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Abstract. We develop two new sets of stable, rank-adaptive Dynamically Orthogonal Runge-Kutta (DORK)4
schemes that capture the high-order curvature of the nonlinear low-rank manifold. The DORK schemes asymp-5
totically approximate the truncated singular value decomposition at a greatly reduced cost while preserving mode6
continuity using newly derived retractions. We show that arbitrarily high-order optimal perturbative retractions can7
be obtained, and we prove that these new retractions are stable. In addition, we demonstrate that repeatedly ap-8
plying retractions yields a gradient-descent algorithm on the low-rank manifold that converges geometrically when9
approximating a low-rank matrix. When approximating a higher-rank matrix, iterations converge linearly to the best10
low-rank approximation. We then develop a rank-adaptive retraction that is robust to overapproximation. Building11
off of these retractions, we derive two novel, rank-adaptive integration schemes that dynamically update the subspace12
upon which the system dynamics is projected within each time-step: the stable, optimal Dynamically Orthogonal13
Runge-Kutta (so-DORK) and gradient-descent Dynamically Orthogonal Runge-Kutta (gd-DORK) schemes. These14
integration schemes are numerically evaluated and compared on an ill-conditioned matrix differential equation, an15
advection-diffusion partial differential equation, and a nonlinear, stochastic reaction-diffusion partial differential16
equation. Results show a reduced error accumulation rate with the new stable, optimal and gradient-descent integra-17
tors. In addition, we find that rank adaptation allows for highly accurate solutions while preserving computational18
efficiency.19
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1. Introduction. Scientific computing often involves numerical simulations which24
overwhelm available computational resources. A common reduced-order modeling25
technique is to use low-rank approximations of matrices and/or tensors to improve26
computational efficiency and reduce storage requirements. Mathematically, we seek X(t), a27
low-rank approximation to our full state X(t), such that at all discrete times ti, X(ti) is the28
best approximation to X(ti). That is,29

X(ti) = argmin
X̃(ti)∈Mr

||X̃(ti)−X(ti)|| ∀ti,30

31

where Mr denotes the manifold of rank-r matrices (see Table 2 for key notation).32
The dynamical low-rank approximation (DLRA) [27] is a method to instantaneously33

optimally evolve a system’s low-rank approximation for common time-dependent partial dif-34
ferential equations (PDEs) [12]. Suppose we are given a discretized dynamical system, sto-35
chastic or deterministic, as a first-order differential equation36

dX
dt

= L (X, t;ω),(1.1)37
38

where ω ∈ Ω denotes a simple event in a stochastic event space. Note that any order differ-39
ential equation may be rewritten as a first-order system, so this is not at all restrictive (see,40
e.g., [24]). There are two common approaches to solve for X . The first is to derive an instan-41
taneously optimal differential equation for X in terms of L given that X is restricted to the42
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