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Abstract. We develop two new sets of stable, rank-adaptive dynamically orthogonal Runge--
Kutta (DORK) schemes that capture the high-order curvature of the nonlinear low-rank manifold.
The DORK schemes asymptotically approximate the truncated singular value decomposition at a
greatly reduced cost while preserving mode continuity using newly derived retractions. We show that
arbitrarily high-order optimal perturbative retractions can be obtained, and we prove that these new
retractions are stable. In addition, we demonstrate that repeatedly applying retractions yields a
gradient-descent algorithm on the low-rank manifold that converges superlinearly when approximat-
ing a low-rank matrix. When approximating a higher-rank matrix, iterations converge linearly to the
best low-rank approximation. We then develop a rank-adaptive retraction that is robust to overap-
proximation. Building off of these retractions, we derive two rank-adaptive integration schemes that
dynamically update the subspace upon which the system dynamics are projected within each time
step: the stable, optimal dynamically orthogonal Runge--Kutta (so-DORK) and gradient-descent dy-
namically orthogonal Runge--Kutta (gd-DORK) schemes. These integration schemes are numerically
evaluated and compared on an ill-conditioned matrix differential equation, an advection-diffusion par-
tial differential equation, and a nonlinear, stochastic reaction-diffusion partial differential equation.
Results show a reduced error accumulation rate with the new stable, optimal and gradient-descent
integrators. In addition, we find that rank adaptation allows for highly accurate solutions while
preserving computational efficiency.

Key words. dynamical low-rank approximation, dynamically orthogonal equations, matrix dif-
ferential equations, stochastic differential equations, uncertainty quantification, reduced-order mod-
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1. Introduction. Scientific computing often involves numerical simulations
which overwhelm available computational resources. A common reduced-order model-
ing technique is to use low-rank approximations of matrices and/or tensors to improve
computational efficiency and reduce storage requirements. Mathematically, we seek
X(t), a low-rank approximation to our full state X(t), such that at all discrete times
ti, X(ti) is the best approximation to X(ti). That is,

X(ti) = argmin
\~X(ti)\in Mr

| | \~X(ti) - X(ti)| | \forall ti,

where Mr denotes the manifold of rank-r matrices (see Table 1 for key notation).
The dynamical low-rank approximation (DLRA) [33] is a method to instan-

taneously optimally evolve a system's low-rank approximation for common time-
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A530 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

Table 1
Relevant mathematical structures and operators referenced within the text.

Notation

\omega Simple event
\Omega Event space

X Full-rank system state in \BbbR m\times n

X Low-rank approximation of system state in Mr

X Either the full-rank X or low-rank X system state
\chi Next system state point before retraction, UiZ

T
i +\Delta tL

U
.

Time-averaged change in U integrated from ti to ti+1 such that Ui+1 =Ui +\Delta tU
.

Z
.

Time-averaged change in Z integrated from ti to ti+1 such that Zi+1 =Zi +\Delta tZ
.

\| \bullet \| Frobenius norm
Mr Manifold of rank-r m\times n real matrices

L Approximately or exactly integrated differential operator defined as
1
\Delta t

\int ti+1
ti

L (X (t), t)dt+\scrO (\Delta tk)

PMr Projection onto Mr

P\bot 
Mr

Orthogonal complement of projection onto Mr defined by I  - PMr

\scrT XMr Tangent space of low-rank manifold at point X

P\scrT XMr Projection operator onto tangent space of low-rank manifold at point X

\scrV m,r Stiefel manifold of m\times r matrices
\scrV n,r Stiefel manifold of n\times r matrices

\BbbR n\times r
\ast Set of rank-r matrices in \BbbR n\times r

\BbbR r\times r
\ast Set of rank-r matrices in \BbbR r\times r

\scrU m,r DO space (which depends on U) defined as
\bigl\{ 
\delta U \in \BbbR m\times r :UT \delta U = 0

\bigr\} 
so(r) Space of skew-symmetric, real r\times r matrices

\scrT U\scrV m,r Tangent space of m\times r Stiefel manifold equivalent to\bigl\{ 
\delta U \in \BbbR m\times r :UT \delta U \in so(r)

\bigr\} 
\scrT V \scrV n,r Tangent space of n\times r Stiefel manifold equivalent to\bigl\{ 

\delta V \in \BbbR m\times r : V T \delta V \in so(r)
\bigr\} 

PU Projection onto modes U defined by UUT

PV Projection onto modes V defined by V V T

P\bot 
U Orthogonal complement of projection onto modes of U defined by (I  - UUT )

P\bot 
V Orthogonal complement of projection onto modes of V defined by (I  - V V T )

\scrR A(\Delta tB) Retraction from point A in direction B such that
\scrR A(\Delta tB) =A+\Delta tP\scrT AMrB +\scrO (\Delta t2)

\scrR (p) Retraction that asymptotically approximates PMr to the pth order

dependent partial differential equations (PDEs) [17]. Suppose we are given a discretized
dynamical system, stochastic or deterministic, as a first-order differential equation,

dX

dt
=L (X, t;\omega ),(1.1)

where \omega \in \Omega denotes a simple event in a stochastic event space. Note that any order
differential equation may be rewritten as a first-order system, so this is not at all
restrictive (see, e.g., [30]). There are two common approaches to solve for X. The
first is to derive an instantaneously optimal differential equation for X in terms of L
given that X is restricted to the low-rank manifold. Using the Dirac--Frenkel time-
dependent variational principle (see Table 2 for the incurred approximation error), we
arrive at the following differential equation for our low-rank approximation:

dX

dt
=P\scrT XMr

[L (X, t;\omega )].(1.2)

For a derivation, we refer the reader to [33, 17, 9, 12]. Next, a parameterization of
the low-rank matrix X is chosen; two common parameterizations are X =UZT with
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STABLE RANK-ADAPTIVE DORK SCHEMES A531

Table 2
Novel retractions derived and error metrics used throughout this paper. These retractions and

error metrics arise due to the dynamic curvature of the low-rank manifold.

Key expressions

\{ \.U\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{g}
j , \.\scrZ \mathrm{o}\mathrm{r}\mathrm{i}\mathrm{g}

j \} Original first- through fourth-order corrections; see (5.4)--(5.7) in [12]

\{ \.Uj\} 4j=1 Optimal first- through fourth-order corrections (2.6a)--(2.6d)

U\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{u}\mathrm{s}\mathrm{t}
i+1 Optimal, robust first-order update to Ui (4.4)

Z\mathrm{o}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}
i+1 Optimal update to Zi (4.2)

\{ \.Uj ,\scrL j\} 4i=1 First- through fourth-order so-DORK schemes (5.2a)--(5.2d)

\varepsilon pr Projection-retraction error defined as \scrR X(\Delta tL ) - PMr (X +\Delta tL )

\varepsilon l Local retraction error defined as \scrR X(\Delta tL ) - (X +\Delta tL )

\varepsilon \scrN Normal closure error defined as P\bot 
Mr

(X) =X - PMr (X)

\varepsilon D Dynamical model closure error defined as L (X) - L (X)

\varepsilon DF Dirac--Frenkel model closure error defined as L (X) - P\scrT XMrL (X)

\varepsilon \mathrm{t}\mathrm{o}\mathrm{t} Total error due to dynamical low-rank approximation defined as \| X - X\| 

orthonormal modes U \in \scrV m,r and coefficients Z \in \BbbR n\times r
\ast as in [17, 16, 11, 12], or

X = USV T , similar to a classic singular value decomposition (SVD) with U \in \scrV m,r,
S \in \BbbR r\times r

\ast , and V \in \scrV n,r as in [33, 49, 43, 38, 39]. With the parameterization, evolution
equations for U and Z (or U , S, and V ) are derived with a choice of gauge in order
to eliminate redundant degrees of freedom and simplify the equations. For instance,
the dynamically orthogonal (DO) condition insists that the rate-of-change \.U \in \scrU m,r

(see Table 1), which, from (1.2), yields the following equations:

\.U =P\bot 
U L (UZT , t;\omega )Z(ZTZ) - 1,

\.Z =L (UZT , t;\omega )TU.
(1.3)

Alternatively, insisting that \.U \in \scrT U\scrV m,r and \.V \in \scrT V \scrV n,r yields the following differen-
tial equations for U,S, and V :

\.U =P\bot 
U L (USV T , t;\omega )V S - 1,

\.S =UTL (USV T , t;\omega )V,

\.V =P\bot 
V L (USV T , t;\omega )TUS - T .

(1.4)

Finally, different numerical schemes may be employed to solve (1.3) or (1.4). Nu-
merical integration schemes include the projector-splitting integrator [49], its closely
related variant [8], and similar approaches based in local coordinates [4, 5].

A second approach is to employ so-called projection methods (see, e.g., [25, 26]).
Instead of numerically integrating P\scrT XMr

L , the full L is integrated and then pro-
jected back onto the low-rank. Integrating (1.1) in time, we obtain

Xi+1 =Xi +\Delta tL .(1.5)

Here, L = 1
\Delta t

\int ti+1

ti
L (X (t), t;\omega )dt+\scrO (\Delta tk) is either the exactly integrated differ-

ential operator or the approximately integrated differential operator up to order k. In
the exact case, the integrand L in L depends on the unknown future solution X ;
furthermore, X may be the full-rank system X or the low-rank system X, though
the latter is another approximation inducing a dynamical model closure error [12],
\varepsilon D \equiv L (X)  - L (X). In defining L this way, (1.5) may represent any chosen in-
tegration scheme. For implicit schemes, a system would need to be solved [10, 13],
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A532 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

and only explicit schemes are considered here. Letting X\ast 
i+1 \in Mr denote the best

possible approximation of Xi+1 given information at time ti, we have

X\ast 
i+1 =PMr

(Xi +\Delta tL ).

Of course, we may not have access to Xi; we substitute in Xi \in Mr instead as an
approximation.

X\ast 
i+1 =PMr (Xi +\Delta tL ).(1.6)

Unfortunately, PMr
, i.e., the truncated SVD, is expensive to compute every time step

[59, p. 237]. As such, we seek approximations to the exact projection operator. With
the use of (extended) retractions, which map matrices from the embedding Euclidean
space back to the manifold (see [1, 12]), the numerical scheme then becomes

Xi+1 =\scrR Xi(\Delta tL ),(1.7)

where Xi+1 is no longer the best possible approximation given information at time ti.
The difference between (1.6) and (1.7) defines the projection-retraction error [12],

\varepsilon pr \equiv \scrR Xi
(\Delta tL ) - PMr

(Xi +\Delta tL ).(1.8)

Using both an integration scheme for L and a retraction of order k, whereby
\varepsilon pr =\scrO (\Delta tk+1), guarantees kth-order convergence to the best low-rank approximation
assuming that the difference between X \in Mr and the full-rank system X is small.
Integration schemes that use projection methods include those presented in [12] as
well as projected Runge--Kutta methods [32], which actually use both formulations of
the problem. The use of retractions and projection methods is general and may be
applied to any integration scheme for L .

To wrap up, we note the difference in the derivation of ``tangent-space-integration
methods,"" i.e., schemes that integrate (1.2) (e.g., [49, 8, 4, 5]), and projection meth-
ods of the form (1.7) (e.g., [25, 26]). To derive (1.2), the Dirac--Frenkel time-dependent
variational principle [14, 48] is applied in the continuous time setting, and then time
is discretized for numerical integration. For projection methods, there are two ap-
proaches, both of which start by discretizing time for X before making any ap-
proximations. The first approach is to integrate the full-rank differential operator
L (X(t), t) in the embedding Euclidean space. Then X is approximated as X as in
(1.6), and the projection operator is approximated with a retraction as in (1.7). The
second approach is to apply an integration scheme to L (X(t), t); here we integrate
along the manifold, so retractions may be applied as we compute L . At the last
stage, a retraction is applied as in (1.7). So, the difference between the tangent-
space-integration and projection methods comes from the order of time discretization
for X and approximation, which manifests in whether or not the tangent-space pro-
jection operator P\scrT XMr is explicitly integrated. Nevertheless, both schemes form
consistent integrators.

Progress has been made recently in developing tangent-space-integration meth-
ods [49, 8, 4, 5, 30]. Arbitrarily high-order integration schemes may be derived via
symmetric composition with the adjoint method. However, this integrator may lack
desirable properties of other schemes for particular physical systems. For instance,
one may seek a symplectic integrator [51] for Hamiltonian systems, a total-variation
diminishing scheme [21] to avoid oscillations in, e.g., shock propagation problems,
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STABLE RANK-ADAPTIVE DORK SCHEMES A533

schemes that conserve relevant physical quantities, or implicit-explicit schemes to pre-
serve stability. This has been studied in model-order reduction [6, 64] and recently
in the context of the DLRA [52, 29]. Projection methods allow easy construction of
new low-rank integration schemes with our desired features simply by implementing
preexisting full-rank schemes with the addendum of applying a high-order retraction
as a final step to project back to the low-rank manifold. One may also use projec-
tions/retractions after any given step of a full-rank integration scheme in order to limit
the quickly growing rank of L , as is done with projected Runge--Kutta methods in
[32]. Without a particular choice of gauge, all of these schemes lack mode continuity
[61, 16, 47], i.e., the vectors in U should only change slowly as a function of time so
that their dynamics are interpretable. Such a feature is essential for the reduced-order
evolution of dynamical systems in time, especially for uncertainty quantification. As
such, we require efficient and accurate retractions which asymptotically approximate
the projection operator and preserve mode continuity as a tool to construct flexible
integration schemes.

In [12], we developed a new set of perturbative retractions that approximate the
truncated SVD. From these retractions, we created dynamically orthogonal Runge--
Kutta (DORK) integration schemes, which updated the subspace upon which we
projected the system dynamics as we integrated, yielding highly accurate schemes.
Nevertheless, integration using these perturbative retractions can have three issues:
(i) they can lead to overshooting if time steps are too large, (ii) their higher-order
corrections become more expensive as greater accuracy is required, and (iii) they can
break down in the presence of small singular values. The tangent-space-integration
methods mentioned are robust to small singular values, which enabled the recent
development of rank-adaptive methods. In [7], the rank of the solution is doubled
during the integration of each time step, the solution is integrated, and then the
rank is reduced. While this algorithm is effective, it has the computational cost of
always computing a solution at double the rank, which is undesirable. There are a few
potential algorithmic remedies in the literature to reduce the computational cost by
determining when the rank should be increased. Rank-adaptive algorithms proposed
in [20, 46] recommend calculating the norm of the residual, namely, \| (I - P\scrT XMr )L \| ,
at each time step; if this value is large, the rank should be augmented. Similarly, [63]
recommend using the tangent of the angle between P\scrT XMr

L and L as a metric.
Rank-adaptive algorithms are also developed in the context of dynamically orthogonal
differential equations in [55, 16]. However, the perturbative retractions and DORK
schemes in [12] are incompatible with rank adaptation because the rank augmentation
necessitates the integration of small singular values which will lead to the inversion
of an ill-conditioned correlation matrix ZTZ.

In this paper, we remedy these three issues with a novel set of optimal pertur-
bative retractions. In section 2, we show that these retractions are more accurate
than those previously introduced at a reduced computational cost and, importantly,
largely avoid overshoot. In section 3, we introduce a new simple yet effective set of
retractions composed of perturbative retractions, which we call ``gradient-descent re-
tractions."" Gradient-descent retractions yield exceptional accuracy up to arbitrary
order without a quickly growing computational cost. We also develop a simple ``auto-
matic"" gradient-descent retraction that determines how many iterations to compute
based on a user-given tolerance. In section 4, we develop perturbative retractions
robust to small singular values that may be coupled with our gradient-descent retrac-
tions, and we include rank adaptation as a feature. Then, in section 5, we derive two
new low-rank integration schemes based on our new retractions, the stable, optimal
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A534 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

dynamically orthogonal Runge--Kutta (so-DORK) schemes and gradient-descent dy-
namically orthogonal Runge--Kutta (gd-DORK) schemes. We demonstrate the effi-
cacy of our retractions and integrators with numerical experiments on a matrix differ-
ential equation, a linear PDE, and a nonlinear, stochastic PDE in section 6. Finally,
we conclude in section 7 with some remarks on the utility of these new retractions
and integrators, and we discuss future research directions. Throughout the paper, we
use the terms ``high-order retraction"" or ``pth-order retraction"" to denote retractions
that have projection-retraction error (see Table 2) of order \scrO (\Delta tp+1), which is in
contrast to a ``classical"" second-order retraction, whose second-order error belongs to
the normal space of Mr.

2. Optimal perturbative retractions.

2.1. Derivation. In this section, we will derive ``optimal"" perturbative retrac-
tions for explicit integration schemes, an improvement over the perturbative retrac-
tions developed in [12]. In the original set of perturbative retractions, we approxi-
mately solved the following optimization problem:

(2.1)

argmin
Ui+1,Zi+1

\bigm\| \bigm\| UiZ
T
i +\Delta tL  - Ui+1Z

T
i+1

\bigm\| \bigm\| 
s.t. Ui+1 =Ui +\Delta tU

.
, U

.
\in \scrU m,r,

Zi+1 =Zi +\Delta tZ
.
.

Solving for the first-order optimality conditions of the system yields nonlinear matrix
equations, but writing U

.
andZ

.
as perturbation series in \Delta t yields linear equations to

solve, giving our retractions. For notational convenience, we introduce \chi ,

\chi \equiv UiZ
T
i +\Delta tL ,

which denotes the next point we wish to approximate before we retract back to the
low-rank manifold (see Table 1). Next, we modify the optimization problem (2.1) by
solving for Zi+1 directly and enforcing numerical orthonormality.

First, suppose that Ui+1 \in \scrV m,r is given a priori. In a manner similar to an
alternating least squares procedure [58], we can exactly solve for Zi+1 in the following
unconstrained optimization problem:

(2.2) argmin
Zi+1

\bigm\| \bigm\| \chi  - Ui+1Z
T
i+1

\bigm\| \bigm\| \Rightarrow Zi+1 = \chi TUi+1.

Second, we now would like to substitute this expression for Zi+1 in as a constraint
in (2.1) to yield a more accurate set of retractions. But we must first recognize that de-
spite the DO condition, Ui+\Delta tU

.
is not exactly orthonormal: (Ui+\Delta tU

.
)T (Ui+\Delta tU

.
) =

I + \scrO (\Delta t2). So we cannot simply write Ui+1 = Ui + \Delta tU
.
. A reorthonormalization

procedure is typically applied; see [47] for a fast algorithm. This reorthonormalization
amounts to right-multiplying Ui+\Delta tU

.
by some nonsingular r\times r matrix, G, such that

GT (Ui +\Delta tU
.
)T (Ui +\Delta tU

.
)G= I. Then we may let Ui+1 = (Ui +\Delta tU

.
)G, and we can

rewrite our optimization problem as follows:

(2.3)

argmin
Ui+1

\bigm\| \bigm\| \chi  - Ui+1Z
T
i+1

\bigm\| \bigm\| 
s.t. Ui+1 = (Ui +\Delta tU

.
)G, U

.
\in \scrU m,r,

Zi+1 = \chi TUi+1, \chi TUi+1, G\in \BbbR r\times r
\ast .

With this formulation, we are now only optimizing over one matrix, Ui+1 (or, equiv-
alently, U

.
). Additionally, we are ensuring that whatever matrix Ui+1 we end up with,
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STABLE RANK-ADAPTIVE DORK SCHEMES A535

Zi+1 in (2.2) gives the optimal low-rank approximation to \chi . We remark that the
update equation for the coefficients is equivalent to that used in proper orthogonal
decomposition [50, 3] and other reduced-basis methods such as dynamic mode decom-
position [53, 56, 60, 36].

By substituting our constraints into the cost function in (2.3) and differentiating
with respect to Ui+1 = (Ui + \Delta tU

.
)G, the first-order optimality condition can be

simplified to the following nonlinear matrix equation we seek to solve:

\partial 

\partial [(Ui +\Delta tU
.
)G]

\Bigl[ \bigm\| \bigm\| \chi  - (Ui +\Delta tU
.
)GGT (Ui +\Delta tU

.
)T\chi 

\bigm\| \bigm\| 2\Bigr] = 0

\leftrightarrow 
\bigl[ 
I  - (Ui +\Delta tU

.
)GGT (Ui +\Delta tU

.
)T
\bigr] 
\chi \chi T (Ui +\Delta tU

.
) = 0.

We may remove the GGT dependence by using the definition of G to obtain

GGT =
\bigl[ 
(Ui +\Delta tU

.
)T (Ui +\Delta tU

.
)
\bigr]  - 1

=
\Bigl[ 
I +\Delta t2U

. T
U
. \Bigr]  - 1

= I  - \Delta t2U
. T

U
.
+\Delta t4(U

. T
U
.
)2  - \cdot \cdot \cdot .

The last line follows from the Neumann series of the inverse of I +A for some matrix
A, which converges assuming that \Delta t2\| U

. T
U
.
\| < 1; this is not a restrictive assumption

since \Delta t can always be chosen to be smaller such that this holds, and this is further
remedied by our robust retractions in section 4. Note that since G has been eliminated
from our equation, it need not be explicitly computed but will be computed implicitly
when reorthonormalizing Ui+1. Then our optimality condition becomes\Bigl[ 

I  - (Ui +\Delta tU
.
)(I  - \Delta t2U

. T
U
.
+ \cdot \cdot \cdot )(Ui +\Delta tU

.
)T
\Bigr] 
\chi \chi T (Ui +\Delta tU

.
) = 0.(2.4)

Now, we assume that U
.
may be written as a perturbation series in \Delta t,

\Delta tU
.
=

\infty \sum 
j=1

\Delta tj \.Uj .(2.5)

After substituting (2.5) into (2.4), we may solve for \.Uj via small linear systems by
grouping terms of the same order of \Delta t. We refer the reader to [9, 12] for an analogous
derivation. Below, we provide first- through fourth-order corrections:

\.U1 =P\bot 
Ui

LZi(Z
T
i Zi)

 - 1,(2.6a)

\.U2 =
\Bigl[ 
P\bot 

Ui
L L

T
Ui  - \.U1

\Bigl( 
UT
i LZi +ZT

i L
T
Ui

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1,(2.6b)

\.U3 =
\Bigl[ 
P\bot 

Ui
L L

T \.U1  - \.U2

\Bigl( 
UT
i LZi +ZT

i L
T
Ui

\Bigr) 
(2.6c)

 - \.U1

\Bigl( 
UT
i L L

T
Ui + \.UT

1 LZi +ZT
i L

T \.U1  - \.UT
1

\.U1Z
T
i Zi

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1,

\.U4 =

\biggl[ 
P\bot 

Ui
L L

T \.U2  - \.U3

\Bigl( 
UT
i LZi +ZT

i L
T
Ui

\Bigr) 
(2.6d)

 - \.U2

\Bigl( 
UT
i L L

T
Ui + \.UT

1 LZi +ZT
i L

T \.U1  - \.UT
1

\.U1Z
T
i Zi

\Bigr) 
 - \.U1

\Bigl( 
UT
i L L

T \.U1 + \.U1L L
T
Ui + \.UT

2 LZi +ZT
i L

T \.U2  - \.UT
1

\.U2Z
T
i Zi

 - \.UT
2

\.U1Z
T
i Zi  - \.UT

1
\.U1U

T
i LZi  - \.UT

1
\.U1Z

T
i L

T
Ui

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1.
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A536 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

We note here that there are two patterns to exploit for computational efficiency
in (2.6a)--(2.6d). First, the high-order corrections require the lower-order corrections,
and each term on the right-hand side that is left-multiplied by \.Uj is repeated in
the higher-order corrections. So, the repeated terms should be stored to avoid extra
matrix multiplications. Second, several of the terms above are transposes of each
other, so again, storage will avoid redundant computation.

For concreteness, we explicitly write out a second-order retraction with our opti-
mal perturbative retraction:

(2.7)
Xi+1 =\scrR opt-2

Xi
(\Delta tL ) =Ui+1Z

T
i+1,

Ui+1 = orth
\bigl( 
Ui +\Delta t \.U1 +\Delta t2 \.U2

\bigr) 
, Zi+1 = (Xi +\Delta tL )TUi+1.

The first- and second-order corrections, \.U1 and \.U2, respectively, are given by (2.6a)
and (2.6b), and the orthonormalization procedure---which implicitly generates the G
matrix referenced beforehand---may be a QR decomposition or other fast algorithm
as in [47].

It is instructive to derive the local retraction error, \varepsilon l, of (i) any generic retrac-
tion and (ii) our optimal perturbative retractions in (2.6a)--(2.6d). From the generic
definition of a retraction in Table 1, any local retraction error may be written as

\varepsilon l \equiv Xi +\Delta tL  - \scrR Xi
(\Delta tL )

=UiZ
T
i +\Delta tL  - 

\bigl( 
UiZ

T
i +\Delta tP\scrT Xi

MrL +\scrO (\Delta t2)
\bigr) 

=
\bigl( 
I  - P\scrT Xi

Mr

\bigr) 
\Delta tL +\scrO (\Delta t2).

Explicitly substituting in our expression for P\scrT Xi
Mr

(see [17]), we obtain

\varepsilon l = (I  - UiU
T
i )\Delta tL (I  - Zi(Z

T
i Zi)

 - 1ZT
i ) +\scrO (\Delta t2).(2.8)

For our optimal perturbative retractions, we may write the local retraction error as

\varepsilon optl =UiZ
T
i +\Delta tL  - Ui+1Z

T
i+1,

noting that Ui+1Z
T
i+1 =\scrR 

opt
Xi

(\Delta tL ) by definition. Now, we substitute in our expres-
sion for Zi+1 from (2.2):

\varepsilon optl =UiZ
T
i +\Delta tL  - Ui+1U

T
i+1(UiZ

T
i +\Delta tL )

= (I  - Ui+1U
T
i+1)\chi .(2.9)

Contrasting the generic retraction error (2.8) with the optimal perturbative local
retraction error (2.9), we see that our particular choice of Zi+1 has allowed us to write
a cleaner, more interpretable form of \varepsilon l. By insisting that Zi+1 is optimal given Ui+1,
our error is given as the Ui+1 orthogonal projection of our new point. In other words,
our error is given by the information not captured by the span of the to-be-computed
Ui+1. The best Ui+1 would then be the r left singular vectors of \chi with the largest
singular values, but, of course, this would be expensive to compute. Because the
truncated SVD is the exact solution to (2.3) which our retractions approximately solve,
the left singular vectors are precisely what our perturbation series asymptotically
approaches.

Lastly, we consider the stability of the retractions.

Lemma 2.1. Let Xi+1 = \scrR opt
Xi

(\Delta tL ), where we use the optimal perturbative re-

tractions given by (2.6a)--(2.6d) and (2.2). Then \| Xi+1\| \leq \| Xi +\Delta tL \| .
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STABLE RANK-ADAPTIVE DORK SCHEMES A537

Proof. Let Xi+1 =Ui+1Z
T
i+1. Using the optimality (2.2), Xi+1 =Ui+1U

T
i+1(Xi +

\Delta tL ). By construction, Ui+1 \in \scrV m,r, so \| Xi+1\| \leq \| Xi +\Delta tL \| .
We remark that this stability property is unique to the optimal perturbative

retractions as it relies on the coefficients Zi+1 being calculated as the projection of the
next state onto a semiorthonormal basis via (2.2). This is in contrast to the original
perturbative retractions in which the Zi+1's had their own perturbation series.

2.2. Illustration. We now exemplify the projection-retraction error of the op-
timal perturbative retractions (see (2.5), (2.6), and Table 2). For comparison, we
include the error from the original adaptive perturbative algorithm (using a hyperpa-
rameter \varepsilon = 0.1) from [12] which automatically determines the best order of retraction
to apply. Overshoot typically occurs with the original high-order perturbative retrac-
tions [12] when \Delta t is large because the perturbation series does not converge quickly.
From another point of view, these high-order perturbations project the dynamics onto
polynomial approximations of the low-rank manifold, but such polynomial approxima-
tions grow inaccurate for large steps. To avoid overshoot and ensure the perturbation
series does not diverge catastrophically, the adaptive algorithm measures the norm
of the high-order corrections and only includes terms that have a norm less than
some user-given \varepsilon . Though both the original and optimal perturbative retractions
orthonormalize the modes after each time step (and hence \| Ui+1\| = 1), only the op-
timal perturbative retractions prevent the coefficients Zi+1 from growing too large.
That is, our optimal retractions tend to avoid this overshoot (or at least limit it)
due to their optimal choice of coefficients. This choice of coefficients is made possible
without pseudoinversion due to the reorthonormalization procedure of Ui+1.

The example problem of matrix addition is constructed as follows. We approx-
imate X0 + \Delta tL by forming our rank-10 starting point X0 \in \BbbR 500\times 220; we choose
uniformly randomly sampled matrices U0 \in \BbbR 500\times 10 and V0 \in \BbbR 220\times 10, and then we
orthonormalize them. Then we choose S0 \in \BbbR 10\times 10, also uniformly randomly sampled,
and normalize S0 such that its Frobenius norm is one. Finally, we set X0 =U0S0V

T
0 .

Next, we form a rank-100 matrix L \in \BbbR 500\times 220 which is constructed by multiplying
randomly, uniformly sampled matrices of sizes 500 \times 100 and 100 \times 220, and then
we normalize L to have Frobenius norm one. Our reference solution then becomes
PMr

(X0 +\Delta tL ), and we compare that with \scrR X0
(\Delta tL ).

We illustrate the results in Figures 1 and 2. We observe that the kth-order per-
turbative retraction exhibits linear convergence to the best low-rank approximation
at order k + 1, where the +1 comes from only analyzing the local error instead of
the global error after \scrO (1/\Delta t) steps of time integration. In addition, the optimal
perturbative retractions are essentially always better than the original perturbative
retractions.

3. Gradient-descent retractions.

3.1. Derivation. In this section, we demonstrate how to accelerate convergence
to the best low-rank approximation by iteratively applying preexisting retractions.
This methodology generates what we call ``gradient-descent retractions,"" and we show
that if the retractions asymptotically approximate the exact projection operator, the
gradient-descent retractions converge superlinearly to a low-rank matrix X \in Mr and
linearly to the best low-rank approximation of a matrix X \not \in Mr.

We begin by recalling the geometric intuition behind Newton's method for mini-
mizing some cost function J(x) in one dimension. By expanding J(xk +\Delta x) around
an iterate xk, we obtain a second-order Taylor series J(xk+\Delta x)\approx J(xk)+\Delta xJ \prime (xk)+
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A538 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

(a) (b)

Fig. 1. (a) Our optimal perturbative retractions (2.6), e.g., (2.7), exhibit high-order convergence
to the best low-rank approximation. We see linear convergence at rates 2, 3, 4, and 5 in \varepsilon pr (Table
2). The adaptive algorithm selects which order correction to use by analyzing the convergence of the
perturbation series. (b) The singular value spectrum of X0, showing singular values span nearly two
orders of magnitude. The condition number of ST

0 S0 in the Frobenius norm is 4968.3.

(a) (b)

Fig. 2. (a) Ratio of errors of the optimal (2.6), e.g., (2.7), and original [12] perturbative re-
tractions. The ratio is less than one, indicating the optimal retractions offer an improvement until
\Delta t becomes small enough that both retractions' errors are near machine zero, so the ratio fluctuates
around one. (b) Explicit comparison of the errors between third-order retractions. The new optimal
retraction (2.6c) is always better, as expected, but performs especially well with large \Delta t by mostly
avoiding overshoot [12].

\Delta x2

2 J \prime \prime (xk). To minimize J(xk +\Delta x), we differentiate our expression with respect to
\Delta x and set it to zero, giving \Delta x= - J \prime \prime (xk)

 - 1J \prime (xk). In other words, we minimized
a second-order approximation of the cost function J . Alternatively, we note that the
first-order optimality constraint is given by J \prime (x) = 0. Newton's method for solving
this potentially nonlinear equation is given by Taylor expanding J \prime in a similar fash-
ion: J \prime (xk +\Delta x) \approx J \prime (xk) +\Delta xJ \prime \prime (xk). We set this first-order expression to zero as
insisted by our optimality constraint, which yields the same expression for \Delta x. In
this interpretation, we solve for the zero of a linear approximation of J \prime [41].

Now, consider our optimization problem (2.3) with optimality condition (2.4).
By expanding \Delta tU

.
as a perturbation series, implicitly, we are deriving the Taylor

series of (2.4). We may interpret the first-order perturbative retraction as applying
one Newton step. Furthermore, our higher-order perturbative retractions may be
interpreted then as one step of higher-order gradient-descent iterations generalizing
Newton's method. Denoting \chi  - Xi as the residual between the new point of arbitrary
rank and our current point, this interpretation leads to a new iterative algorithm for
improving these retractions: simply repeat the retractions applied on the residual,
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STABLE RANK-ADAPTIVE DORK SCHEMES A539

Algorithm 3.1. Fixed-order gradient-descent retraction.

Input: Xi \in Mr, L \in \BbbR m\times n, \Delta t\in \BbbR , N \in \BbbZ +

Output: Xi+1 \in Mr

1: Xi+1 =Xi

2: for j = 1 :N do

3: Xi+1\leftarrow \scrR Xi+1
(\Delta tL  - (Xi+1  - Xi))

4: end for

Algorithm 3.2. Automatic gradient-descent retraction.

Input: Xi \in Mr, L \in \BbbR m\times n, \Delta t\in \BbbR , Nmax \in \BbbZ +, \Delta \ast \in \BbbR 
Output: Xi+1 \in Mr

1: \alpha = \| Xi\| 
2: Xi+1 =Xi

3: Xi+1\leftarrow \scrR Xi+1
(\Delta tL  - (Xi+1  - Xi))

4: \Delta = \| Xi+1  - Xi\| 
5: j = 1
6: while j <Nmax and \Delta /\alpha <\Delta \ast do
7: j\leftarrow j + 1

8: \^X =Xi+1

9: Xi+1\leftarrow \scrR Xi+1
(\Delta tL  - (Xi+1  - Xi))

10: \Delta = \| Xi+1  - \^X\| 
11: end while

just as one iterates in Newton's method. Such a gradient-descent retraction scheme
is defined in Algorithm 3.1. It is also natural to consider a retraction where the
number of iterations is determined automatically, iterating until some convergence
criterion is met. We suggest measuring the Frobenius norm of the difference between
iterates of Xi+1 normalized by the norm of Xi; when the norm of the difference
drops below a prespecified value/tolerance, denoted by hyperparameter \Delta \ast , or we
exceed a certain number iterations, denoted by Nmax, we stop iterating. An automatic
gradient-descent retraction is written out in Algorithm 3.2.

Recall that in Algorithms 3.1 and 3.2, whenever Xi+1 is updated via a retraction,
Ui+1 and Zi+1 are updated since Xi+1 is just shorthand for Ui+1Z

T
i+1. In fact, Xi+1 is

never formed, and doing so may not even be possible on a memory-limited device. In
our implementation, we find that using a first-order optimal perturbative retraction
(2.2), (2.6a) or its robust variant (4.2), (4.4) (to be discussed in section 4.1.1) is
efficient and extends stability from Lemma 2.1, which will be shown next.

Finally, as we consider explicit schemes in this work, we remark that L can
depend on the past iteration points. This approach is used with perturbations to
derive DORK schemes in section 5. In general, L may also be computed with iterative
semi-implicit or implicit schemes and then depend on unknown or future points within
\Delta t [10, 13].

3.2. Analysis. First, we show that the gradient-descent retractions are sta-
ble, provided that the inner retraction chosen---such as an optimal perturbative
retraction---is also stable.
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A540 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

Lemma 3.1. Let Xi+1 =\scrR gd
Xi

\bigl( 
\Delta tL

\bigr) 
be the result of applying a gradient-descent

retraction from Algorithm 3.1 or 3.2 using an optimal retraction \scrR opt given by (2.6a)--
(2.6d) and (2.2) as the final inner retraction. Then \| Xi+1\| \leq \| Xi +\Delta tL \| .

Proof. Assume we perform k inner iterations of gradient descent. From the last
iteration of the gradient-descent retraction, we have that\bigm\| \bigm\| \bigm\| X(k)

i+1

\bigm\| \bigm\| \bigm\| = \bigm\| \bigm\| \bigm\| \bigm\| \scrR opt

X
(k - 1)
i+1

\Bigl( 
Xi +\Delta tL  - X

(k - 1)
i+1

\Bigr) \bigm\| \bigm\| \bigm\| \bigm\| 
\leq \| X(k - 1)

i+1 +Xi +\Delta tL  - X
(k - 1)
i+1 \| 

= \| Xi +\Delta tL \| .

The inequality above follows from Lemma 2.1.

Hence using the stable, optimal retractions in our gradient-descent retractions
retains our stability property. We emphasize that only the final inner retraction in
the gradient descent iterations must be stable in order to preserve the overall stability
of the retractions.

Next, we analyze the rate of convergence of Algorithm 3.1 by first assuming that
the point we wish to approximate, Xi +\Delta tL , is rank-r and then analyzing the case
where it is not, i.e., Xi+\Delta tL /\in Mr. Recall that throughout the text, we assume that
L is computed explicitly, meaning it may depend on previous states, including Xi - 1

and Xi, but not unknown or future states such as Xi+1. Letting rL denote the rank
of L , we remark that even if Xi +\Delta tL \in Mr, naively computing the sum (without
retracting) will result in storing Ui+1 \in \BbbR m\times (r+rL) and Zi+1 \in \BbbR n\times (r+rL) in contrast
to Ui+1 \in \BbbR m\times r and Zi+1 \in \BbbR n\times r after retracting back to Mr. Algorithm 3.1 provides
an efficient way to limit the growth of the rank of X after each time step.

Lemma 3.2. If Xi + \Delta tL \in Mr, for a small enough \Delta t such that (3.4) holds,
iteratively applying retractions that asymptotically approximate PMr

to the pth order
(\varepsilon pr =\scrO (\Delta tp)) yields rate-p superlinear convergence to the fixed point Xi +\Delta tL .

Proof. We wish to approximate some point Xi+\Delta tL , and we define an iteration
of the following form:

X(j) =\scrR (p)

X(j - 1)(Xi +\Delta tL  - X(j - 1)).(3.1)

Above, \scrR (p) denotes a retraction that asymptotically approximates PMr
to the pth

order, and j is our iteration index. By definition, we then have that

\scrR (p)

X(j - 1)(Xi +\Delta tL  - X(j - 1)) =PMr
(Xi +\Delta tL ) +\scrO 

\Bigl( \bigm\| \bigm\| \bigm\| Xi +\Delta tL  - X(j - 1)
\bigm\| \bigm\| \bigm\| p\Bigr) .(3.2)

Note that PMr
(Xi+\Delta tL ) is the fixed point. Let \varepsilon 

(j)
pr =X(j) - PMr

(Xi+\Delta tL ) denote

the projection-retraction error at iteration j. We may write \| \varepsilon (j)pr \| as a function of

\varepsilon 
(j - 1)
pr by combining (3.1) and (3.2),\bigm\| \bigm\| \bigm\| \varepsilon (j)pr

\bigm\| \bigm\| \bigm\| =\scrO \Bigl( \bigm\| \bigm\| \bigm\| Xi +\Delta tL  - X(j - 1)
\bigm\| \bigm\| \bigm\| p\Bigr) 

=\scrO 
\Bigl( \bigm\| \bigm\| \bigm\| PMr (Xi +\Delta tL ) - X(j - 1)

\bigm\| \bigm\| \bigm\| p\Bigr) 
=\scrO 

\Bigl( \bigm\| \bigm\| \bigm\| \varepsilon (j - 1)
pr

\bigm\| \bigm\| \bigm\| p\Bigr) .
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STABLE RANK-ADAPTIVE DORK SCHEMES A541

Above, we have used the fact that Xi +\Delta tL \in Mr. Hence, we have shown that the
iteration converges superlinearly at rate p, assuming a close enough starting point is
chosen such that the sequence converges.

Note that a perturbative retraction of order p - 1 may be used as \scrR (p) since it
asymptotically approximates the solution to (2.1) and thus asymptotically approxi-
mates PMr to the pth order.

If Xi +\Delta tL \not \in Mr, as a first remark, we can expect to see at least linear conver-
gence to the best low-rank approximation by iteratively applying smooth retractions,
that is, assuming the iteration converges at all. To see why, we consider a new func-
tion g,

g(X)\equiv \scrR X(Xi +\Delta tL  - X).

Then we may expand g(X(j - 1)) at PMr

\bigl( 
Xi +\Delta tL

\bigr) 
via Taylor series:

(3.3)

g(X(j - 1)) = g
\bigl( 
PMr

\bigl( 
Xi +\Delta tL

\bigr) \bigr) 
+
\Bigl\langle 
\varepsilon (j - 1)
pr , g\prime 

\bigl( 
PMr

\bigl( 
Xi +\Delta tL

\bigr) \bigr) \Bigr\rangle 
+\scrO 

\biggl( \bigm\| \bigm\| \bigm\| \varepsilon (j - 1)
pr

\bigm\| \bigm\| \bigm\| 2\biggr) .

This assumes our retractions vary smoothly, which is generally valid except perhaps at
singular value crossings (see [17]). We note that g(PMr

(Xi+\Delta tL )) =PMr
(Xi+\Delta tL ),

and the left-hand side of (3.3) is equal to X(j). Subtracting PMr (Xi +\Delta tL ) from

both sides gives us \varepsilon 
(j)
pr , and so we have\bigm\| \bigm\| \bigm\| \varepsilon (j)pr

\bigm\| \bigm\| \bigm\| =\scrO \Bigl( \bigm\| \bigm\| \bigm\| \varepsilon (j - 1)
pr

\bigm\| \bigm\| \bigm\| \Bigr) .
We have shown that if the iteration converges, it at least converges linearly.

To show that the iteration converges using the above, we would need to show that
\| g\prime (PMr

(Xi+\Delta tL ))\| < 1, but this is dependent upon the retraction chosen. However,
we can instead derive a sufficient condition for convergence. Starting from (3.2), again

without assumingXi+\Delta tL \in Mr, we have that
\bigm\| \bigm\| \bigm\| \varepsilon (j)pr

\bigm\| \bigm\| \bigm\| =\scrO \Bigl( \bigm\| \bigm\| Xi +\Delta tL  - X(j - 1)
\bigm\| \bigm\| p\Bigr) 

and thus \bigm\| \bigm\| \bigm\| \varepsilon (j)pr

\bigm\| \bigm\| \bigm\| \leq \alpha 
\bigm\| \bigm\| \bigm\| Xi +\Delta tL  - X(j - 1)

\bigm\| \bigm\| \bigm\| p
for some \alpha \in \BbbR . We can then break the error into different components, denoting the
orthogonal complement of the projection operator P\bot 

Mr
\equiv I  - PMr

:\bigm\| \bigm\| \bigm\| \varepsilon (j)pr

\bigm\| \bigm\| \bigm\| \leq \alpha 
\bigm\| \bigm\| \bigm\| PMr

\bigl( 
Xi +\Delta tL

\bigr) 
+P\bot 

Mr

\bigl( 
Xi +\Delta tL

\bigr) 
 - X(j - 1)

\bigm\| \bigm\| \bigm\| p
= \alpha 

\bigm\| \bigm\| \bigm\| P\bot 
Mr

\bigl( 
Xi +\Delta tL

\bigr) 
 - \varepsilon (j - 1)

pr

\bigm\| \bigm\| \bigm\| p
\leq \alpha 

\Bigl( \bigm\| \bigm\| \bigm\| \varepsilon (j - 1)
pr

\bigm\| \bigm\| \bigm\| + \bigm\| \bigm\| P\bot 
Mr

\bigl( 
Xi +\Delta tL

\bigr) \bigm\| \bigm\| \Bigr) p .
Recall that P\bot 

Mr

\bigl( 
Xi +\Delta tL

\bigr) 
is related to the normal closure error \varepsilon \scrN , the distance

between the best low-rank approximation and Xi +\Delta tL . We make the assumption
that this value is small; otherwise, the low-rank approximation would be inaccurate.
So, it is reasonable to insist that

\bigm\| \bigm\| P\bot 
Mr

\bigl( 
Xi +\Delta tL

\bigr) \bigm\| \bigm\| <
\left(  
\bigm\| \bigm\| \bigm\| \varepsilon (j - 1)

pr

\bigm\| \bigm\| \bigm\| 
\alpha 

\right)  
1
p

 - 
\bigm\| \bigm\| \bigm\| \varepsilon (j - 1)

pr

\bigm\| \bigm\| \bigm\| ,(3.4)
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A542 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

where \| \varepsilon (j - 1)
pr \| can also be made arbitrarily small by choosing a point sufficiently

close to PMr
(Xi +\Delta tL ). This can easily be accomplished, no matter the dynamics

L , by refining the time step \Delta t. Hence, if (3.4) is satisfied (e.g., \varepsilon \scrN decays fast

enough with \Delta t), our iteration converges since we then have shown \| \varepsilon (j)pr \| < \| \varepsilon (j - 1)
pr \| .

We interpret this sufficient condition by considering the singular values of the quan-
tities in (3.4). Specifically, \| \varepsilon (j - 1)

pr \| = \scrO (\sigma (j - 1)
1 ), where \sigma 

(j - 1)
1 denotes the largest

singular value of \varepsilon 
(j - 1)
pr , i.e., the dominant dynamics not yet captured in X(j - 1), and

\| P\bot 
Mr

\bigl( 
Xi +\Delta tL

\bigr) 
\| = \scrO (\sigma (i+1)

r+1 ), where \sigma 
(i+1)
r+1 is the largest singular value of the

projection of the dynamics over \Delta t in the orthogonal complement space (recall that

Xi is of rank r). As long as \sigma i+1
r+1 \ll \sigma 

(j - 1)
m , the iteration will converge; if not, the

total error will be dominated by the error in the normal space (see Figure 5). For an
in-depth analysis of the decay of this P\bot 

Mr

\bigl( 
Xi +\Delta tL

\bigr) 
, we refer the reader to [34].

In summary, high-order convergence is preserved if the initial point is close enough to
the fixed point, and that distance is less than the smallest singular value of the fixed
point. If the smallest singular value of the fixed point is negligible, e.g., of the order
of machine precision, the rank of the system should be truncated, which is discussed
in section 4.1.3.

3.3. Illustration. To demonstrate the efficacy of the gradient-descent and opti-
mal perturbative retractions, we study their convergence properties. We use the same
problem setup as in section 2.2, hence i= 0.

In Figure 3, the first three panels are analogous to those of Figures 1 and 2, where
X0 + \Delta tL \not \in Mr. By just using first-order retractions iteratively, we obtain high-
order convergence to the best low-rank approximation. Hence, the computational
cost for high-order retractions does not grow due to the larger expressions for higher-
order corrections. In addition, we observe that utilizing higher-order perturbative
retractions with multiple iterations accelerates convergence further. In the bottom
right panel, we swap out L for L

\prime 
such that X0 + \Delta tL

\prime 
= PMr

(X0 + \Delta tL ). In
this case, even with a relatively large \Delta t, we observe extremely rapid convergence
to the best low-rank approximation, which suggests (but does not rigorously show)
superlinear convergence.

4. Robust retractions with rank adaptation.

4.1. Derivation. So far, we have shown how to approximate the truncated SVD
via a perturbation series, yielding novel, effective retractions accurate up to arbitrary
order. We have also shown how to iterate on the low-rank manifold to perform arbi-
trarily high-order gradient descent on the low-rank manifold using these retractions.
In this section, we develop an algorithm to perform rank-adaptive integration, which
requires a retraction that is robust to small singular values.

To see why a robust retraction for rank-adaptive integration is needed, consider
the first step at time ti+1 after augmenting the rank of our system from rank ri
to ri+1. We denote the singular values of Xi as \sigma 

(j)
i , j = 1, . . . , ri, and those of

Xi+1 as \sigma 
(j)
i+1, j = 1, . . . , ri+1. By (1.6), for the best possible approximation X\ast 

i+1 =

PMri+1
(Xi +\Delta tL ), we then have by Weyl's inequality [62]

\sigma 
(j)
i+1 \leq \sigma 

(j)
i +\scrO (\Delta t) .

This, of course, assumes that \| L \| = \scrO (1). The implications are that for ri < j \leq 
ri+1, as \sigma 

(j)
i = 0, we have \sigma 

(j)
i+1 \sim \Delta t, and so Xi+1 will be ill-conditioned assuming

\| Xi+1\| =\scrO (1). As such, we must avoid inverting ZT
i Zi in our retractions.
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STABLE RANK-ADAPTIVE DORK SCHEMES A543

(a) (b)

(c) (d)

Fig. 3. (a) Convergence of the gradient-descent iterations with various \Delta t using a first-order
perturbative retraction (2.6a). Using more iterations provides more accurate approximations. (b)
Convergence using 3 steps of gradient descent with different retractions; high-order (and adaptive-
order [12]) retractions lead to faster convergence. (c) Projection-retraction error vs. iteration number
using different retractions with \Delta t= 0.01. Again, the higher-order retractions converge the fastest.

(d) Projection-retraction error vs. iteration number with \Delta t= 0.25, but here we insist X0 +\Delta tL
\prime \in 

Mr. All retractions converge to the best approximation to machine precision in two iterations.

4.1.1. Robust retractions. Here, we develop two methods to robustify our
high-order retractions. The most straightforward approach is as follows: Instead of
inverting ZT

i Zi, we simply use the Moore--Penrose pseudoinverse. When ZT
i Zi is rank-

deficient, the linear systems (2.6a)--(2.6d) do not admit unique solutions for \{ \.Uj\} j .
As such, we may regularize the system and still satisfy the equations. So that the
perturbation series converges, it is natural to find least-squares solutions, which is
precisely what the pseudoinverse does. The pseudoinverse of any given matrix A may
be calculated by taking the truncated SVD (or eigendecomposition), USV T , and then
inverting singular values with magnitude greater than some threshold. Since we always
invert a Hermitian matrix, a more numerically accurate algorithm takes the truncated
SVD of A and then the QR decomposition of

\surd 
SUT ; the transpose of the resulting

upper triangular matrix R gives a Cholesky decomposition of A = RTR. To solve
a rank-r linear system, we can then simply use forward and backward substitution.
Otherwise, in the rank-deficient case, a linear least-squares problem is solved.

The advantages of this pseudoinverse approach are that it can be used with our
high-order perturbative retractions as well as incorporated into our gradient-descent
retractions, and it preserves mode continuity, which is desirable for uncertainty quan-
tification [46, 47]. The pseudoinversion, however, induces an additional source of error
accumulation. When the singular values of Xi are small but nonzero, truncating the
singular values of the correlation matrix is inherently another approximation, and the
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A544 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

truncation threshold we choose generates a lower bound on the minimum error that a
low-rank integration scheme can attain. This effect is depicted in section 6, Figure 6.

To avoid the error accumulation due to the pseudoinverse, we introduce an al-
ternative robustification technique by building off of our first-order retraction (2.6a)
before reorthonormalization:

Ui+1 =Ui +\Delta tP\bot 
Ui

LZi

\bigl( 
ZT
i Zi

\bigr)  - 1
,(4.1)

Zoptimal
i+1 =ZiU

T
i Ui+1 +\Delta tL

T
Ui+1.(4.2)

Importantly, we only care about the column space of Ui+1 rather than its individual
columns because Zi+1 will optimally adapt to any rotation to Ui+1. So, we right-
multiply our update equation for U by ZT

i Zi to obtain the equation

Ui+1

\bigl( 
ZT
i Zi

\bigr) 
=Ui

\bigl( 
ZT
i Zi

\bigr) 
+\Delta tP\bot 

Ui
LZi.(4.3)

To reiterate, the left-hand sides of (4.1) and (4.3) span the same space. So, our robust
first-order retraction is obtained by just orthonormalizing (4.3) and then computing
Zi+1 according to (4.2):

U robust
i+1 = orth

\bigl( 
Ui

\bigl( 
ZT
i Zi

\bigr) 
+\Delta tP\bot 

Ui
LZi

\bigr) 
.(4.4)

The orthonormalization may be done by a QR decomposition, SVD, or other algorithm
of choice such as the reorthonormalization procedure in [47].

Now we have a robust, first-order perturbative retraction. It would be nice to ob-
tain robust higher-order corrections for (2.6b), (2.6c), and (2.6d). However, the above
methodology does not extend to these higher-order corrections. This is because we
need to sum the corrections in (2.5), which is not invariant to individual rotations
of \.Uj . Fortunately, we can utilize our gradient-descent iterations (Algorithm 3.1)
with the robust first-order retraction (equations (4.2) and (4.4)) that utilizes a re-
orthonormalization step in each inner gradient-descent iteration to obtain arbitrarily
high-order retractions robust to overapproximation, provided Xi + \Delta tL \in Mr or
P\bot 

Mr
(Xi + \Delta tL ) decays sufficiently quickly (see section 3.2). Note, however, that

high-order convergence of the projection-retraction error is not guaranteed, and a
counterexample when the normal closure error \varepsilon \scrN dominates is provided in Figure 5.

The robust retraction defined by (4.2) and (4.4) avoids the error accumulation
from the pseudoinverse. But we pay for it by sacrificing mode continuity. In (4.4),
we are integrating the span of U rather than individual modes, and so we do not
keep track of how each mode evolves. In summary, there is a tradeoff, and the user
can decide what is important for a particular problem. The pseudoinverse results
in additional error accumulation but preserves mode continuity. The new robust
retraction with gradient descent does not accumulate extra error, but it loses mode
continuity. Both techniques preserve high-order convergence when the system is well-
conditioned. However, to preserve high-order convergence when the system is ill-
conditioned, time steps must be sufficiently small such that the distance from our
initial point Xi and the fixed point PMr

(Xi + \Delta tL ) is smaller than the smallest
singular value of Xi [34]. Geometrically, the low-rank manifold curvature tends to
infinity, and these high-order corrections cannot capture areas of the manifold that
are not smooth unless sufficiently small steps are taken.

4.1.2. Rank augmentation. As mentioned in section 1, different algorithms
and criteria have been developed to determine when to augment the rank of our
system [17, 20, 46, 63]. Our approach, depicted in Figure 4, is to measure the angle
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STABLE RANK-ADAPTIVE DORK SCHEMES A545

Fig. 4. Depicted above is a point X on the low-rank manifold Mr. From that point, the dy-
namics dictate we travel in direction L ; this direction is not known a priori and changes within
time-integration steps, which our DORK schemes take into account. To stay on the manifold, the
dynamics (to first order) must be projected onto the tangent space. The angle \theta between L and
P\scrT XMrL is used as our metric to determine when to increase the rank of the solution.

between the full-rank direction L and its projection onto the tangent space. This
provides a nondimensional parameter related to how fast the dynamics departs from
the low-rank manifold. If the angle is larger than some threshold \theta \ast , we increment
the rank by a prespecified value rinc up to a maximum rank of rmax. To reduce rapid
variations in the rank as a function of time, one can alter the rank of the solution
only if it had not been altered in recent time steps. Simple dynamical systems can be
used to do this using a memory and forgetting rate; see, e.g., [37, 39, 54].

The next question becomes, how do we actually augment the rank of the system?
First, we artificially augment Xi =UiZ

T
i as follows:

Xi =
\bigl[ 
Ui Q

\bigr] \biggl[ ZT
i

0

\biggr] 
\equiv \^Ui

\^ZT
i .(4.5)

Above, Q is chosen to be semiorthonormal with columns that are orthogonal to the
columns of Ui. Then we may simply apply our retractions using \^Ui and \^Zi. However,
we note that if we apply our update to Ui+1 first, we will not update the subspace
spanned by Q in \^U due to the zeros in \^Z. As such, we recommend first updating \^Z
via a simplified form of (4.2) below:

\^Zi\leftarrow \^Zi +\Delta tL
T \^Ui.(4.6)

To compensate for the change in \^Zi, we must calculate L
\prime 
such that UiZ

T
i +\Delta tL =

\^Ui
\^ZT
i +\Delta tL

\prime 
. Finally, we apply a retraction of our choice starting from point \^Ui

\^ZT
i

in direction L
\prime 
to update the span of \^U (in addition to updating \^Z again).

The ambiguity here is how to choose Q, i.e., how to augment our subspace U .
In [46], Lin considers taking the first few left singular vectors of the residual of L ,
defined as (I - P\scrT XMr )L , with the largest singular values [46]. This approach, while
principled, can be expensive as it can require computing the SVD of (I  - P\scrT XMr

)L
at each step. A computationally efficient implementation of the approach taken in
[46] is to use the randomized SVD. Assuming L is low-rank, obtaining the first few
singular vectors of (I  - P\scrT XMr )L is computationally cheap and provably accurate
(see [27]). The randomized SVD inherently introduces stochastic variability into the
rank augmentation algorithm, which is analyzed in [28]. Here, the randomized SVD
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Algorithm 4.1. Angular rank-adaptive retraction with randomized SVD.

Input: Xi \in Mri , L \in \BbbR m\times n, \Delta t\in \BbbR , \theta \ast \in [0, \pi /2], \sigma \ast \in [0,1], rinc \in \BbbZ +, rmax \in \BbbZ +

Output: Xi+1 \in Mri+1

1: ri = rank(Xi)

2: \.Ui =P\bot 
Ui

LZi(Z
T
i Zi)

 - 1, \.Zi =L
T
Ui

3: P\scrT XMr
L =Ui

\.Zi + \.UiZ
T
i

4: \theta = cos - 1
\Bigl( 

\| P\scrT XMrL \| 
\| L \| 

\Bigr) 
5: if ((\theta \ast = 0) or (\theta > \theta \ast )) and (ri < rmax) then
6: rinc =min(ri, rinc, rmax  - ri)

7: Q= randSVD
\bigl( 
P\bot 

Ui
L
\bigr) 
via [27, alg. 4.4]

8: \^Ui =
\bigl[ 
Ui Q

\bigr] 
, Zi =

\bigl[ 
Zi zeros (n, rinc)

\bigr] 
9: \^Zi\leftarrow \^Zi +\Delta tL

T \^Ui

10: L \leftarrow L  - ( \^Ui
\^ZT
i  - UiZ

T
i )/\Delta t

11: end if

12: Xi+1 =\scrR Xi
(\Delta tL  - (Xi+1  - Xi))

13: V,\Lambda = eig
\bigl( 
ZT
i Zi

\bigr) 
with eigenvalues (and associated eigenvectors) sorted in

ascending order

14: cutoff= last index j where (
\sum j

i=1\Lambda (i)/
\sum 

i\Lambda (i))
1/2 <\sigma \ast 

15: V \leftarrow V (:, cutoff+ 1 : end)
16: Ui+1\leftarrow Ui+1V, Zi+1\leftarrow Zi+1V

is only used to choose the basis with which we augment the subspace, so it does not
immediately induce a new error in integrating the dynamical system along the low-
rank manifold. However, the stochastic variability may result in a slightly suboptimal
choice of the basis Q. See Algorithm 4.1 for an implementation. We note that any
retraction robust to overapproximation may be used in Algorithm 4.1, e.g., the robust
perturbative retraction with automatic gradient descent, and it should ensure that
Ui+1 is orthonormalized.

4.1.3. Rank reduction. To reduce the rank of a point after integration, the
process is straightforward [40, 16]. Because Ui+1 is orthonormal, the singular values
of Xi+1 are defined by the eigenvalues of ZT

i+1Zi+1. As such, the impact of truncating
the rank of Xi+1 measured by the Frobenius norm is equal to the sum of the eigen-
values that we omit. Hence, we drop the smallest eigenvalues and their associated
eigenvectors so long as the truncation results in a change in Frobenius norm less than
a predetermined value \sigma \ast . To remove the respective singular vectors from Xi, we
project Ui+1 and Zi+1 onto a truncated set of eigenvectors of ZT

i+1Zi+1. We refer the
reader to Algorithm 4.1 for details.

4.2. Illustration. To illustrate our robust retraction with gradient descent and
rank augmentation, we consider the problem of rank discovery. Suppose we have a
low-rank approximation X to X, where X \in \BbbR 500\times 220 has rank 20, and X=X+\Delta tL
has rank 125, where X and L have Frobenius norm one, and \Delta t= 0.1. The matrices
X and L are initialized randomly as in section 2.2.

Our goal is to recover the full-rank X efficiently using our retractions. We combine
our rank-adaptive retraction (Algorithm 4.1) and our automatic gradient-descent re-
traction (Algorithm 3.2) to create an iterative scheme that keeps increasing the rank
of X until the normalized local retraction error \varepsilon l has norm below a specified thresh-
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STABLE RANK-ADAPTIVE DORK SCHEMES A547

Algorithm 4.2. Automatic, adaptive retraction for rank discovery and compression.

Input: Xi \in Mri , L =ULZ
T
L \in \BbbR m\times n, \Delta t\in \BbbR , N \in \BbbZ +, \Delta \ast \in \BbbR , rinc \in \BbbZ +,

rmax \in \BbbZ +, \varepsilon \ast l \in \BbbR , Nmax \in \BbbZ +

Output: Xi+1 \in Mri+1

1: Xi+1 =Xi

2: while \| Xi +\Delta tL  - Xi+1\| /\| Xi\| > \varepsilon \ast l do

3: Xi+1 = rankAdaptiveRetraction(Xi+1,L  - (Xi+1  - Xi)/\Delta t=
ULZ

T
L ,\Delta t, \theta \ast = 0, \sigma \ast = \varepsilon \ast l , rinc, rmax,Nmax) using automatic gradient-descent

retraction internally with \Delta \ast = \varepsilon \ast l
4: end while

(b)(a)

Fig. 5. Rank discovery using Algorithm 4.2 with \varepsilon \ast l = 10 - 6. (a) Local retraction error,
projection-retraction error, and normal closure error (see Table 2). During the internal iterations
of the gradient-descent retraction, the projection-retraction decreases. Then, when the rank is in-
creased, the projection-retraction error increases since we are now measuring the error between our
current approximation and a new, higher-rank matrix. The normal closure error remains constant
during the inner gradient-descent iterations since it is not a function of the retractions. Of course,
it monotonically decreases as we increase the rank. The local retraction error remains almost con-
stant during the inner iterations of gradient descent since it includes \varepsilon \scrN , which dominates the total
error. (b) Rank of each iteration as a result of augmentation as well as truncation. Note that the
truncation only takes effect once we exceed the true rank of the solution at the last iteration.

old, \varepsilon \ast l . We specify the details of the implementation in Algorithm 4.2, where we
set the incremental rank increase to 25, the max rank to 200, \varepsilon \ast l = 10 - 6, and the
maximum number of iterations in gradient descent Nmax = 16.

Figure 5 shows different errors from Table 2 as a function of iteration number as
well as how the rank changes. When we underestimate the rank of the solution in the
first few outer steps of the algorithm, the local retraction error and the normal closure
error stay relatively large during the inner gradient-descent steps since they include
error in the normal space. We see the projection-retraction error decrease, albeit quite
slowly, when we underapproximate the rank. This is in contrast to what we observed
in section 3, where we rapidly converged to the best low-rank approximation. The
difference here is that we are starting without a good initial guess for the subspace
spanned by U after augmenting the rank. Essentially, we are trying to search a high-
dimensional vector space via perturbations, so convergence is slow. What's more, in
optimizing the span of U , there exist local minima for the left singular vectors of X
with associated singular values that are not the largest in magnitude. For example if
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A548 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

we set U to the left singular vectors with the smallest singular values, we would still
reach a stationary point where P\scrT XMrL = 0. The saving grace of this algorithm,
though, is that when we hit or exceed the rank of the full-rank solution, all of the
errors plummet due to the quadratic convergence of the projection-retraction error
and the fact that \varepsilon \scrN = 0.

5. Novel DORK schemes. In this section, we build off our optimal perturba-
tive and gradient-descent retractions to develop two new low-rank integration schemes
based on the dynamically orthogonal Runge--Kutta (DORK) schemes [12]. These
schemes integrate along the low-rank manifold, updating the subspace upon which we
project the system's dynamics in stages during the time step. To do so, instead of
taking L to be a constant \scrO (1) term, we expand it as a perturbation series itself:

\Delta tL \equiv 
\infty \sum 
j=1

\Delta tj\scrL j .(5.1)

We denote the partial sum L
(k)

=
\sum k

j=1\Delta tj\scrL j , which is a kth-order integration

scheme, and each \scrL j is a jth-order correction to L
(j - 1)

such that L
(j)

increases an
order of accuracy. To construct integration schemes as a perturbation series, we refer
the reader to [12].

5.1. so-DORK schemes. First, we derive the stable, optimal dynamically or-
thogonal Runge--Kutta (so-DORK) schemes. The process is straightforward: we sub-
stitute (2.5) and (5.1) into (2.4) and solve for the first- through fourth-order correc-
tions:

\.U1 =P\bot 
Ui
\scrL 1Zi(Z

T
i Zi)

 - 1,(5.2a)

\.U2 =
\Bigl[ 
P\bot 

Ui

\Bigl( 
\scrL 1\scrL 

T

1 Ui +\scrL 2Zi

\Bigr) 
 - \.U1

\Bigl( 
UT
i \scrL 1Zi +ZT

i \scrL 
T

1 Ui

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1(5.2b)

\.U3 =

\biggl[ 
P\bot 

Ui

\Bigl( 
\scrL 1\scrL 

T

1
\.U1 +

\Bigl( 
\scrL 1\scrL 

T

2 +\scrL 2\scrL 
T

1

\Bigr) 
Ui +\scrL 3Zi

\Bigr) (5.2c)

 - \.U2

\Bigl( 
UT
i \scrL 1Zi +ZT

i \scrL 
T

1 Ui

\Bigr) 
 - \.U1

\Bigl( 
UT
i \scrL 2Zi +ZT

i \scrL 
T

2 Ui

+UT
i \scrL 1\scrL 

T

1 Ui + \.UT
1 \scrL 1Zi +ZT

i \scrL 
T

1
\.U1  - \.UT

1
\.U1Z

T
i Zi

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1,

\.U4 =

\biggl[ 
P\bot 

Ui

\Bigl( 
\scrL 1L

T

1
\.U2 +

\Bigl( 
\scrL 1L

T

2 +\scrL 2\scrL 
T

1

\Bigr) 
\.U1 +

\Bigl( 
\scrL 1L

T

3 +\scrL 3\scrL 
T

1 +\scrL 2\scrL 
T

2

\Bigr) 
Ui

(5.2d)

+\scrL 4Zi

\bigr) 
 - \.U3

\Bigl( 
UT
i \scrL 1Zi +ZT

i \scrL 
T

1 Ui

\Bigr) 
 - \.U2

\Bigl( 
UT
i \scrL 2Zi +ZT

i \scrL 
T

2 Ui

+UT
i \scrL 1\scrL 

T

1 Ui + \.UT
1 \scrL 1Zi +ZT

i \scrL 
T

1
\.U1  - \.UT

1
\.U1Z

T
i Zi

\Bigr) 
 - \.U1

\bigl( 
UT
i \scrL 3Zi

+ZT
i \scrL 

T

3 Ui +UT
i

\Bigl( 
\scrL 2\scrL 

T

1 +\scrL 1\scrL 
T

2

\Bigr) 
Ui + \.UT

1 \scrL 2Zi +ZT
i \scrL 

T

2
\.U1

+ UT
i \scrL 1\scrL 

T

1
\.U1 + \.U1\scrL 1\scrL 

T

1 Ui + \.UT
2 \scrL 1Zi +ZT

i \scrL 
T

1
\.U2  - \.UT

1
\.U2Z

T
i Zi

 - \.UT
2

\.U1Z
T
i Zi  - \.UT

1
\.U1U

T
i \scrL 1Zi  - \.UT

1
\.U1Z

T
i \scrL 

T

1 Ui

\Bigr) \Bigr] 
(ZT

i Zi)
 - 1.

We first remark that the additional high-order \scrL j are not in (2.6a)--(2.6d) as they
then remain within L . Second, the update equation for the coefficients Zi+1 is (4.2)
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STABLE RANK-ADAPTIVE DORK SCHEMES A549

Algorithm 5.1. gd-DORK schemes.

Input: Xi \in Mr, \{ L
(j) \in \BbbR m\times n\} kj=1, \Delta t\in \BbbR 

Output: Xi+1 \in Mr

1: Xi+1 =Xi

2: for j = 1 : k do

3: Xi+1\leftarrow \scrR Xi+1
(\Delta tL

(j)  - (Xi+1  - Xi))
4: end for

or (2.2), which leads to stability properties. The following lemma follows directly
from Lemma 2.1.

Lemma 5.1. Starting from Xi, let Xi+1 be the result of integrating \Delta tL with an
so-DORK scheme given by (5.2a)--(5.2d) and (2.2). Then \| Xi+1\| \leq \| Xi +\Delta tL \| .

Proof. Let Xi+1 =Ui+1Z
T
i+1. By construction, Ui+1 \in \scrV m,r, so \| Xi+1\| = \| Zi+1\| .

By (2.2), \| Zi+1\| = \| (Xi +\Delta tL )TUi+1\| \leq \| Xi +\Delta tL \| .
This implies that if the Runge--Kutta integration scheme of L (X, t;\omega ) is stable,

its so-DORK counterpart will also be stable, making so-DORK special. Note that
full-rank stability integrating L (X, t;\omega ) does not guarantee low-rank stability due
to the dynamical model closure error \varepsilon D and normal closure error \varepsilon \scrN (see Table 2).
However, in practice, these errors are small if the DLRA is expected to perform well;
as a result, they tend not to affect stability.

5.2. gd-DORK schemes. Now, we utilize our gradient-descent retractions from
section 3 and develop gradient-descent dynamically orthogonal Runge--Kutta (gd-
DORK) schemes. This family of integration schemes also updates the subspace as
we integrate, but instead of approximating the high-order curvature of the low-rank
manifold from one fixed starting point, the manifold is locally approximated at points
along our trajectory. A kth-order integration scheme is given in Algorithm 5.1; note
that we incorporate perturbations to L as we integrate. For computational efficiency,
we typically use a first-order retraction in each substep, though any order retraction
may be used. Furthermore, an automatic variant may also be derived from Algo-
rithm 3.2. Finally, we recall that even for gd-DORK, Xi+1 is not formed; instead,
Ui+1 and ZT

i+1 are updated during the gradient descent inner iterations, as explained
at the end of section 3.1.

Lemma 5.2. Given a close enough starting point and \| Xi\| \sim \| L
(j)\| for all j,

gd-DORK schemes are consistent, kth-order accurate integration schemes.

Proof. We will show that, starting from a point Xi \in Mr, Algorithm 5.1 asymp-

totically approximates PMr
(Xi+\Delta tL

(k)
). We will proceed inductively, starting with

one initial retraction.
Let X(1) = \scrR (p)

Xi

\Bigl( 
\Delta tL

(1)
\Bigr) 
, where \scrR (p) is a retraction that asymptotically ap-

proximates PMr to the pth order, and p\geq 2. Assuming that \| Xi\| \sim \| L
(j)\| for all j,

we have

X(1) =PMr

\Bigl( 
Xi +\Delta tL

(1)
\Bigr) 
+\scrO (\Delta tp).

On iteration j, we will assume that we have X(j - 1) =PMr (Xi+\Delta tL
(j - 1)

)+\scrO (\Delta tq),
where q \geq j. Certainly for j = 2, this is true. We will analyze the error of an-
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A550 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

other step of gradient descent of section 3, using (3.1), (3.2), and the assumption
about X(j - 1):

X(j) =\scrR (p)

X(j - 1)

\Bigl( 
\Delta tL

(j)
+ (Xi  - X(j - 1))

\Bigr) 
=PMr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 
+\scrO 

\Bigl( \bigm\| \bigm\| \bigm\| \Delta tL
(j)

+ (Xi  - X(j - 1))
\bigm\| \bigm\| \bigm\| p\Bigr) 

=PMr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 

+\scrO 
\Bigl( \bigm\| \bigm\| \bigm\| \Delta tL

(j)
+Xi  - PMr

(Xi +\Delta tL
(j - 1)

) +\scrO (\Delta tq)
\bigm\| \bigm\| \bigm\| p\Bigr) .(5.3)

Next, we decompose the full-rank point we are approximating, Xi + \Delta tL
(j)

,

into two components, and we then use the fact that L
(j)

is an \scrO (\Delta tj) correction to

L
(j - 1)

:

Xi +\Delta tL
(j)

=PMr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 
+P\bot 

Mr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 

=PMr

\Bigl( 
Xi +\Delta tL

(j - 1)
\Bigr) 
+\scrO 

\bigl( 
\Delta tj

\bigr) 
+P\bot 

Mr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 
.(5.4)

We now substitute (5.4) into (5.3):

X(j) =PMr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) 
+\scrO 

\Bigl( \bigm\| \bigm\| \bigm\| \scrO \bigl( \Delta tj ,\Delta tq
\bigr) 
+P\bot 

Mr

\Bigl( 
Xi +\Delta tL

(j)
\Bigr) \bigm\| \bigm\| \bigm\| p\Bigr) .(5.5)

Letting \varepsilon 
(j)
pr denote the projection-retraction error at iteration j and recalling that

q \geq j, if Xi + \Delta tL
(j) \in Mr, we have that \| \varepsilon (j)pr \| \sim \Delta tjp. Otherwise, we refer the

reader to the proof in [34] that shows that the orthogonal error decays, provided we

start from a point with a distance to the fixed point PMr
(Xi + \Delta tL

(j)
) less than

the smallest singular value of the fixed point. Hence by induction, we have shown
that the gd-DORK scheme is consistent and preserves the order of convergence of the
full-rank integration scheme.

Analogously to the gradient-descent retractions, if we use stable, optimal retrac-
tions as our inner retraction, the resulting gd-DORK scheme will be stable, following
directly from Lemma 3.1.

Lemma 5.3. Starting from Xi, let Xi+1 be the result of integrating \Delta tL with a
gd-DORK scheme given by Algorithm 5.1 using an optimal retraction \scrR opt given by
(2.6a)--(2.6d) and (2.2) as the final inner retraction. Then \| Xi+1\| \leq \| Xi +\Delta tL \| .

Proof. Assume we perform k inner iterations of gradient descent. From the last
iteration of the gradient-descent retraction, we have that\bigm\| \bigm\| \bigm\| X(k)

i+1

\bigm\| \bigm\| \bigm\| = \bigm\| \bigm\| \bigm\| \bigm\| \scrR opt

X
(k - 1)
i+1

\Bigl( 
Xi +\Delta tL

(k)  - X
(k - 1)
i+1

\Bigr) \bigm\| \bigm\| \bigm\| \bigm\| 
\leq \| X(k - 1)

i+1 +Xi +\Delta tL
(k)  - X

(k)
i+1\| 

= \| Xi +\Delta tL
(k - 1)\| .

The inequality above follows from Lemma 2.1, and recall that L = L
(k)

for a kth-
order accurate integration scheme.

As a final remark, we note a key difference between so-DORK and gd-DORK
that affects the algorithmic implementation and is linked to (5.1). The so-DORK
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STABLE RANK-ADAPTIVE DORK SCHEMES A551

schemes operate on updates \scrL j to the differential operator L
(j - 1)

, while gd-DORK

schemes operate on the jth-order integrator L
(j)

itself. As such, unless updates

to L
(j)

can be computed along the way (as in Heun's method), the most accurate

L
(j)

available at each gradient-descent step should be used. That is, for higher-order
Runge--Kutta methods where points and functions must be evaluated outside of the
integration path, it is more accurate to precompute a high-order approximation to L
rather than increment the integration order one by one, as in Algorithm 5.1.

6. Numerical experiments.

6.1. Matrix differential equation. First, we compare the efficacy of our new
DORK schemes to other integration schemes in the literature on a system of linear
oscillators. As in [12, sect. 7.2], we solve for a rank-16 approximation of a 26 \times 26
system governed by \"X =  - \Omega 2X with initial conditions X(0) = X0, \.X(0) = \.X0). We
select \Omega = diag(\omega 1, \omega 1, \omega 2, \omega 2, . . . , \omega 13, \omega 13) with each \omega i independently chosen from a
standard normal distribution. We construct a matrix R(t) \in \BbbR 26\times 26 as a tridiagonal
filled with 2\times 2 block rotation matrices R1, . . . ,R13 such that

Ri(t) =

\biggl[ 
cos(\omega it)  - sin(\omega it)
sin(\omega it) cos(\omega it)

\biggr] 
,

and then R(t) = diag(R1, . . . ,R13). In contrast to the example in [12], S \in \BbbR 26\times 26 is a
diagonal matrix with nonincreasing entries such that the singular values of the system
are Sii = 100 + 10zi for 1 \leq i \leq 14 and Sii = 10 - 5(1+(i - 14)/12) for 15 \leq i \leq 26, where
zi are realizations of independent, standard normal random variables. By construc-
tion, our system is ill-conditioned with two small singular values out of the sixteen
that are not truncated; the condition number of the rank-16 truncated version of
STS in the Frobenius norm is approximately 3.00 \cdot 1015. We construct a new matrix
Q \in \BbbR 26\times 26 by orthonormalizing a matrix with independent samples from a uniform
distribution. It is simple to verify that the exact solution is given by X(t) =R(t)QS
with X0 =R(0)QS and \.X0 = \.R(0)QS. To apply our DORK schemes, we integrate an
augmented state

\bigl[ 
X \.X

\bigr] 
.

Figure 6 shows the error measured in the Frobenius norm, normalized by the
norm of the initial conditions. Compared to the original DORK schemes, so-DORK
and gd-DORK are more accurate; they reduce the rate at which error is accumulated,
and they preserve high-order convergence that is eliminated by the ill-conditioned
matrix inversion in the original DORK schemes. We note, however, that so-DORK
does not converge all the way to the best approximation. This is due to error accumu-
lated by the pseudoinverse. In selecting the threshold at which we truncate singular
values before inverting our correlation matrix, we must balance the error incurred by
inverting a singular matrix and the error incurred by approximating our correlation
matrix. The gd-DORK scheme avoids this by using the robust scheme (4.4), (4.2) in
each gradient descent step. This entirely avoids matrix inversion at the cost of losing
mode continuity.

In addition, we compare the error accumulated by the three DORK schemes to
state-of-the-art numerical schemes. Namely, we implemented the projected Runge--
Kutta (PRK) schemes [32] and the symmetrized projector-splitting integrator [49]. All
integration schemes are of second-order accuracy, and results are displayed in Table 3.
Overall, we see that all of the DORK schemes improve the projector-splitting and
projected Runge--Kutta methods as they update the subspace onto which we project
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A552 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

(a) (b)

Fig. 6. Matrix differential equation. (a) Error accumulation vs. time for twelve numerical
integration schemes for t \in [0,10] and \Delta t = 0.1. As a threshold for truncating singular values for
pseudoinversion, we use 10 - 9\| X(t)\| . The so-DORK and gd-DORK methods outperform classic
DORK, especially at high order. (b) Convergence of the error at t = 10 for multiple values of \Delta t.
The so-DORK and gd-DORK schemes preserve high-order convergence even when the system is
ill-conditioned.

Table 3
Matrix differential equation. Frobenius norms of the final errors after integrating for t\in [0,10]

with the projected Runge--Kutta (PRK), projector-splitting, DORK, so-DORK, and gd-DORK
second-order integrators, for three values of the number of time steps, Nt. DORK schemes are
more accurate by incorporating dynamic subspace updates as we integrate, and so-DORK and gd-
DORK are most accurate.

Nt PRK Proj.-Split. DORK so-DORK gd-DORK

50 2.11 \cdot 10 - 2 2.11 \cdot 10 - 2 2.06 \cdot 10 - 2 1.86 \cdot 10 - 2 1.80 \cdot 10 - 2

134 2.86 \cdot 10 - 3 2.86 \cdot 10 - 3 2.80 \cdot 10 - 3 2.63 \cdot 10 - 3 2.43 \cdot 10 - 3

968 5.40 \cdot 10 - 5 5.40 \cdot 10 - 5 5.20 \cdot 10 - 5 4.99 \cdot 10 - 5 4.62 \cdot 10 - 5

the system dynamics between time steps. Furthermore, the so-DORK and gd-DORK
methods outperform classic DORK.

6.2. Advection-diffusion partial differential equation. As our next exam-
ple, we solve the 2D linear advection-diffusion PDE,

\partial u

\partial t
+ c \cdot \nabla u= \nu \nabla 2u.(6.1)

We impose periodic boundary conditions on a [0,1]2 domain. This domain is dis-
cretized in space by 256 points in each dimension using a second-order central finite
difference scheme. For time t \in [0,5], to emphasize curvature-related errors, we em-
ploy \Delta t = 10 - 3 with a variety of time-integration schemes. For our velocity field c,
we consider potential flow with some background horizontal velocity superposed with
a Rankine vortex:

cx =
4

3
+

\Biggl\{ 
 - \Gamma yo

R2 ,
\sqrt{} 
x2
o + y2o <R,

 - \Gamma yo

x2
o+y2

o
,
\sqrt{} 
x2
o + y2o \geq R,

cy =

\Biggl\{ 
\Gamma xo

R2 ,
\sqrt{} 

x2
o + y2o <R,

\Gamma xo

x2
o+y2

o
,
\sqrt{} 
x2
o + y2o \geq R.

We choose \Gamma = 8R/3, R = 1/16, and offset variables xo = x - 0.5, yo = y  - 0.5. Our
initial conditions are haphazardly placed Gaussians,

u(x, y, t= 0) =

7\sum 
i=1

ai exp

\Biggl( 
 - (x - \mu 

(x)
i )2 + (y - \mu 

(y)
i )2

2\sigma 2
i

\Biggr) 
,(6.2)
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 7. Advection-diffusion PDE. (a) Initial conditions (6.2). (b)--(d) Full-rank solution at
t = 0.3, 0.6, and 3.0, respectively. (e) Rank as a function of time: fixed rank-5 (red) and rank
of the full-order simulation thresholded at \sigma \ast = 2 \cdot 10 - 3 (black). (f)--(h): Rank-5 solution at the
aforementioned three times. (i) As (e), but for the adaptive rank as a function of time with \theta \ast = 0.1,
same \sigma \ast = 2 \cdot 10 - 3, r\mathrm{i}\mathrm{n}\mathrm{c} = 1, and r\mathrm{m}\mathrm{a}\mathrm{x} = 20 (red). (j)--(l) Corresponding rank-adaptive solution at
the same three times. The rank-adaptive solution captures the full-rank features while eliminating
redundant degrees of freedom.

where

a=
\bigl[ 
1, 1, 1, 2, 1, 1, 1

\bigr] T
,

\mu (x) =
\bigl[ 
0.5, 0.3, 0.354, 0.4, 0.15, 0.65, 0.35

\bigr] T
,

\mu (y) =
\bigl[ 
0.5, 0.5, 0.5, 0.35, 0.65, 0.25, 0.65

\bigr] T
,

\sigma 2 =
\bigl[ 
200, 500, 400, 400, 400, 450, 450

\bigr] T
.

To efficiently evolve the system, we truncate the rank of cx and cy to a rank-4 ap-
proximation, which is the threshold where singular values are less than 10 - 1 times
the largest singular value, and we use these approximate velocity fields for both the
full-rank and low-rank simulations so that we may directly compare the integration
error between numerical schemes. In Figure 7, we show full-rank and low-rank solu-
tions computed with Heun's method and the second-order so-DORK scheme, respec-
tively. We fix the rank to r = 5 to contrast with our rank-adaptive solution which
dynamically adjusts the rank to capture feature solutions on the fly. Clearly, the
rank-adaptive solution is preferable to the underresolved rank-5 solution. The rank
initially increases to accommodate for the advected field hitting the vortex, but then
the rank decreases as diffusion dominates the system. The adaptive-rank algorithm,
Algorithm 4.1, tracks the rank of the full-order solution quite well. Adjusting \sigma \ast and
\theta \ast could yield an even closer match at increased computational cost.
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A554 AARON CHAROUS AND PIERRE F. J. LERMUSIAUX

Table 4
Normalized, time-averaged errors from integrating (6.1) with second-order accurate low-rank

schemes in space and time. At rank-5, the DORK and so-DORK are most accurate possibly due to
their high-order approximation of the low-rank manifold curvature. At rank-15, the system is ill-
conditioned, so the classic DORK scheme does not converge. The so-DORK scheme incurs slightly
more error due to the pseudoinversion, and the gd-DORK scheme is most accurate.

r PRK Proj.-Split. DORK so-DORK gd-DORK

5 2.20 \cdot 10 - 1 2.13 \cdot 10 - 1 2.07 \cdot 10 - 1 2.09 \cdot 10 - 1 2.14 \cdot 10 - 1

15 7.68 \cdot 10 - 3 7.61 \cdot 10 - 3 DNC 1.04 \cdot 10 - 2 7.53 \cdot 10 - 3

We also integrate the system with the same integrators from the literature as
in section 6.1. The mean error (as measured by the deviation from the full-rank
numerical solution) divided by the norm of the initial conditions is enumerated in
Table 4 at different ranks. At lower ranks, the DORK and so-DORK schemes perform
the best, possibly because they directly incorporate the high-order curvature of the
low-rank manifold, and the system is not ill-conditioned, meaning the perturbation
series converge quickly. At higher ranks, the classic DORK scheme does not converge
due to the singular correlation matrix. This is where the gd-DORK scheme excels
since in each substep, it only projects onto the tangent space of the low-rank manifold
while still updating the subspace as we integrate.

6.3. Stochastic Fisher-KPP PDE. In this section, we showcase the flexibility
of our gradient-descent retractions by employing them in an implicit-explicit numer-
ical integration scheme rather than an explicit Runge--Kutta scheme. We solve the
stochastic Fisher-KPP equation, a reaction--diffusion PDE that, for example, describes
biological population or chemical reaction dynamics with diffusion [19, 35]:

\partial u

\partial t
=D

\partial 2u

\partial x2
+ r(\omega )u(1 - u).(6.3)

The PDE (6.3) is stochastic (S-PDE) because we model the reaction rate r as a
random variable r\sim \scrU [1/4,1/2], where \omega denotes a simple event in the event space \Omega .
In general, (6.3) admits traveling waves as solutions and is used in ecology [45, 15],
biology [57], and more [22]. It also forms a building block of more complex ocean
biogeochemical models [2, 42, 23, 24].

Presently, we consider the domain x \in [0,40] and time duration t \in [0,12.5]. For
boundary conditions, we assume zero diffusive fluxes at the two boundaries,

\partial u

\partial x
(0, t) = 0 ,

\partial u

\partial x
(40, t) = 0.

The initial conditions are stochastic, of the following form:

u(x,0;\omega ) = a(\omega )e - b(\omega )x2

, a\sim \scrU [1/5,2/5], b\sim \scrU [1/10,11/10].

The random variables a, b, r are all independent, and we set the diffusion coefficient
D= 1.

To solve the S-PDE numerically, we employ two approaches: Monte Carlo (MC)
realizations and a DLRA of the MC realizations, where each column of our solution
matrix at a fixed time represents one stochastic realization. We use an implicit-
explicit Crank--Nicolson leapfrog time-integration scheme [31], treating the diffusion
term with Crank--Nicolson and the reaction term explicitly with leapfrog. Such an
integration scheme is numerically efficient because we separate the deterministic and

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/0

9/
24

 to
 7

3.
23

4.
16

0.
80

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



STABLE RANK-ADAPTIVE DORK SCHEMES A555

(a) (b) (c)

(d) (e)

Fig. 8. Stochastic Fisher-KPP PDE (a) Reference solution, the MC runs, at two different
times. The cool (pink, purple) colors show solution realizations u(x, t;\omega ) at the initial conditions
t= 0, and the warm (yellow, orange) colors show solution realizations at t= 12.5. (b) Error of each
reconstructed MC realization at the initial and final times; in both instances, errors are centered
around zero and much smaller than the solution magnitudes u(x, t;\omega ) (error scales at t = 0 and
t= 12.5 differ, and both differ from the scales for u(x, t;\omega )). (c) Comparison of the errors between
the 1-iteration (green) and 2-iteration (yellow, orange, as in (b)) gradient-descent retractions at
the final time step. (d) Rank as a function of time for the automatic, rank-adaptive integration
scheme. (e) Error measured in the Frobenius norm, normalized by the Frobenius norm of the MC
solution at final time. From this nondimensional error, we find that the 2-iteration gradient-descent
retraction more closely follows the error incurred by the exact projection. This scheme outperforms
the fixed-rank schemes by orders of magnitude.

stochastic operators; by treating the stochastic operator explicitly, we avoid having to
invert a different matrix for each column/realization of the MC solution. To initialize
the numerical integration, as the leapfrog scheme requires the solution at 2 previous
time steps, we use a first-order time-integration scheme for the first time step; the
diffusion term is then treated implicitly and the reaction term explicitly. For the
numerical space-time discretization, we use 1,000 grid points in x, 10,001 points in
time, and a second-order centered finite difference stencil for the diffusion term. For
the stochastic discretization, we use 1,000 MC realizations.

Figure 8 compares the MC run and a rank-15 approximation using our first-order
optimal perturbative retraction (2.6a) applied once or twice iteratively each time
step. We also compute the solution using our automatic gradient-descent retraction
from Algorithm 3.2 with our adaptive retraction from Algorithm 4.1. This scheme is
initialized by a rank-29 truncated SVD of the MC initial conditions and has hyper-
parameters of rinc = 5, rmax = 30, \sigma \ast = 10 - 12, \theta \ast = 0.05, Nmax = 8, and \Delta \ast = 10 - 16.
In addition, we compare these retractions with the exact projection operator (i.e.,
the truncated SVD) applied after every time step, which has no projection-retraction
error \varepsilon pr but does incur dynamical model closure error \varepsilon D (see Table 2). We also
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compute the best possible approximation given by the truncated SVD of the MC so-
lution, which only incurs normal closure error \varepsilon \scrN (see Table 2). In essence, the exact
projection operator is the best approximation we can hope to make with the fixed-
rank DLRA because it intrinsically does not have error accumulation. We see that the
2-iteration retraction significantly reduces the error that accumulates over time, but
cannot match the best approximation at rank-15. With our robust, adaptive scheme,
however, we are able to outperform the best rank-15 approximation despite the inher-
ent error accumulation. The solution rank reduces after the initial conditions, which
is reflected in the solution of the adaptive-rank algorithm. However, the fixed-rank
DLRAs already accumulated error from the initial conditions. We also see that the
error at t = 12.5 seems to be concentrated at large values of x. This may also be
remedied in the future by using weighted norms to reduce error in certain locations.

7. Conclusion. We have derived two new sets of retractions, one building off
of the other. Optimal perturbative retractions are an improvement over the original
perturbative retractions developed in [12]. While we employ a perturbation series in
U
.
as before, we use the optimal Z matrix, which incorporates higher-order nonlineari-

ties in L . The optimal perturbative retractions avoid error associated with overshoot
via their optimal choice of coefficients Z given the modes U , which is made possi-
ble without pseudoinversion by reorthonormalization. The coefficient update equa-
tion (2.2) is equivalent to that used in proper orthogonal decomposition [50, 3] and
other reduced-basis methods such as dynamic mode decomposition [53, 56, 60, 36],
but here the modes upon which the dynamics are projected are dynamically up-
dated, enabling more accurate model-order reduction without the need for a large
offline/training stage. The optimal perturbative retractions are more accurate in ap-
proximating the best low-rank approximation than their original counterparts and
come at a slightly reduced computational cost. The dominating computational cost
is \scrO ((m + n)r(r + rL)), where rL is the rank of the discretized differential opera-
tor L ; this is the same complexity as the original perturbative retractions [12], the
projector-splitting integrator [49], and the randomized singular value decomposition
[27].

Gradient-descent retractions are easily generated by repeatedly applying optimal
perturbative retractions on the residual between a higher-rank system and our cur-
rent approximation. If the full-rank system is, in fact, on the low-rank manifold, our
gradient-descent retractions converge superlinearly to the best low-rank approxima-
tion. Otherwise, we expect linear convergence, but typically the rate of convergence
is very fast and increases with the number of iterations applied. Our analysis com-
plements that done for the projector-splitting integrator in the context of fixed-point
iteration [34]. The gradient-descent retractions with higher-order perturbative re-
tractions are analogous to higher-order generalizations of Newton's method on the
low-rank manifold. Using an adaptive perturbative retraction proved very useful for
the gradient-descent retractions since, when far away from the best low-rank ap-
proximation, low-order retractions can be more accurate, but as our approximation
improves over each iteration, higher-order retractions become more efficient.

We have also shown how to robustify retractions in two ways. First, one may use
the Moore--Penrose pseudoinverse for the inversion of the correlation matrix in the
high-order optimal perturbative retractions. Second, we can robustify the first-order
perturbative retraction by only preserving the span of the modes U . We incorporate
this robust retraction into our gradient-descent scheme, obtaining retractions that
converge rapidly to the exact projection operator. Pseudoinversion preserves mode
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continuity, a useful feature for interpretability, but introduces an extra source of error
by truncating small singular values. Our latter approach that only preserves the span
does not accumulate additional error, but it sacrifices mode continuity. Either scheme
may be converted to a rank-adaptive integrator that allows for highly accurate solu-
tions while adapting to the system rank for improved computational efficiency. When
we correctly estimate (or underestimate) the rank of the system, the adaptive retrac-
tion with gradient-descent converges rapidly to the optimal low-rank approximation.
Otherwise, convergence can be slow due to a nonoptimal choice of subspace U .

Two novel dynamically orthogonal Runge--Kutta families of integrators were de-
rived: the stable, optimal and gradient-descent dynamically orthogonal Runge--Kutta
schemes, so-DORK and gd-DORK, respectively. The so-DORK schemes build off of
the optimal perturbative retractions. By writing the differential operator L as a per-
turbation series, we update, within the time step, the subspace in which we integrate
and in which the system dynamics are projected. Similarly, the gd-DORK schemes
update the subspace as we integrate, but they build off of the gradient-descent retrac-
tions.

Finally, we verified the efficacy of our retractions and integrators on three ex-
amples. We first compared our schemes with the projected Runge--Kutta [32] and
projector-splitting [49] integrators on a linear matrix differential equation. Next, we
solved an advection-diffusion PDE, again comparing our retractions with those in the
literature. We also showed the utility of our rank-adaptive algorithm using the so-
DORK integrator. Finally, we used our gradient-descent retractions to build a low-
rank implicit-explicit integrator for a nonlinear, stochastic diffusion-reaction PDE.
We compared applying one and two iterations of gradient-descent at each time step.
The 2-iteration gradient-descent retraction significantly reduced the error accumula-
tion over time. We also compared the fixed-iteration schemes with our automatic
algorithm with adaptive rank, which outperforms the fixed-rank methods partially
because it is able to stably overapproximate the rank of the solution.

In the future, we believe using weighted norms when we derive our retractions may
allow us to strategically reduce errors in regions we care the most about [44, 40, 18].
Another interesting direction is to use an adaptive deterministic or stochastic dimen-
sion in which the dimensions of the matrix we approximate changes in time rather
than just the rank. To preserve high-order convergence when our low-rank approxi-
mation is ill-conditioned, a new approach could involve using an adaptive time step
that depends on the condition number of the system. In addition, deriving implicit
DORK schemes may prove beneficial for stiff systems. Finally, research into accel-
erating convergence while increasing the rank of the solution when the rank of L is
large is needed.
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