number of pressure correction iterations n within one time step is prescribed and fixed, while the time step size �t varies. The first point 
of each curve corresponds to �t = .0625, which is why curves for different k starts at different abscissas. These results are from integrating the Stokes 
equations in time with the BDF3 scheme.

smaller error with the same computational cost and thus has a higher efficiency. The first point of each curve corresponds 
to the same �t = .0625 and that is why curves for different k start at different abscissas.

As we can see in Fig. 4, more than half of the curves of k > 1, especially those of larger k, lie below the curve of 
k = 1 (red curves) corresponding to the classical pressure-correction scheme. This implies that when enough iterations are 
performed (e.g. k = 16), the iterated pressure-correction scheme offers better accuracy for the same cost, although the 
threshold of k above which iterating becomes more efficient is found to differ across variables and norms. For example, for 
the velocity errors in L2 norm (Fig. 4c), doing iterations always improves efficiency, whereas for the pressure errors in L∞
norm (Fig. 4b), only the k = 16 curve indicates a better efficiency.

We note that the “k > 1 curves” lying above the red curves should not be misinterpreted as “iterating the pressure-
correction scheme can increase the errors”. For this type of comparison, we should compare points corresponding to the 
same �t . If we scale the abscissas of the green curves by 1/k and shift them to the left as shown in Fig. 5, we will find all 
the “k > 1 curves” lying below the red ones. Therefore, iterating can only decrease the errors, as predicted by our conver-
gence analysis in Sec. 3.2. We also find that typically the velocity first converges to the solution of the fully-coupled system 
(see where curves with different k clutter) and when �t is reduced, the velocity first hits the spatial errors and saturates. 
Both of these findings result from a lower order of convergence of the splitting error (i.e. s̃) for pressure than for velocity.

6.1.2. Recovery of temporal convergence order of time-marching schemes
If enough iterations are performed so that the splitting error becomes negligible compared to the time-integration error, 

then only the latter is observed and we would expect the apparent temporal convergence order would match the order 
of the time-integration scheme. Fig. 6 and 7 show that this is indeed the case. We can see the apparent temporal conver-
gence order changing from s̃ to s when enough number of iterations are performed in the Stokes and Navier–Stokes case, 
respectively.

6.1.3. Aitken acceleration
The Aitken relaxation outlined in Sec. 3.4 makes the splitting error converge faster to zero in the pressure-correction 

iteration. To compute the splitting errors only, we need to use the solution of the fully-coupled scheme rather than the an-
alytic solution as the reference. As shown in Fig. 8, in this test, compared to the iteration without the Aitken relaxation, the 
iteration with the relaxation reaches an error of 10−10 in L∞ norm and an error of 10−12 in L2 norm, with approximately 
only 1/3 of the total number of the iterations.
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Fig. 5. Errors for pressure and velocity are plotted against the total number of time steps Nt = T /�t for different values of k and �t . Except for the abscissa, 
everything is as in Fig. 4.

Fig. 6. Stokes problem. The order of convergence of the time-integration scheme is recovered when enough iterations are performed to eliminate the 
splitting error.

6.1.4. Effects of the rotational correction
As our analysis in Sec. 4.2 predicts, Fig. 9 shows that both the pressure-correction iterations with and without the 

rotational correction enjoy linear convergence to the solution of the fully-coupled system, but the convergence of the former 
is much faster. We can actually theoretically quantify the convergence rates in this case and compare them to the empirically 
measured values.

As [17] points out, the constant β in the inf-sup condition for a square domain, however elementary it may seem, is 
surprisingly still unknown. The numerical evidence supports the conjecture that β2 = 1/2 − 1/π ≈ 0.18, so (23) predicts, 
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Fig. 7. Navier–Stokes problem. The order of convergence of the time-integration scheme s is recovered when enough iterations are performed to eliminate 
the splitting error.

Fig. 8. Convergence of the iterated pressure-correction scheme with and without Aitken acceleration. A BDF2 with time step size �t = 0.1 is used to 
integrate the Stokes equations. The errors are evaluated at time T = 0.1 and are computed against the solution to the fully-coupled scheme, so all the 
errors here are splitting errors.

ρ(M rot) ≈ 1 −β2 ≈ 0.82. What we measure from Fig. 9 is a convergence rate of R ≈ 0.78 (both norms give similar numbers), 
which agrees well with our theory. For the non-rotational case, since ν = 1, �t = 0.1, and h = 0.01, we have ν�t/h2 = 103

and (24) thus predicts, ρ(Mnon) ≈ 0.999. The measured value is R ≈ 0.99, which again agrees well with our theory. This 
verifies that when ν�t/h2 is large, as in most practical cases, the rotational correction makes a big difference in accuracy 
at a negligible cost.

6.2. Modified Colomés and Badia test case

As was shown in Fig. 4c and 4d, when the time step size is small enough, the temporal errors in velocity are dominated 
by the spatial errors and hence the curve levels off when the time step size is further reduced. Therefore, if spatial errors 
are large, the range of �t in which we can observe the temporal convergence order is small, such as in Fig. 7a. This issue 
is aggravated for Navier–Stokes with a moderate to large Péclet number Pe = u�x/ν (a.k.a. grid Reynolds number) and 
the advection term is treated explicitly, because a stability constraint of the form �t ≤ C�x/U0 will apply, where U0 is a 
characteristic velocity of the flow and usually C ≤ 1 for an IMEX scheme. Hence, only �t smaller than the stability threshold 
and larger than the threshold for spatial error dominance can be used to test the temporal convergence order. Refining the 
mesh does us not help in this case because although it reduces the lower threshold of �t for spatial error dominance, it 
also reduces the upper threshold for stability. Moreover, a spatial resolution that is not high enough could also cause a false 
higher convergence order in time to be observed [24].
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Fig. 9. Convergence of the pressure-correction iteration with and without rotational correction. A BDF2 scheme is used with �t = 0.1 and 0.05 to integrate 
the Stokes equations. Errors are evaluated at time T = 0.1 and computed against the solution to the fully-coupled system. The top left panel shows the L∞
errors and the top right shows the L2 errors. The bottom is a zoom-in to the two red curves for the non-rotational scheme in the top right panel.

To make the spatial error negligible, one can use a manufactured solution that varies in space as a low order polynomial. 
In fact, this can even eliminate all the spatial errors because finite difference/volume and finite element (with a polynomial 
basis) approximations can recover the derivative exactly when the true solution is a polynomial of low enough order. For 
example, [16] proposed a manufactured solution that is linear in space. However, their pressure did not depend on time at 
all, which eliminates the splitting error when a projection method is used because the pressure guess is always exact. We 
thus modify the solution for the pressure to include some temporal dependence as below:

u = x sin
(πt

10

)
exp

( t

25

)
,

v = −y sin
(πt

10

)
exp

( t

25

)
,

p = 1000(x + y)exp
( t

25

)
.

(66)

The solution domain is the unit square [0, 1] × [0, 1] and we simulate the flow from t = 0 to t = 0.1. The viscosity is ν = 1
(Reynolds number of order 1). A downside of using a polynomial solution is that the solution is not periodic and some 
of the boundary condition values usually vary in space and time. Here we specify Dirichlet boundary conditions for both 
velocity components at all four boundaries with the boundary values agreeing with the analytic solution.

6.2.1. Stopping criterion
First, we test numerically whether the stopping criterion (41) proposed in Sec. 3.3 controls the remaining splitting error 

as intended. We focus on the splitting error in pressure, which is of order O(�t1.5) when only one pressure-correction 
iteration is applied, i.e. s̃ = 1.5. We use the stopping criterion with C2 = 1 and different s̃∗ , and refer to it as the s̃∗th order 
criterion.

The results for the Stokes equations with a BDF3 time-marching scheme and stopping criteria of order s̃∗ = 3, 4 and 11
are shown in Fig. 10. With the range of �t used here, the splitting error of the classic pressure-correction scheme dominates 
the time-marching scheme error, so if the stopping criterion is loose enough, the remaining splitting error could remain 
dominant and the apparent temporal convergence order should then be the convergence order of the remaining splitting 
error, which is s̃∗ as the stopping criterion (41) implies. This is indeed the case. In Fig. 10a, when a 4th order criterion is 
used, we observe an apparent convergence order s̃∗ = 4, which is even higher than s = 3, the order of the time-marching 
scheme. However, if the stopping criterion is stringent enough to make the remaining splitting error dominated by the 
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Fig. 10. Temporal convergence of pressure for stopping criteria (41) with different s̃∗ . The BDF3 scheme is used to integrate the Stokes equations in time.

time-marching scheme error, the apparent temporal convergence order should recover to the order of the time-marching 
scheme s and should thus be independent of the s̃∗ used. This is verified in Fig. 10b, where we can see that when s̃∗ = 11
is used, we observe an apparent temporal convergence order 3 and the errors are much smaller than those obtained with 
s̃∗ = 4.

The above results remind us that when we use a stopping criterion of order equal to the order of the time-marching 
scheme, it only guarantees us to recover the temporal convergence order of the time-marching scheme. It does not guarantee 
that the remaining splitting error is dominated by the time-marching scheme error, because this has to do with the absolute 
error magnitude, but s̃∗ only governs the convergence order in time. With the same s̃∗ , we can use a smaller C2 to drive 
down the magnitude of the remaining splitting error.

Fig. 11 shows how the number of iterations required to meet a stopping criterion of a particular order s̃∗ within one 
time step grows as the time step size �t is reduced. The horizontal axis is in logarithmic scale, so the initial straight lines 
for large �t in both plots verify the logarithmic growth indicated by (29). As expected, a higher order criterion requires 
more iterations when �t < 1. However, for small �t , the number of iteration begins to level off and even decrease. This 
indicates that the estimate of (29) is actually pessimistic in this case. This behavior is actually desirable in practice because 
when �t becomes small, the spatial error will be increasingly dominant and at some point, driving the remaining errors 
down to the spatial errors is already sufficient. In the extreme case where the spatial errors dominate the initial splitting 
error, there is no point iterating the pressure correction at all.

6.2.2. Runge–Kutta schemes
This section shows results of the Runge–Kutta schemes applied to both Stokes and Navier–Stokes. For the Stokes equa-

tions, the BDF3 scheme and the A-stable third order DIRK (diagonally implicity Runge–Kutta) scheme [1] are compared in 
Fig. 12. For the Navier–Stokes equations, the BDF3-IMEX scheme and the third order four-stage L-stable IMEX-RK scheme 
[31] are compared in Fig. 13. In both cases, we find that iterating the pressure correction schemes boosts the apparent 
temporal convergence order to the order of the time-marching schemes.

7. Summary and conclusions

In this work, we approached the incremental pressure-correction as a Richardson iterative scheme for the pressure–Schur 
complement equation, where the preconditioner is closely related to the discrete scalar Laplacian. For classical projection 
schemes, only one iteration is performed. For a given spatial discretization, the time step size can be reduced to increase ac-
curacy. Alternatively, the time step size can be fixed and more iterations of the projection scheme performed. We developed, 
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Fig. 11. Number of iterations required to meet a stopping criterion (41) of a particular order s̃∗ within one time step for different time step sizes.

Fig. 12. Stokes problem with 3rd order stopping criterion (41).

analyzed, and exemplified the computational properties and benefits of performing iterations as opposed to merely reducing 
the time step size. The main result is the iterated pressure-correction projection methods for the unsteady incompressible 
Stokes and Navier–Stokes equations.

The accuracy and convergence properties of the iterated pressure-correction schemes were obtained and analyzed. We 
showed that such iterations can be more efficient computationally than merely reducing the time step size. We observed 
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Fig. 13. Navier–Stokes problem with 3rd order stopping criterion (41).

that they can remove the splitting error due to projection methods: they thus eliminate the artificial boundary layer issue 
and recover the temporal order of convergence of the time-marching scheme in both velocity and pressure. We confirmed 
the benefit of the rotational correction, in our case in terms of convergence speed of the iteration. We obtained stopping 
criteria for controlling the temporal convergence order and the magnitude of the splitting error. We identified a potential 
super-convergence phenomenon caused by this stopping criterion and analyzed its underlying mechanism. To further reduce 
computational costs, we showed how the method can be accelerated using an Aitken relaxation scheme. We also explained 
how the iterated pressure correction schemes can be conveniently embedded into popular IMEX time-marching schemes, 
including linear multi-step schemes and multi-stage schemes such as Runge–Kutta. We also discussed how the application 
of such iterations to fully-implicit schemes would be beneficial.

Numerical results were provided to support the theoretical advances, including manufactured test cases for the Stokes 
and Navier–Stokes equations. We showed that as more iterations are performed, the spurious numerical boundary layer 
that characterizes projection methods vanishes. We illustrated that if enough iterations are performed, the error becomes 
virtually identical to that of a fully-coupled scheme, which solves for velocity and pressure simultaneously in one linear 
system. It is then possible to observe the intended temporal convergence order for both IMEX linear multi-step and IMEX 
Runge–Kutta time-integration schemes. We also showed cases where spatial errors can be mistaken for temporal errors: 
a high enough spatial resolution must be used in order to obtain sensible results. Finally, we illustrated the use of the 
time-step-size-dependent stopping criterion and Aitken acceleration scheme. When compared to the solutions of classical 
projection methods, computational costs were reduced by one or more orders of magnitude for the same level of accuracy.

Presently, we evaluated iterated pressure-correction schemes for a finite volume spatial discretization. Future work in-
clude testing the schemes for other spatial discretizations. For example, good candidates are the hybrid discontinuous 
Galerkin (HDG) schemes for ocean modeling with projection methods and IMEX Runge–Kutta schemes [62]. Moreover, 
the iterated pressure-correction schemes can potentially accelerate stochastic flow simulation as well. Examples include 
uncertainty quantification for fluid flows with polynomial chaos expansions [33] and stochastic Navier–Stokes solvers using 
dynamically orthogonal equations [63]. Accuracy of the base Navier–Stokes solver for stochastic flow simulation is essential 
because numerical errors can become spurious uncertainty modes and contaminate the statistics of interest. More accurate 
flow simulations will also benefit disciplines downstream of computational fluid dynamics, i.e. disciplines that take sim-
ulated flow data as input, such as path planning [38,55,54,35], Lagrangian transport [20], data assimilation [53], adaptive 
control of fluid flows [22], and aerospace applications [68].
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Appendix A. The rotational correction

As mentioned previously [57,25,42,62], the rotational correction serves two important purposes. We reiterate them here 
in an intuitive fashion.

First, it avoids a nonphysical locking of the normal derivative of pressure at the boundary. On a boundary where the 
normal velocity is specified, this boundary condition is imposed on un+1∗ in (13a). To ensure that un+1 obtained in (13d)
satisfies this same boundary condition, one obtains ∂q/∂n = 0, which is fed to (13b) as the boundary condition for q. 
However, without the rotational correction, this would imply through (13c) that ∂ pn+1/∂n = ∂ pn/∂n and hence, ∂ pn/∂n ≡
∂ p0/∂n for all n, which is not physical and yields a numerical artifact. Although the rotational correction unlocks the 
pressure normal derivative, this itself does not ensure the superiority of the scheme with the correction, because changing 
a quantity by a wrong amount may not be better than keeping it fixed.

The second purpose of the rotational correction is to address this and render the aggregate scheme (13) consistent 
with the fully-coupled scheme (4), up to the tangential velocity boundary conditions. Here the aggregate scheme refers to 
the equations obtained by manipulating (13) to eliminate the intermediate variables un+1∗ and q, and thus aggregate the 
pressure correction effects. Ideally, the aggregate scheme should coincide with the fully-coupled scheme (4) because the 
pressure correction is simply an algorithm for computing (4) more efficiently. Since (13b) and (13d) together guarantee 
∇ · un+1 = 0, we just need to check whether the aggregate scheme for the momentum equation agrees with (4a), which is 
an exact application of an IMEX scheme to momentum.

Substituting (13c) and (13d) into (a/�t)un+1∗ and eliminating q, we have

a

�t
un+1∗ = a

�t

(
un+1 + �t

a
∇ (

pn+1 − pn + ν∇ · un+1∗
))

= a

�t
un+1 + ∇ (

pn+1 − pn)+ ν∇(∇ · un+1∗ )︸ ︷︷ ︸
Rotational corr

.

Inserting this back to (13a), with some terms canceling each other, we obtain the aggregate scheme

a

�t
un+1 − ν∇2un+1∗ + ν∇(∇ · un+1∗ )︸ ︷︷ ︸

Rotational corr

+∇pn+1 = f n+1,n
rhs . (A.1)

Without the rotational correction, (A.1) is almost (4a), except that the diffusion term is evaluated with the intermediate 
result un+1∗ rather than the end result un+1. However, with the rotational correction in (A.1), (4a) is recovered. To show this, 
we express the inconsistency as,

ν∇2un+1 − ν∇2un+1∗ = − ∇ × ∇ × (un+1 − un+1∗ ) − ν∇(∇ · un+1∗ )

= − ν∇(∇ · un+1∗ ) ,

where ∇ · un+1 = 0 and the vector identity ∇2u = ∇(∇ · u) −∇ ×∇ × u were used. The final equality is due to (13d), which 
renders the velocity difference a gradient field and thus irrotational. This shows that the rotational correction exactly makes 
up for the inconsistency and hence enables (4a) to be recovered.

Appendix B. Connection between pressure correction projection methods and the pressure-Schur complement

In Sec. 3, we show how a pressure correction scheme is equivalent to a Richardson iteration of the pressure-Schur 
complement linear system, but we omit the derivation of its matrix form. Here we provide this derivation for the case of 
a general IMEX linear multi-step scheme and show the equivalence in general. Since each stage of a IMEX-RK scheme is 
analogous to an IMEX linear multi-step scheme, our derivation also applies to general IMEX-RK schemes.

Let us start by writing down the fully-coupled scheme for⎧⎨
⎩

∂u

∂t
= ν∇2u − ∇p + f − u · ∇u (a)

−∇ · u = 0 (b)

(B.1)
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when a general IMEX linear multi-step scheme is applied:⎧⎪⎨
⎪⎩

a−1un+1 + ∑s−1
j=0 a j un− j

�t
= c−1

(
ν∇2un+1 − ∇pn+1 + f n+1

)
+

s−1∑
j=0

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j, (a)

∇ · un+1 = 0, (b)

(B.2)

where

F im
n− j = ν∇2un− j − ∇pn− j + f n− j and F ex

n− j = −un− j · ∇un− j.

After spatial discretization (and (B.2a) being divided by c−1), we obtain the fully-coupled linear system[
A G

−D 0

][
un+1

pn+1

]
=

[
f n+1,n

rhs + bcn+1
mom

bcn+1
con

]
, (B.3)

where A = (a−1/(c−1�t))I − νLu . Note that we use the same notation u and p for both the continuum (a spatial field) and 
the discrete (a finite-length vector) state variables. The precise meaning should be clear from the context. Here D is the 
discrete divergence, G = −DT the discrete gradient, and Lu the discrete vector Laplacian. More precisely,

∇ · un− j ≈ Dun− j + bcn− j
con , ∇pn− j ≈ G pn− j, ∇2un− j ≈ Lu un− j + bcn− j

mom.

Lastly, f n+1,n
rhs accounts for all the terms in (B.2a) that do not depend on un+1 or pn+1:

f n+1,n
rhs = 1

c−1

⎛
⎝−

∑s−1
j=0 a j un− j

�t
+ c−1 f n+1 +

s−1∑
j=0

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j

⎞
⎠ ,

where the F ’s are discretized accordingly.
Now, let us turn to the counterpart of (B.2) with the pressure-correction scheme in rotational form applied:

a−1un+1∗ + ∑s−1
j=0 a j un− j

�t
= c−1

(
ν∇2un+1∗ − ∇pn + f n+1

)
+

s−1∑
j=0

c j F im
n− j +

s−1∑
j=0

b j F ex
n− j (B.4a)

∇2q = a−1

c−1�t
∇ · un+1∗ (B.4b)

pn+1 = pn + q − ν∇ · un+1∗ (B.4c)

un+1 = un+1∗ − c−1�t

a−1
∇q. (B.4d)

With the same spatial discretization as that applied to the fully-coupled scheme, the above can be written in matrix nota-
tion:

Aun+1∗ + G pn = f n+1,n
rhs + bcn+1

mom (B.5a)

Lpq = a

�t
(Dun+1∗ + bcn+1

con ) (B.5b)

pn+1 = pn + q − ν(Dun+1∗ + bcn+1
con ) (B.5c)

un+1 = un+1∗ − �t

a
Gq, (B.5d)

where a = a−1/c−1. Here L p is the discrete scalar Laplacian such that

∇2q ≈ L pq, L p = DG = −GTG .

Now we can use (B.5b) to obtain q = (a/�t)L−1
p (Dun+1∗ + bcn+1

con ) and eliminate q in (B.5c) and (B.5d):

Aun+1∗ + G pn = f n+1,n
rhs + bcn+1

mom (B.6a)

pn+1 = pn +
( a

�t
L−1

p − ν I
)

(Dun+1∗ + bcn+1
con ) (B.6b)

un+1 = (I − G L−1
p D)un+1∗ − G L−1

p bcn+1
con , (B.6c)

which gives us the generalized version of (15). We can further use (B.6a) to obtain un+1∗ = A−1(−G pn + f n+1,n
rhs + bcn+1

mom)

and eliminate un+1∗ in (B.6b):
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pn+1 = pn +
( a

�t
L−1

p − ν I
)

(D A−1(−G pn + f n+1,n
rhs + bcn+1

mom) + bcn+1
con )

= pn −
( a

�t
L−1

p − ν I
)

(D A−1G pn − bn+1),

(B.7)

where bn+1 = D A−1( f n+1,n
rhs + bcn+1

mom) + bcn+1
con . This is the generalized version of (14b).

The derivation of the pressure-Schur complement linear system from the fully-coupled system (B.3) is exactly the same 
as (10) and (11). The linear system can be written as

D A−1G pn = bn+1. (B.8)

Therefore, the pressure update (B.7) due to the pressure-correction scheme can be viewed as one step of a fixed-point 
iteration scheme for solving (B.8) with the initial guess being pn . Particularly, such iteration is known as the Richardson 
iteration and − 

(
a/�t L−1

p − ν I
)

plays the role of a preconditioner.

Appendix C. Connections between pressure correction and SIMPLE-based methods

The SIMPLE-based schemes are usually presented with the discrete equations for each degree of freedom7 (e.g. see 
Sec. 7.3.4 of [21] and Ch. 6 of [65]). With such formulation, it is hard to discern the connection between SIMPLE-based and 
pressure-correction projection methods, because the latter are usually presented with time-discrete but space-continuous 
equations such as (13).

The key for our new intuitive connection is to rewrite both families of schemes in matrix form. [44] attempts this 
approach to bridge SIMPLE, SIMPLEC, and incremental pressure-correction schemes, but the matrix equations formulated 
there still mimic the space-discrete equations by identifying the terms due to each neighboring cell explicitly, e.g. using 
Lu u = Lu,P u + ∑

M Lu,M uM for the discrete vector Laplacian, where M loops over all neighboring cells involved in the 
stencil of the spatial schemes. Here the uM ’s are different permuted vectors of u and the entries of the diagonal matrices 
Lu,P and Lu,M ’s simply come from a partition of the nonzero entries of Lu . Indeed, the same present-neighboring-cell 
decomposition can be formulated in a more elegant way by splitting a matrix into its diagonal and off-diagonal part, e.g. 
Lu = Lu,D + Lu,OD, where the diagonal part Lu,D is the same as Lu,P in the previous formulation. As we shall see, a better 
notation will help provide new deeper insights.

SIMPLE. SIMPLE and incremental pressure-correction projection methods are connected through the philosophy of the 
prediction-correction or operator splitting strategy, which is shared in their motivation and derivation. Since it is costly to 
directly solve the fully-coupled system (5), an idea other than the pressure-Schur complement approach is to first solve for 
velocity using the momentum equation with the unknown pressure approximated by the pressure at the previous time step, 
i.e.

Aun+1∗ + G pn = f n+1,n
rhs + bcn+1

mom. (C.1)

Then, we want to obtain un+1 and G pn+1 that satisfy (5) by adding a correction to un+1∗ and to G pn , respectively. Therefore, 
we subtract the prediction scheme (C.1) from the desired aggregate scheme (i.e. the discrete momentum equation of the 
fully-coupled scheme (5))

Aun+1 + G pn+1 = f n+1,n
rhs + bcn+1

mom, (C.2)

to obtain a relation between the velocity correction and pressure correction:

A
(
un+1 − un+1∗

) = −G(pn+1 − pn). (C.3)

If we also want the divergence-free constraint Dun+1 + bcn+1
con = 0 to be satisfied, the pressure correction has to be the 

unique solution of

D A−1G(pn+1 − pn) = Dun+1∗ + bcn+1
con . (C.4)

However, as we can see, there is no free lunch because as long as we want (5) to be satisfied exactly, we run into the 
pressure-Schur complement D A−1G , which is difficult to solve as already mentioned in Sec. 3.

To alleviate this difficulty, we could find a proxy for A used only in the velocity and pressure correction, but not in 
the prediction. A simple idea is to approximate A by some diagonal matrix. For such purpose, A can be split into the 
sum of two parts At + As, where At = (a/�t)I is from discretizing the time derivative and is diagonal, while As is from 
the implicitly-treated spatial-derivative terms, e.g. As = −νLu if the diffusion term is treated implicitly and the advection 

7 A degree of freedom is, for example, the value of a variable at an individual grid point for finite differences or at an individual cell for finite volumes.
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term explicitly. However, there are different justifiable diagonal proxies for A . This is where SIMPLE and pressure-correction 
projection methods diverge.

The incremental pressure-correction projection methods in non-rotational form are based on the space-continuous coun-
terpart of (C.3), i.e.

a

�t

(
un+1 − un+1∗

) − ν∇2 (
un+1 − un+1∗

) = −∇ (
pn+1 − pn) , (C.5)

with the diffusion term (and other space-derivative terms if they are also treated implicitly) ignored. This is equivalent to 
dropping As and approximating A by At. Since all off-diagonal entries of A are due to discretizing the space-derivative 
terms, this leads to a diagonal proxy A ≈ At = (a/�t)I . Therefore, this gives rise to the correction equations

a

�t

(
un+1 − un+1∗

) = −G(pn+1 − pn), (C.6a)

�t

a
DG(pn+1 − pn) = Dun+1∗ + bcn+1

con , (C.6b)

which clearly has a space-continuous counterpart
a

�t

(
un+1 − un+1∗

) = −∇(pn+1 − pn), (C.7a)

∇2(pn+1 − pn) = a

�t
∇ · un+1∗ , (C.7b)

as seen in most expositions of this type of schemes.
In contrast, SIMPLE only looks at the matrix form of the equations and ignores where the matrix comes from and how 

it is assembled, similar to the philosophy underlying the Jacobi and Gauss–Seidel iterations for solving a linear system. The 
key idea of SIMPLE is to directly drop all the off-diagonal entries of A to obtain a diagonal proxy AD. Note that AD =
At + As,D contains both At = (a/�t)I from discretizing the time derivative and the diagonal part of As from discretizing 
the space-derivative terms. Hence, if A = At + As = (a/�t)I − νLu , then AD = (a/�t)I − νLu,D, where Lu,D is the diagonal 
part of Lu . This gives rise to the correction equations

AD
(
un+1 − un+1∗

) = −G(pn+1 − pn), (C.8a)

D A−1
D G(pn+1 − pn) = Dun+1∗ + bcn+1

con , (C.8b)

which does not have a space-continuous counterpart due to the lack of a continuous counterpart of the splitting Lu =
Lu,D + Lu,OD. Note that although AD is diagonal, it is not a scalar matrix.

Sometimes the term “projection methods” is used in a more general way (e.g. [21]) to refer to any velocity–pressure 
decoupling schemes that first predict a new velocity with old pressure and then correct the velocity and pressure such that 
the corrected new velocity is divergence-free. Only in this loose sense can SIMPLE also be viewed as a pressure-correction 
projection method. However, as is shown above, SIMPLE does not have a space-continuous interpretation and it is by no 
means a projection method in the narrow sense of utilizing the Helmholtz decomposition in the correction step.

SIMPLEC. SIMPLEC (“C” for “consistent”) was proposed by [64] as an improvement of SIMPLE. SIMPLE ignores AOD, the 
off-diagonal part of the space-derivative terms, but keeps their diagonal part As,D = AD − At, which is of the same order of 
magnitude. Therefore, this makes the approximation inconsistent with itself and not well justified. The idea of SIMPLEC is 
to approximate AOD

(
un+1 − un+1∗

) = ∑
M AM

(
un+1

M − un+1
∗M

)
by 

∑
M AM

(
un+1 − un+1∗

)
, i.e. substitute the present cell value 

into the neighboring cell values in the equation at each cell (corresponding to each row of AOD). Again, we can get rid of the 
awkward loop-over-neighbor notation by noticing that 

∑
M AM is the diagonal matrix whose diagonal entries are simply the 

sum of all the off-diagonal entries of As in each row. Note also that every consistent discretization scheme of a derivative 
should have all its coefficients sum to zero, therefore, we have 

∑
M AM = −As,D. In summary, SIMPLEC approximates the 

off-diagonal part by a diagonal term as

AOD
(
un+1 − un+1∗

) ≈ −As,D
(
un+1 − un+1∗

)
.

Hence, the diagonal proxy corresponding to this reduces to AD − As,D = At + As,D − As,D = At. Thus, as is also pointed out in 
[44], we end up with exactly the incremental pressure-correction scheme in non-rotational form! Each discrete equation of 
SIMPLEC thus indeed has a space-continuous counterpart, which can be viewed as another sense of “consistency”. We note 
that [64] did not mention pressure correction projection methods nor this equivalence. Their goal was not a set of discrete 
equations with a continuous interpretation. Now with this equivalence, their “consistency” argument can be paraphrased as: 
For any term in a continuous equation, we could typically either ignore it or keep it as a whole but not to split its discrete 
form in a way without a continuous interpretation.

The improvement achieved by SIMPLEC compared to SIMPLE seems to again verify the rule of thumb in numerical 
methods for PDEs that taking into account the structure of the original equations usually yields more effective algorithms. 
This is also a motivation for the iterated pressure-correction projection methods proposed in this paper.
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SIMPLER. SIMPLER [47] and PISO [29] are variants of SIMPLE with additional correction steps. Although the original algo-
rithms retain SIMPLE’s choice of the diagonal proxy for A , this choice is actually irrelevant and the key ideas can be applied 
to pressure-correction projection methods as well.

The revision (“R” for “revised”) of SIMPLE in SIMPLER lies in the procedure for computing the pressure at the new time 
step. The key idea is that after obtaining the corrected velocity and pressure with SIMPLE, the corrected pressure is tossed 
away but a new corrected pressure is computed by solving some discrete pressure Poisson equation (PPE) with the corrected 
velocity. This idea is based on the observation that with SIMPLE, the corrected velocity is usually much more accurate than 
the corrected pressure. Since in incompressible flows, the PPE will yield an exact pressure given the exact velocity, a natural 
idea is to use the PPE to compute the pressure with the divergence-free and rather accurate corrected velocity. In particular, 
to avoid a pressure-Schur complement, we derive the discrete PPE by rewriting the desired aggregate scheme (C.2) as

ADun+1 + AODun+1 + G pn+1 = f n+1,n
rhs + bcn+1

mom (C.9)

and using Dun+1 + bcn+1
con = 0 to obtain

D A−1
D G pn+1 = −D A−1

D AODun+1 + D A−1
D

(
f n+1,n

rhs + bcn+1
mom

)
+ bcn+1

con . (C.10)

This is similar to how the pressure correction is derived in SIMPLE. It appears to be a free lunch in the sense that (5)
seems to be achieved with the pressure-Schur complement bypassed, but this is not the case because with the action of 
discrete divergence D , (C.10) is no longer equivalent to (C.9). Although (C.10) has a unique solution (up to a constant), (C.9)

in general does not have a solution for pn+1 with a given divergence-free un+1 because 
(

f n+1,n
rhs + bcn+1

mom − Aun+1
)

may 
not lie in the column space of the rectangular G .

If we apply this same idea to incremental pressure-correction schemes, (C.9) becomes

a

�t
un+1 + Asun+1 + G pn+1 = f n+1,n

rhs + bcn+1
mom (C.11)

and thus the discrete PPE (C.10) becomes

DG pn+1 = −D Asun+1 + D
(

f n+1,n
rhs + bcn+1

mom

)
+ a

�t
bcn+1

con , (C.12)

which is indeed a Poisson equation now because DG = L p . Note that since D = −GT, (C.12) is equivalent to solving for the 
least square solution of pn+1 to the aggregate scheme (C.2), i.e.

G pn+1 = f n+1,n
rhs + bcn+1

mom − Aun+1.

However, the counterpart in SIMPLER (C.10) does not have such an interpretation because A−1
D G has a different column 

space than G has. This is yet another evidence that the discrete operator splitting used in SIMPLE is bad. Indeed, we can 
interpret this least square procedure as a discrete counterpart of performing the Helmholtz decomposition of the sum of all 
terms other than ∇pn+1 in the momentum equation, i.e. we take the orthogonal projection of this sum onto the irrotational 
subspace as ∇pn+1. Therefore, both SIMPLER and this revised pressure-correction scheme can be viewed as the first iteration 
of the following alternating projection procedure:

1. Insert the latest estimate of pn+1 into the momentum equation to obtain a new predicted velocity un+1∗ .
2. Obtain a new corrected velocity un+1 as the orthogonal projection of un+1∗ onto the divergence-free subspace.
3. Obtain a new estimate of pn+1 such that ∇pn+1 is the orthogonal projection of the sum of other terms in the momen-

tum equation onto the irrotational subspace.

Obviously, nothing prevents us from iterating more than once. We can iterate until un+1 and pn+1 converge to the solu-
tion to the fully-coupled system. Compared to the above SIMPLER-based iteration, the iterated pressure-correction schemes 
proposed in this paper solves one fewer scalar Poisson equation in each iteration and with the rotational correction, if the 
advection term is treated explicitly, each iteration is able to yield a solution that satisfies the fully-coupled system up to 
round-off errors except at the cells right next to a boundary.

PISO. Although PISO [29] is a modification of SIMPLE, as for SIMPLER, its key idea is not bound to SIMPLE and can also be 
applied to pressure-correction projection methods. The idea of PISO is to iterate the velocity and pressure correction steps 
to solve the exact correction equations{

A
(
un+1 − un+1∗

) = −G(pn+1 − pn), (a)

−Dun+1 = bcn+1
con , (b)

(C.13)

although the original PISO algorithm stops after iterating only twice. Denoting by un+1
k and pn+1

k the approximate solution 
after the k-th iteration and using the same operator splitting as SIMPLE, we rewrite (C.13a) as
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AD
(
un+1 − un+1∗

) = −AOD
(
un+1 − un+1∗

) − G(pn+1 − pn)

and obtain a recursion⎧⎨
⎩

un+1
k+1 − un+1∗ = −A−1

D AOD

(
un+1

k − un+1∗
)

− A−1
D G(pn+1

k+1 − pn), (a)

D A−1
D G(pn+1

k+1 − pn) = −D A−1
D AOD

(
un+1

k − un+1∗
)

+ Dun+1∗ + bcn+1
con (b)

(C.14)

where pn+1
k+1 is determined such that un+1

k+1 is divergence-free, i.e. Dun+1
k+1 + bcn+1

con = 0. The initial guess is chosen as un+1
0 =

un+1∗ . For k ≥ 1, we can equivalently solve for the iteration increment instead:⎧⎨
⎩

un+1
k+1 − un+1

k = −A−1
D AOD

(
un+1

k − un+1
k−1

)
− A−1

D G(pn+1
k+1 − pn+1

k ), (a)

D A−1
D G(pn+1

k+1 − pn
k) = −D A−1

D AOD

(
un+1

k − un+1
k−1

)
, (b)

(C.15)

which is how the original PISO algorithm is presented. Note that with one iteration of (C.14), the algorithm reduces to SIM-
PLE. With two iterations, it becomes PISO. If we keep iterating, the converging point will be the solution to the fully-coupled 
system.

If we apply the same idea to incremental pressure-correction projection methods, we obtain the following iteration:⎧⎪⎨
⎪⎩

a

�t

(
un+1

k+1 − un+1∗
)

= −As

(
un+1

k − un+1∗
)

− G(pn+1
k+1 − pn), (a)

DG(pn+1
k+1 − pn) = −D As

(
un+1

k − un+1∗
)

+ a

�t

(
Dun+1∗ + bcn+1

con

)
, (b)

(C.16)

which, when iterated only once, reduces to exactly the incremental pressure-correction schemes in non-rotational form.
When we take the iteration perspective on PISO, the single prediction step that precedes the iterations actually appears 

unnatural. Since the system of velocity and pressure correction (C.13) has exactly the same coefficient matrix as the fully-
coupled system (5), if the PISO iteration is efficient in solving this saddle-point problem, we should instead directly apply it 
to (5), i.e.⎧⎪⎨

⎪⎩
a

�t
un+1

k+1 = −Asun+1
k − G pn+1

k+1 + f n+1,n
rhs + bcn+1

mom, (a)

DG pn+1
k+1 = −D Asun+1

k + D
(

f n+1,n
rhs + bcn+1

mom

)
+ a

�t
bcn+1

con , (b)
(C.17)

with the initial guess un+1
0 = un , which obviates the prediction step required for (C.16). The reason why this strategy is not 

adopted is likely that treating the diffusion explicitly in each iteration (though implicitly in the time marching scheme) will 
make the convergence unacceptably slow due to the global effects of diffusion. However, if this is the case, we should not 
expect (C.14) or (C.16) to significantly improve the solution obtained by only one iteration.

This is yet another motivation for the iterated pressure-correction schemes proposed in this paper, which iterate both the 
prediction and the pressure correction step, and are thus different from PISO, which iterates the correction step only. Also, 
our new iteration can make use of the rotational correction when an incremental pressure-correction projection method 
is used. As shown in Sec. 4 and 6, the rotational correction is essential in yielding a mesh- and viscosity-independent 
converging rate for the iteration.
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