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A three-dimensional wave propagation model of parabolic approximation type (FOR3D) is 
used to examine 3-D ocean environmental variations. The background theory and 
characteristics of the model are reviewed briefly. Propagation situations that are classified as 3- 
D, N X 2-D, and 2-D are described in connection with FOR3D and are interpreted in several 
ways. An analytic exact solution is used to demonstrate the model's accuracy and its capability 
for treating fully 3-D propagation, when coupling exists between solutions in adjacent vertical 
planes of constant azimuth. It is also employed to illustrate a procedure for using approximate 
conditions at vertical side boundaries in a 3-D calculation. An application is made to an 
Atlantic Ocean shelf-slope environment with realistic bottom topographic variations and 
sound-speed profiles. The occurrence of significant azimuthal coupling is demonstrated in 
propagation loss versus range curves. It follows that, while the N X 2-D approximation of no 
azimuthal coupling is useful in many situations, not all 3-D ocean acoustics problems can be 
adequately solved without a fully 3-D propagation model. 

PACS numbers: 43.30.Bp 

INTRODUCTION 

One basic issue in the investigation of oceanic sound 
propagation is to what extent the propagation under given 
conditions is three dimensional (3-D). With a cylindrical 
coordinate representation, having z as depth and the source 
on the line r -- 0, fully 3-D propagation refers to that involv- 
ing azimuthal or 0 coupling. That is, the propagation in at 
least one vertical plane of constant azimuth is coupled to that 
in another such plane. It is clear that when 0 coupling is 
negligible or absent, there is no need to use a propagation 
model with full 3-D capability, and a two-dimensional (2- 
D) model is sufficient. It is also obvious that when 0 cou- 
pling is non-negligible, models without 3-D capability will 
not produce correct results. 

Most ocean acoustic wave propagation problems have 
been solved to date by 2-D models. However, this should not 
be taken to imply that all problems can be solved by 2-D 
models, or that an accurate 3-D model is not necessary. Per- 
haps the first serious examinations of the 3-D influences of 
ocean volume effects, i.e., sound-speed variations, on lower- 
frequency propagation reported only relatively small 
influences. •.2 Other work, for example Ref. 3, suggests the 
importance of bottom topographic variations on 3-D propa- 
gation. The significance of the mechanism has been 
confirmed by 3-D computations in shallow-water 
environments. 4'• These simulations, obtained by a different 
parabolic approximation from that in Refs. 1 and 2, demon- 
strate the usefulness of one-way methods for analysis of 3-D 
propagation. 

Progress has been made on development of an accurate 

and fully capable 3-D model for one-way, low-frequency 
propagation. A new 3-D wide-angle wave equation was de- 
scribed in Ref. 6, along with an efficient numerical scheme as 
a marching method with unconditional stability. The effi- 
ciency of the method is due to the fact that marching from 
one range to the next requires solution of only two tridia- 
gonal systems of equations via reeursive formulas. In the 
event that 0 coupling is absent, only one tridiagonal system 
needs solution. The method has been implemented 7 into a 
research code with the acronym FOR3D, and some initial 
testing has been reported. S Examinations of fully 3-D acous- 
tic propagation can be performed, whenever adequate envir- 
onmental information and data is at hand. An upgrade has 
been made in the original FOR3D implementation in order 
to include density changes in the sediment layers? We illus- 
trate in this paper the influence of sediment density in a situ- 
ation where 0 coupling is present. Comprehensive investiga- 
tions of situations with both 3-D volume and 3-D boundary 
variations have only recently been initiated, partly due to the 
lack of accurate and capable 3-D propagation models. Mod- 
els which address various aspects of 3-D ocean sound propa- 
gation include a ray-based development, m mode-based 
procedures • •'• 2 along with special solutions, • 3 other parabol- 
ic approximation methods, n'•'l i a finite-element algorithm,•4 
and a boundary integral method. •5 

In Sec. I, we give a brief outline of the mathematical 
development behind FOR3D, its numerical marching 
scheme, and its computer implementation. Then, in Sec. II, a 
discussion of 0 coupling and 0 dependence is given for 3-D, 
N X 2-D, and 2-D versions of FOR3D. Interpretations are 
presented from mathematical, computational, and physical 
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points of view. In Sec. III, two computational examples are 
discussed, both based on a closed form exact solution. The 
first is used to test accuracy of FOR3D and to show its capa- 
bility for handling 0 coupling. The second is useful to vali- 
date a procedure for applying approximate conditions at ver- 
tical side boundaries in a 3-D calculation. In Sec. IV, we use 
realistic sound-speed profiles and bottom topography from 
the Harvard Oceanography group to show the occurrence of 
significant 0 coupling in a representation of an actual ocean 
environment. Methods for assuring numerical convergence 
of 3-D solutions are discussed and illustrated. Section V is a 

brief summary. 

I. THREE-DIMENSIONAL WIDE-ANGLE MODEL FOR3D 

A mathematical model of outgoing acoustic propaga- 
tion, developed in Ref. 6, is a high-order partial differential 
equation incorporating variations in three spatial dimen- 
sions. The model accounts for wide-angle coupling in the 
vertical (z) direction and narrow-angle coupling in the azi- 
muthal (0)direction, with propagation in the radial (r) di- 
rection. The solution of this mathematical model is by means 
of an efficient numerical method through a marching proce- 
dure, described in Ref. 7. The research computer code incor- 
porates useful capabilities and offers a number of options. A 
brief description of the model is provided in this section, with 
full details available in the aforementioned references. The 

discussion here provides essential background for the inter- 
pretations in Sec. I and the applications to 3-D problems in 
Secs. III and IV. 

We start from the standard 3-D Helmholtz equation for 
acoustic pressure, neglecting density variations. As in Refs. 
6 and 7, we define the operators 

X-- --- ½n2(r,O,z) -- 1 (1) 
ko0Z 

and 

I 092 
Y-- -- -- (2) 

ko•r 2 002 ' 
where as usual k o is the reference wave number and n(r,O,z) 
is the index of refraction. After the far-field approximation, 
standard procedures lead to the following equation for the 
pressure envelope function u (r, 0,z): 

U,.r + 2ikour + k•(X + Y)u = 0. (3) 

Equation (3) is factored, assuming weak variations to allow 
operas:or commutativity, and only the factor accounting for 
outgoing propagation is retained. With a particular defini- 
tion of the resulting square root, the following high-order 
wave equation is obtained: 

u,.=iko[--l+(l+•Y--•X:+«Y)]u (4) 

Equation (4) can be referred to as the Lee-Saad-Schultz 
(LSS) outgoing wave equation. We note that the LSS equa- 
tion may also be derived by a multiscale asymptotic 
formalism? 6 This method of derivation shows that Eq. (4) 
is a consistent approximation for wide-angle propagation in 
the vertical direction and narrow-angle propagation in azi- 
muth. Moreover, the portion 1 + X/2 - X 2/8 corresponds 

exactly to the wide-angle capability described in Ref. 17 for 
the 2-D case. 

An ordinary differential equation method is applied to 
solve Eq. (4), so that the solution can be expressed explicit- 
ly: 

u(r + Ar, O,z) 

= e-•exp[•(1 +«X-•X•+«Y)]u(r,O,z), (5) 
where 5 = ik o At. Exploiting again the slow variation of the 
index of refraction, the operators Xand Yare nearly commu- 
tative, so that Eq. (5) becomes 

u(r q- Ar, O,z) 

= e-• exp[•(l +•(-•X•)]e•/•ru(r,O,z). (6) 
The requirement of near commutativity is achieved compu- 
tationally by using sufficiently small increments. 

The key to obtaining an efficient computation scheme 
for Eq. (6) is the use of rational function approximations to 
both exponentials: 

and 

e{,/:)r_ - 1 + (6/4)Y (8) 
I - (6/4) Y 

Since 6 is purely imaginary and X and Y are self-adjoint 
operators, the denominators in Eqs. (7) and ( 8 ) are nonsin- 
gular. From these two equations, a marching procedure can 
be developed that has the formula 

4 4 

= [1 + (• + •)X](I +•Y)ff, (9) 
where superscriptj denotes the index of the range increment 
(later in this section, subscripts m and l will indicate depth 
and azimuthal increments, respectively). Equation (9) may 
be used as the basis for a marching method which is uncondi- 
tionally stableft 

The use of Eq. (9) to solve the LSS equation requires a 
finite difference scheme. This was developed by decompos- 
ing Eq. (9) into two steps, namely, 

Step 1: 

Step 2: 

1 +\4 4! ] 

= + + • y)uJ, [1 (-•-+ -•-)X ](1 -•- 
1- 4 

(1o) 

(11) 

With a three-point differencing of the operators X and Y, it 
follows that Eqs. (10) and ( 11 ) lead to two tridiagonal lin- 
ear systems at each range step. This is a principal advantage 
of our FOR3D implementation, since numerical solution of 
tridiagonal systems can be performed very efficiently. 

Azimuthal coupling is treated by FOR3D via the ap- 
proximation of the operator Y in Eqs. (10) and ( 11 ). We 
observe that if 0 coupling is absent or negligible, Eq. ( 11 ) 
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reduces to u • + m = u/4- m. In this case, only a single tridia- 
gonal system, Eq. (10), needs to be solved. This observation 
is connected to a categorization of propagation cases, to be 
discussed in the next section. 

II. 3-0, NX 2-0, 2-D PROPAGATION 

We describe a classification of problems based on the 
influence of azimuthal variations. The FOR3D implementa- 
tion deals with the solution of Eq. (4), or equivalently of the 
equation 

3-D: u, = (iko/2)(X- •X2 + Y)u. (12) 
This is the appropriate equation to be used in the fully 3-D 
problem, when 0 coupling is present. In contrast, when 0 
coupling is negligible but 0 dependence is present, the appro- 
priate equation is 

NX2-D: u,=(iko/2)(X-{X2)u. (13) 
Note that 0 dependence appears only in the index of refrac- 
tion in the operator X [ see Eq. ( 1 ) ]. The N X 2-D terminol- 
ogy was introduced in Reft 2 to denote the solution of (un- 
coupled) 2-D propagation problems in N vertical planes. 
Finally, if both 0 coupling and 0 dependence are negligible, 
the problem is strictly 2-D. The appropriate equation is 

A A 

2-D: u, = (iko/2)(X-- •X2)u, (14a) 
where the operator 

•_ 1 82 t- n2(r,z) -- 1 (14b) 

contains no 0 dependence whatsoever. 
Equations (12)-(14) represent a classification math- 

ematically of propagation problems for the LSS equation 
into 3-D, N • 2-D, and 2-D cases. An important feature of 
the model is that all three cases are included within the 
mathematical formulation. We indicate below how all three 

cases are included implicitly within the numerical solution 
in FOR3D as well. We remark that the same classification 

could also be applied to more general propagation models. 
For instance, instead of referring to the LSS Eq. (4), here are 
the corresponding equations for the two-way equation (3): 

3-D: u, + 2ikou , + u= + (1/r•)uoo 

+ ko 2 [n2(r,O,z) - 1]u = 0, (15a) 

NX2-D: u, + 2ikou, +u• + ko2[n2(r,O,z)- l]u=O, 
(15b) 

2-D: U,r+2ikour+U•+ko2[n2(r,z)-l]u=O. (15c) 

We now indicate a classification computationally for the 
3-D, N X2-D, and 2-D propagation problems within 
FOR3D. The three-point central differencing for the opera- 
tor Y in Eq. ( 11 ) leads to a symmetric tridiagonal system 
matrix B, with diagonal elements I + 2s and upper and low- 
er diagonal elements -- s, where 

i Ar 
s-- (16) 

4 kor2(A0) 2 
That is, each row of Bu • + •, excluding those with boundary 
terms, has the form 

(aa+')m = -- + (l + 1. 
(17) 

Note that in the 2-D case, where 0 variation of u is negligible, 
we have td + 1 • + I •.' + 1 m,t + l = ,.,t = m,•- l, so that the right side of 
Eq. (17) reduces to Iu/,. + •, where I is the identity matrix. In 
the N X 2-D case when 8 coupling is negligible, the near 
equalities of u•t l+ •, W• + m, and • + • will cause B to very rtl,l m,I 1 

closely approximate L In both cases, Eq. (11 ) reduces to 
u • + • and td + t, and only Eq. (10) needs to be solved [in the 
N • 2-D case, Eq. ( 11 ) is an uncoupled set ofN tridiagonal 
subsystems]. We also note that for small s, Eq. (17) reduces 
approximately to [t,d•+ •. Therefore, a choice of A0 large, giv- 
ing sufficiently small s, will approximate the solution of the 
N • 2-D case. Further, choosing A0 small will produce 0 
coupling in the solution if that effect is, in fact, present in the 
propagation problem under consideration. On the other 
hand, if 0 coupling is not present in the problem, then even 
choosing A0 small will not produce a solution that differs 
significantly from the N X 2-D case. In such a situation, the 
finite-difference approximation for the operator Y will differ 
negligibly from zero, so that the matrix B will be effectively 
the identity. 

In summary, the computational classification of prob- 
lems begins with the 3-D case of Eq. (9), and the others are 

NX2-D: [1+\•--•/ 
(18a) 

(18b) 
A 

where the operator X depends on 0 in Eq. (18a) but X does 
not in Eq. (18b). Flexibility in the choice of the parameter s 
allows 0-coupling to be examined, as indicated above. 

Finally, we describe a classification physically for the 3- 
D, N X 2-D, and 2-D situations. In the 2-D case ofEq. (14), 
there is no variation with 0 in the acoustic pressure. Along a 
mean wave front r = constant, there would be no variation 
in the acoustic field. This circumstance is one of no horizon- 

tal refraction. In the N X 2-D case, we consider Eq. (13), 
along with its complex conjugate, and form a so-called ener- 
gy equation in the usual manner. If we then integrate the 
resulting equation over depth from the surface z = 0 to the 
base z = z• of the (artificial) bottom layer, and use bound- 
ary conditions w = 0 at both depths, the result is 

NX2-D: c•f '•[ul2dz=0, (19a) 
Or do 

where vertical bars denote complex magnitude. Equation 
(19a) is known to be a statement of the conservation law for 
our parabolic approximation which corresponds to conser- 
vation of acoustic energy. •8'•ø Since our Eq. (13) does not 
include density variations or attenuation processes explicit- 
ly, these mechanisms are absent in Eq. (19a) also, although 
extensions to include them are possible. Within the context 
of our parabolic approximation, Eq. (19a) is correctly inter- 
preted as stating that the depth average of (the approxima- 
tion for) acoustic energy in any vertical plane is constant in 
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range.. It follows that energy in any vertical plane 0 = con- 
stant is preserved as the acoustic wave propagates. There- 
fore, no net energy is exchanged between vertical planes in 
the absence of 0 coupling, as noted previously for the nar- 
row-angle version ofEq. (13). 2 From Eq. (19a), in the par- 
tieular case when the source happens to be axisymmetric, 
i.e., omnidirectional for 360* field width, the depth-averaged 
acoustic energy is the same at any horizontal position (r, 0). 
We also remark that both amplitude and phase of the acous- 
tic field can vary with 0, as a result of horizontal refraction of 
wavefronts due to n2(r,0,z). It is appropriate to interpret the 
case of no 0 coupling as one with horizontal refraction but 
with no net energy exchange between vertical planes. Final- 
ly, in 'the 3-D case with 0 coupling, the solution of Eq. (12) 
does not satisfy Eq. (19a), but can easily be shown instead to 
satisfy: 

--fofo 'A lu[2 dzdO=O' (19b) 3-D: c9r 
This result corresponds to conservation of acoustic energy 
within the parabolic approximation generally and our re- 
strictions (such as constant density) specifically. While 
depth-averaged energy need no longer be preserved within 
any given plane 0 = constant, it must be preserved consider- 
ing all azimuthal planes. Therefore, the case of 0 coupling 
can be interpreted as admitting both horizontal refraction 
and net energy exchange between vertical planes. 

III. COMPUTATIONAL EXAMPLES WITH ANALYTICAL 
SOLUTIONS 

In this section and the next, we present computational 
results that demonstrate the accuracy and capabilities of the 
research code FOR3D. We focus in the section on tests with 

a family of analytical solutions to parabolic approximations 
that have been determined.2ø Members of the set can be con- 

structed to satisfy the LSS Eq. (4) for particular indices of 
refraction and can be selected to satisfy convenient boundary 
conditions. Advantages of these solutions include the fol- 
lowing: ( 1 ) They represent exact solutions to the parabolic 
approximations, and therefore can be useful in checking ac- 
curacy of computed solutions. (2) They model effects of 
horizontal refraction, using reasonable parameters and 
sound speed values. Thus, for example, they can be used to 
appraise model capability for treating O-coupling. (3) They 
can be constructed with elementary functions that are con- 
venient to evaluate and display. (4) They can be constructed 
so as to be simple approximate solutions for other propaga- 
tion models, and thereby possibly be useful for model com- 
parisons. 

1-)etails of derivations and descriptions of other results 
may be found in Ref. 20. We first consider an example de- 
signed to test accuracy and to illustrate effects of 0 coupling. 
A second example is presented to illustrate the influence of 
conditions on the side boundaries of the computational do- 
main. 

A. Accuracy validation 

The formula for a solution u(r,O,z) of Eq. (4) with 
boundary conditions u(r,O,O) = 0 and u= (r,O,H) = 0 is 

u = sin[ (j + 1/2)trz/H ]sin[/3oko(0 -- ao log r) ] 

Xexp{ikor[aoO-- (j + l/2)•(rrk•/H):/2]), (20) 
where j, H, a o,/5 o, and (as usual) ko = 2rrf/Co are constants. 
Equation (20) holds for O<ro<r<r .... 0•0•0•, and 
Oyz<H, provided 0• -- 0• < 2tr. For the narrow angle LSS 
equation, the corresponding index of refraction is 

2 n•(r,O) = 1 + a o + 2aoO +/3•/r •. (21) 
Note that as r increases, the last term in Eq. (21) becomes 
small. Consequently, n 2 tends to a linear function of 0, so the 
medium possesses a mechanism for horizontal refraction 
and possibly for 0 coupling. Isospeed contours for Eq. (21) 
tend to spiral as r decreases. 

We performed computations with FOR3D using Eq. 
(21 ) and compared the results numerically with both field 
values and decibel propagation losses from Eq. (20). Subsi- 
diary conditions at r = r o, 0 = 0• -- A0, and 0 = 0a + A0 
were taken as exact values from Eq. (20). Acoustical and 
computational parameter values for one of our calculations 
are given in Table I. Most of the symbol meanings are self- 
evident; all are defined in Refs. 7 and 21. Note that as with 
our parameter choices, the sound-speed variation with 0 in 
the wedge-shaped domain is larger than typical cross-range 
gradients in ocean fronts and eddies. For example, at a radi- 
us of 3 km, r- • c•c/c•O is about 2.5 m/s per km. We per- 
formed other computations with both smaller, more typical 
gradients and larger ones. We present this particular case to 
illustrate how FOR3D handles a relatively challenging ex- 
ample. 

The results for one range and azimuth location and for 
seven receiver depths are shown in Table II. The first line at 
each depth shows computations from FOR3D with angular 
increment 30', i.e., with five sectors from 0• to 0a. These 
results are identical to those from N X 2-D calculations, i.e., 

with step 2. of Eq. ( 11 ) suppressed. This illustrates agree- 
ment between calculations (B = I), as discussed in Sec. II. 
In addition, results not shown here from the 2-D model 
IFD 2• are nearly identical to the N • 2-D calculations. This 
is to be expected, although differences are conceivable be- 
cause IFD does not solve Eq. (14a). 

The second line at each depth shows results from 
FOR3D with angular increment I deg, i.e., with 120 sectors 
from 0• to 0•. Note first the differences from the N X 2-D 
results. This demonstrates that 0 coupling is in fact occur- 
ring in this example. Its clear presence here is a result of the 
large cross-range sound-speed gradient mentioned earlier. 
Next, note the very close agreement, nearly always to three 

TABLE I. Parameter values for numerical computations with analytical 
solution. 

ao = 0.005 c o = 1500 m/s 0 L = 30 deg 
/3o = 100 m f= 50 Hz 0a = 150deg 
j=0 H=40m ro = 500m 
Az = I m z• = 20 m r• = 5000 m 
At= 20 m 
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TABLE II. Comparison of FOR3D computations and exact solutions: 
r = 3000 m, 0 • 90 deg. 

Receiver Solution u Propagation 
depth (m) Real part Imag. part loss (dB) 

5 - 0.17380 - 0.04514 A0• 30 deg 49.69 
-0.13503 0.00726 A0• I deg 52.15 
- 0.13488 0.00663 Exact 52.16 

10 - 0.34142 - 0.07978 A0 • 30 deg 43.88 
- 0.26477 0.01418 A0= I deg 46.30 
-- 0.26458 0.01300 Exact 46.31 

15 --0.48832 --0.10418 dO=30deg 40.80 
-- 0.38433 0.02048 d0• 1 deg 43.07 
--0.38411 0.01887 Exact 43.07 

2O --0.60757 --0.11816 d0•30deg 38.94 
--0.48913 0.02591 d0= 1 deg 40.97 
-- 0.48888 0.02402 Exact 40.98 

25 --0.68989 --0.11477 d0=30 deg 37.88 
-- 0.57513 0.03017 d0• I deg 39.56 
--0.57486 0.02824 Exact 39.57 

3O --0.72780 --0.08489 d0=30 deg 37.47 
--0.63900 0.03293 d0= 1 deg 38.65 
--0.63875 0.03138 Exact 38.65 

35 --0.72587 --0.03334 dO•30deg 37.55 
--0.67826 0.03418 d0= 1 deg 38.13 
--0.67809 0.03331 Exact 38.13 

digits, between the second and third lines of results. The 
latter are evaluations of the exact solution Eq. (20). These 
demonstrate (a) the high accuracy that can be obtained with 
FOR3D, and (b) the capability of FOR3D in treating 0 
coupling when it exists. We have performed many such tests, 
a few others of which appear in Ref. 20. They confirm the 
accuracy of FOR3D. 

B. Side boundary condition influences 

In applications of FOR3D, an issue is what conditions 
to impose on side boundaries of the computational domain. 
For example, in Sec. IIIA the exact solution values were 
imposed at one computational step A0 outside the side boun- 
daries at 0 = 0L and 0 = 0R. Normally, the exact fields 
would not be available for use as boundary conditions. An- 
other possibility is to enlarge the domain into a full 360 deg 
about the source. This may require determining many more 
field values than are desired, and in any case is computation- 
ally prohibitive now for ranges of interest. An additional 
method would be to construct artificial absorbing boundar- 
ies at the domain sides, analogous to those used at the base of 
sediment layers in all parabolic approximation algorithms. 
This capability is available for user input to FOR3D. 

In practice, we have adopted another procedure for se- 
lection of side boundary conditions, based upon the follow- 
ing idea. Suppose that a sequence of boundary conditions is 
constructed for a well-posed initial-boundary value problem 
for a partial differential equation such as LSS, and that a 
sequence of solutions are obtained corresponding to each of 
the boundary conditions. Suppose further that the former 
sequence converges, in some appropriate sense, to a desired 
exact boundary condition. Then we would expect that the 
sequence of solutions converges in an appropriate sense to 
the solution of the problem with the limiting boundary con- 
dition. The mathematical justification of this procedure for 
the LSS equation will be presented elsewhere. We apply the 
idea by constructing just the first boundary conditions of a 
sequence, specifically by computing N X 2-D solutions at one 
computational step beyond the vertical side boundaries. In 
so doing, if 0 coupling is present at the boundary, the solu- 
tion obtained cannot be correct in the entire computational 
domain. (If no 0 coupling is present at the boundary, the 
solution could be determined correctly in the entire do- 
main.) Previous computations, as for example in Ref. 8, 
have illustrated how effects of improper side boundary con- 
ditions can partially corrupt the correct solution away from 
the boundaries. The question is whether this procedure pro- 
vides the correct 3-D solution in some (or any) azimuthally 
restricted subdomain that is sufficiently wide to be worth- 
while. If so, the situation is analogous to the case of requiring 
extra computation in an enlarged domain using artificial side 
absorbing boundaries, inside which the solution is incorrect. 
Observations of computations using FOR3D have been that 
the answer is yes, and quantitative analysis will be given else- 
where. 

To validate the procedure, we employ the analytical so- 
lution as a benchmark. We describe one set of computations 
which use the same parameters as in Table I, except 
0L = -- 60 deg, 0R = 60 deg, A0 = I deg (and smaller for 
verification), initial range 1 kin, and maximum range ex- 
tended to 30 km. One calculation was made with the exact 

solution values at 0 = 0L - A0 and 0 = 0R + A0. Another 
was made with N X 2-D solution values at the side locations. 

Since Sec. IIIA shows that strong 0 coupling occurs in this 
example, the 2-D boundary conditions are only approxima- 
tions to the correct ones. Figure 1 shows solutions at three 
vertical sections of the 120-deg wedge domain. Solutions at 
each of the azimuths 36 and 39 deg are identical for the two 
boundary conditions. Note the deep fade in the 36-deg solu- 
tion, which is an example of a pattern that requires an accu- 
rate 3-D computation to resolve. 2ø There is a barely discern- 
ible difference between solutions from the two calculations 

in the plane 0 = 42 deg. Vertical sections closer to the 
boundary at 60 deg are shown in Fig. 2. Differences are pro- 
nounced beyond about 3 km in the lower pair of curves, for 
45 deg. The spurious oscillations indicate that influences of 
the 2-D boundary conditions have penetrated to the domain 
interior. Note that the deep fade before 2 km is resolved 
correctly, even with 2-D boundary conditions. In the upper 
pair of curves, for 48 deg, differences between calculations 
for the two cases appear to arise earlier in range than for the 
45-deg case. This trend is confirmed in Fig. 3, in which solu- 
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FIG. 1. Propagation loss versus range; sound speed from Eq. (21) and pa- 
rameters from Table I. Curves show little or no effect of side boundary con- 
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FIG. 3. Propagation loss versus range; same as Fig. 2 but closer to side 
boundary. 

tions shortly beyond I km are fatally compromised by incor- 
rect 2-D side conditions. Note that the early deep fade for 
0 = 54 deg is not computed correctly with 2-D boundary 
conditions. 

Results of these calculations are summarized in the plan 
view of the domain shown in Fig. 4. Agreement between the 
solutions computed with exact 3-D or approximate 2-D 
boundary conditions is indicated in a subdomain extending 
over 80 deg in azimuthal width. Solution "match" was taken 
as agreement in the complex fields of at least two significant 
digits. The shaded subdomain indicates where this criterion 
was not satisfied. The borders between the two subdomains 

is neither a single radial line from the origin nor exactly sym- 
metric with respect to the origin. The key point is that the 
correct 3-D solution is obtained in a substantial subdomain, 
even though approximate conditions are used at side boun- 
daries. In other words, the approximate boundary condi- 
tions do not penetrate too deeply into the domain, even in 
this example where strong 0 coupling is known to occur at 
the boundaries. The essential reason for success of the proce- 
dure is that 0 coupling effects characteristic of the real ocean 

O EXACT B.C. } n' 8 = 45 DEG 
c, .... 2-D B.C. 

•-- EXACT BC. } 2-D BC. ½ = 48 DEG 

5 10 1•5 20 2•5 30 
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FIG. 2, Propagation loss versus range; same model as Fig. I. Curves show 
strong clependence on side boundary conditions. 
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can be non-negligible but are not substantial. That is, artifi- 
cial examples with very strong O coupling can be constructed 
to corrupt even the solution at 0 ---- 0. Also, recall that the 
cross-range sound-speed gradient for Fig. 4 computations is 
large for small range and has decreased to about I m/s per 
km near 10-km range. Hence, the extent of penetration here 
may be larger than might be anticipated from actual ocean 
conditions. 

IV. COMPUTATIONAL EXAMPLES WITH A MODEL 
OCEAN ENVIRONMENT 

We next describe computations with FOR3D that em- 
ploy a representation of the three-dimensional ocean sound- 
speed field and bottom topography. In order to illustrate a 
situation with 0 coupling present, a location was selected 
where variations in ocean bottom topography occur. The 
initial version of FOR3D, as documented in Ref. 7, did not 
have the capability to treat bottom variations. This capabili- 
ty has now been incorporated, and initial accuracy tests have 
been performed? The details of the implementation will be 
reported elsewhere, along with other enhancements. A rep- 
resentation of bottom topography, showing constant-depth 
contours, in a region of the Atlantic is shown in Fig. 5. This 
was obtained from Harvard University oceanographers, 
who employ these and other bottom data with forecasts in a 
900X 1950-km ocean domain from an enhanced version of 

the Harvard open ocean model (HOOM).22'23 Also shown is 
the source location and the wedge-shaped domain of acous- 
tic propagation. Note that the domain straddles a region of 
significant topographical variation, from continental slope 
on the left boundary (view from the source in the propaga- 
tion direction), 0 = •L = 140 deg, to continental shelf on 
the right boundary, 8 = 0R = 220 deg. 

Sound-speed values were provided by a forecast of 3 
October 1988 from the HOOM. This particular case consists 
of data at six levels in the vertical ( 100, 300, 700, 1100, 2200, 
and 3900 m) on a square grid with size 15 km. Sound-speed 
information is processed for use in FOR3D in the same man- 
ner as in the use of the IFD model? 4 Other propagation 
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boundary conditions. 

studies 2•-27 have exploited HOOM sound-speed forecasts 
based on six vertical levels. Other investigations, such as Ref. 
28, have indicated the importance for low-frequency acous- 
tic propagation results of increasing the number of vertical 
levels. Consequently, we emphasize that the sound-speed 
values are not to be regarded as accurate forecasts in this 
region of the model domain. Rather, the profiles can be con- 
sidered as typical of the mean sound speed which might be 

expected in the propagation region. Figure 6 shows sections 
through the center [Fig. 6(b) ] and both boundaries of the 
wedge. The sketches include both sound-speed and bottom 
topography. We note that among previous investigations of 
interfacing between HOOM output and parabolic approxi- 
mation models to date, only Ref. 26 has demonstrated and 
discussed the importance of including topography in both 
ocean and acoustic models. The ocean channel is modeled 
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FIG. 5. Source location, propagation domain, and level curves of bottom topography; contour interval 200 m. 
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for the acoustic computations by including the given sound- 
speed profiles and bottom topography as suggested by Fig. 6. 
A sediment layer of thickness 100 m is added below the bot- 
tom interface. The sediment sound speed is 1.005 times the 
value of water sound speed at the interface, a sound-speed 
gradient of 1.9/s is maintained in the layer, and sediment 
attentLation is 0.1 dB per wavelength. In these initial compu- 
tations sediment density pa is kept at 1 g/cm 3. The depth 
interval below the sediment layer is filled with an artificial 
absorbing layer with the same value of sound speed as at the 
base of the sediment layer. The ocean surface is taken as 
pressu:re release. The solutions at the side boundaries are 
computed from the 2-D side boundary option of FOR3D, 
i.e., using Eq. (19a), in the procedure described in Sec. III B. 
The initial condition is an azimuthally symmetric Gaussian 
starting field. Computational values Ar = 2 m, •z = 2 m, 
and Co = 1500 m/s were used; tests were performed to be 
certain that range and depth increments were small enough 
to assure convergence. 

ht Fig. 7 results from three FOR3D calculations of 
propagation loss are presented for ranges out to 40 km. We 
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FIG. 7. Propagation loss versus range from FOR3D for Figs. 5 and 6 exam- 
ple: N X 2-D and nonconvergent 3-D solutions; z• 100 m, 0 = 180 deg. 

note that results for longer ranges show the same general 
characteristics (computations beyond 200 km have not been 
performed). In this and subsequent figures, the receiver 
depth is 100 m, and the plane of propagation corresponds to 
the center line of the wedge domain, 0 = 180 deg. The 
dashed curve is the N X 2-D calculation with Eq. ( 11 ) sup- 
pressed, and N = 9 in this case. The general shape is not 
unexpected for downslope propagation, although the inten- 
sity level appears to drop quite quickly as range increases 
past 20 kin, with an upward trend after 35 km. The dashed- 
dot curve is a 3-D calculation with A0 = 10 deg, i.e., with the 
same number of sectors as the solid curve. The two curves 

coincide out to 20 km, and differ only slightly beyond 20 km. 
The agreement illustrates the important correspondence be- 
tween an N X 2-D calculation and one with FOR3D with 

large angular increment. That is, performing the 3-D calcu- 
lation with azimuthal increments large enough to suppress 
coupling produces nearly identical results as the N X 
procedure. The (light) longsdashed curve is the FOR3D cal- 
culation with azimuthal increment A0 = 1 deg. This curve 
nearly coincides with the other two out to 10 km. Beyond 
that range a small phase shift appears, and by 20 km, pat- 
terns of the two 3-D calculations differ markedly. The com- 
parison confirms the existence of substantial 0 coupling in 
this domain with bottom topographical variations. Implicit 
in the conclusion is that the approximate (N X2-D) side 
boundary conditions do not corrupt the solution at the cen- 
ter of the domain. In view of Sec. III B, we have confidence 
that this assumption is correct; it can be verified by perturb- 
ing the side boundary conditions, in amounts consistent with 
field differences in the two FOR3D cases, for the A0 = 1-deg 
case and checking that solutions at the center of the wedge 
are unchanged. 

Although azimuthal coupling has been demonstrated to 
occur, can we be certain that the long-dashed curve in Fig. 7 
gives an accurate solution? That is, has the FOR3D solution 
for At3 = I deg effectively converged? A straightforward 
procedure for numerical demonstration of convergence is to 
continually refine the azimuthal increment until field solu- 
tions do not change. A calculation for A0 = 1/2 deg was 
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performed and showed observable differences beyond 20 
km, verifying that convergence has not been reached. Con- 
tinued halving of the azimuthal increment is expensive in 
computational time and memory. Consequently, an alterna- 
tive method was used. This method is motivated by the ro- 
bustness of solutions at the domain center to conditions im- 

posed at the side boundaries, as discussed earlier, and by the 
apparently limited azimuthal spread of influence of O-cou- 
pling effects in typical ocean situations. We consider a wedge 
domain of smaller extent, specifically with 0/• = 175 deg and 
0R = 185 deg. Computations were performed with FOR3D 
in this restricted domain with A0 = 1 deg and 1/2 deg. The 
resulting solutions are the same (to at least three significant 
figures) as those in the larger domain of width 80 deg. The 
light long-dashed and short-dashed curves in Fig. 8 show 
these solutions, with the former being the same curve as in 
Fig. 7. The agreement between solutions in the larger and 
smaller domains demonstrates that the center solution has 

not been contaminated by the side conditions, even in the 
narrow domain. (However, use of a very narrow domain of 
width 1 deg did show contamination of the center solution 
for small A0 values. ) Consequently, the method is to refine 
the azimuthal increment in the smaller domain until conver- 

gence is reached. The heavy curves in Fig. 8 show the next 
refinements for A0 = 1/4 deg and 1/8 deg. The heavy solid 
curve overlays the curve (not shown) for A0 = 1/16 deg, 
which indicates that convergence has occurred for the 1/8 
deg calculation. 

The main results for the computation are summarized in 
Fig. 9. The light curve is the same 2-D solution as in Fig. 7, 
and the heavy curve is the same convergent 3-D solution as 
in Fig. 8. Beyond 20-km intensity differences are large, up to 
15 dB, apart from even larger differences associated with the 
deep fade near 32 km. Generally the 3-D calculation has 
significantly higher intensity in this example. These results 
not only confirm the occurrence of azimuthal coupling but 
also present its quantitative influence, within the assump- 
tions of the propagation model and its implementation. 

An additional example is displayed in Fig. 10. For this 
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FIG. 9. Propagation loss versus range from FOR3D; same as Fig. 7 but 
comparing N X 2-D and convergent 3-D solutions. 

case, the density in the sediment layer is taken as 1.7 g/cm 3. 
The modifications to the FOR3D implementation in order 
to incorporate this physical effect are discussed in Ref. 9. 
The curves in Fig. I0 indicate the changes in the FOR3D 
solution as 0 is refined in the smaller wedge domain. As 
before, the solutions for A0 = 1 deg and 1/2 deg agree with 
those in the original larger domain, and also the solutions in 
the smaller domain for A0 = 1/8 deg and 1/16 deg overlay. 
The comparison between the convergent 3-D solution 
(heavy curve) and the N X2-D solution (light curve) is 
shown in Fig. 11. There are significant intensity differences 
between the two curves, verifying that 0 coupling does occur 
in this example. The 3-D intensity is well above the 2oD 
intensity near 20 km, but the situation is reversed near 35 
km. A primary conclusion is that in comparing Figs. 9 and 
11, we see comparable intensity differences between the 2-D 
and 3-D solutions in both cases. Thus, the inclusion of sedi- 
ment density appears to change details of the O-coupling ef- 
fect but not its overall order of magnitude. Results for other 
receiver and source locations support this conclusion. 
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FIG. 8. Propagation loss versus range from FOR3D; same as Fig. 7 but 
showing convergence of 3-D solutions. 
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FIG. 11. Propagation loss versus range from FOR3D; same as Fig. 9 but 
with sediment density difference included. 

V. CONCLUSIONS 

In treating the prediction of 3-D ocean acoustic propa- 
gation, the mechanism of 0 coupling is important in some 
situations. If 0 Coupling is present, its treatment would call 
for the use of a fully 3-D model. If 0 coupling is weak or 
absent, accurate 2-D models may be applied to process the 
prediction in N different sectors, for which case the termin- 
ology N X 2-D has been used. In this paper, we first reviewed 
the background and features of the FOR3D model. Then, 3- 
D, N X2-D, and 2-D propagation cases were discussed 
mathematically, computationally, and physically using the 
model. In order to establish its accuracy and to demonstrate 
its capability for handling 0 coupling, we performed an ana- 
lytic solution test. An exact solution of the propagation 
equation which is the basis of FOR3D was used. Both high 
accuracy and full 0 coupling occur for computations with 
sufficient azimuthal resolution. The exact solution was used 

to validate a procedure for using approximate (N X2-D) 
conditions at the vertical side boundaries in a 3-D calcula- 
tion. The correct 3-D solution is determined in a subdomain 

of the original domain. Then, an application of FOR3D was 
made to an ocean environment with realistic bottom topo- 
graphy and sound-speed profiles, obtained from the Harvard 
University oceanography group. A propagation region on 
the Atlantic shelf-slope region was examined. A methodolo- 
gy for assuring numerical convergence of 3-D propagation 
solutions was discussed. The occurrence of substantial 0 

coupli. ng was demonstrated in the domain with significant 
bottom variations. In a situation such as this, only accurate 
3-D propagation models should be used, rather that N X 2-D 
models. It is apparent that not every 3-D ocean acoustics 
problem can be adequately solved by 2-D propagation mod- 
els. 
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