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Quantum lterative Methods for Solving Differential
Equations with Application to Computational Fluid

Dynamics

Chelsea A. Williams,* Antonio A. Gentile, Vincent E. Elfving, Daniel Berger,

and Oleksandr Kyriienko

Quantum methods are proposed for solving differential equations that are
based on a gradual improvement of the solution via an iterative process, and
are targeted at applications in fluid dynamics. First, the Jacobi iteration is
implemented on a quantum register that utilizes a linear combination of
unitaries (LCU) approach to store the trajectory information. Second,
quantum methods are extended to Gauss-Seidel iterative methods.
Additionally, a quantum-suitable resolvent decomposition is proposed based
on the Woodbury identity. From a technical perspective, tools are developed
and utilized for the block encoding of specific matrices as well as their
multiplication. The approach is benchmarked on paradigmatic fluid dynamics
problems. These results stress that instead of inverting large matrices, one
can program quantum computers to perform multigrid-type computations

and leverage corresponding advances in scientific computing.

1. Introduction

Differential equations (DEs) represent a fundamental tool for
describing many natural and engineered phenomena. These
range from the growth of populations in biology to heat trans-
fer in thermal engineering and failure diagnosis in fracture
mechanics.[!] A field that arguably needs the most cutting-edge
DE solvers and high-performance compute is computational
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fluid dynamics (CFD).!] This is since it
requires integrating Navier—Stokes equa-
tions, which are highly nonlinear DEs
that govern dynamics of fluid flow.}] Here
particular challenges include turbulence
modeling,!*3!  predicting aerodynamics
of aircrafts,[®! and simulating plasma
physics for fusion (TOKAMAKSs)!”! and
astrophysics.®l The major hurdle for
high-performing CFD simulations is the
need to capture the multi-scale nature of
phenomenal®!?l (boundary layer interac-
tions, vortices, etc.), requiring accurate
fine resolution calculations with a cost that
increases exponentially in dimensionality.
Advancing algorithms for solving DEs that
are inherently scalable and parallelizable is
essential to tackle these issues effectively.
The algorithms for solving differential equations can be ten-
tatively put in several families,['*] each contributing special ca-
pabilities when solving CFD problems. A major family of DE
solvers corresponds to grid-based methods such as finite differ-
encing and finite element methods,>!* where physical space dis-
cretization leads to efficient derivative approximations.!®! State-
of-the-art techniques include high-order finite volume schemes
that are useful for capturing discontinuities in compressible
flows.['] Grid-based methods often require solving large sys-
tems of linear equations that require the inversion of large
matrices.!"”] To operate at scale, they need to use iterative solv-
ing techniques!'8] where inversion is approached via successive
approximation steps (e.g., using conjugate gradient or gener-
alized minimal residual methods*?)), and advanced multigrid
methods can be used to accelerate convergence.?>22l A second
family of DE algorithms corresponds to spectral methods,!?324]
where sets of basis functions (Fourier series, Chebyshev polyno-
mials, etc.) and fast transforms are used to compute derivatives
and represent DE solutions.!?) When combined with reduced-
order modeling!?*¥] and dynamic mode decomposition,!?5%]
they can capture relevant features and transient behavior of com-
plex flows. Third, a family of lattice Boltzmann methods%3!]
based on modeling particle collisions and streaming dynam-
ics is used for simulating complex multiphase flows (for in-
stance in combustion applications®?]). Finally, recent develop-
ments in CFD solvers come from the intersection between
the fields of machine learning!**! and quantum information.34
For the former, physics-informed neural networks combine a
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apply finite differencing
to obtain A x = b problem

define input data as matrices
and vectors DL R, b, xo

construct normalization
unitary V

multiply block encodings for
each term in the expansion

into unitaries Uj,.1, Ug, Uy, Uy
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block encode input data compose interative expansion

%)= f(Up1, Ug, Up, Up)|6)

implement LCU normalize the solution
circuit U Ixk)

Figure 1. The algorithmic pipeline used to apply the quantum iterative methods via a state preparation protocol that is based on block encodings. The
input is the differential equation and the output is the k" iterate solution. The steps are summarized in the boxes above, and details of each step are

described in the text.

representative power of deep neural networks and automatic dif-
ferentiation to solve data-driven CFD problems,>=%] with ex-
amples in flow prediction in complex geometries,*! turbulence
modeling,[“**] and improvement of aerodynamic designs.[*?] For
the latter, the quantum-inspired approaches based on tensor net-
works (e.g., tensor trains)*~*] utilize hierarchical structures and
compressed representation of physical states to excel in repre-
senting turbulent flows.[*6-48]

Quantum computing has emerged as a distinct approach to
solve computational problems beyond the standard von Neu-
mann architecture.*”] Utilizing a state space that grows expo-
nentially with the number of qubits and coherent evolution of
entangled configurations, quantum algorithms offer promise in
advancing DE algorithms and CFD solvers.[**>!l To date, many
quantum DE algorithms represent analogs of grid-based pro-
tocols, where underlying advantage comes from solving linear
systems of equations with improved scaling on the grid size.l*?]
Here a quantum linear systems algorithm (QLSA) is used to per-
form the matrix inversion either via phase estimation,>2”] lin-
ear combination of unitaries (LCU),>®%] adiabatic protocols,!¢%61]
or quantum signal processing (QSP).l-%] The optimal perfor-
mance with condition number has been attained,!®! and gate
count estimates for large-scale modeling!®-®] has set the goal for
developing fault tolerant quantum computers. Another distinct
set of DE algorithms corresponds to Schrédingerization, 73]
where native evolution of quantum states is employed for effi-
cient solution of time dynamical problems, and quantum reser-
voir computing.’#7! Also, a range of quantum lattice Boltz-
mann algorithms was proposed,’*®1 with potential advan-
tages for high Reynolds number flows.® Finally, quantum
physics-informed DE solvers have been developed in the area of
quantum scientific machine learning,®-%% targeting data-driven
tasks®*°] and probabilistic modeling.[*¢-%!

Comparing typical workflows used in CFD and quantum DE
solvers, we stress one conceptual difference. While many cur-
rent quantum algorithms rely on the full problem matrix in-
version (directly or effectively), this is atypical to CFD solvers.
These solvers avoid inverting large matrices, due to memory and
computational constraints,['”! and instead utilize iterative meth-
ods that are based on relaxation to obtain the approximate so-
lution. Such iterative methods are not only more scalable and
memory-efficient, but they also allow systematic control of accu-
racy through convergence criteria. Thus, we note the need for ex-
tending the quantum algorithmic toolbox such that iterative and
multigrid methods can be accommodated.!'82] Recent research
in this area includes proposals for the quantum Navier—-Stokes
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equation solver with Kacewicz method and quantum amplitude
amplification,[®>1%! performing a gradient descent!'%?! (targeting
applications in machine learning), and an analog to the Kacz-
marz method based on qRAM.[1%] Another approach considers
generalized iteration schemes being embedded within a larger
block linear system, to be solved with a QLSA.[1%] This was later
extended with time-marching.['%] The iterative approaches were
considered from the Schrédingerization perspective and analog-
type simulation in the continuous-time limit.['%! Additionally, a
multigrid approach has been outlined in ref. [107], while not de-
tailing the implementation.

In this paper, we present a quantum algorithmic implemen-
tation of iterative differential equation solvers, aiming to build
an end-to-end gate-based circuit construction. Specifically, we
concentrate on the Jacobi method as an instructive example to-
ward showcasing the core algorithmic elements for developing
quantum-based iterative solvers. Different from prior art, we uti-
lize a LCU approach to generate an iterated state for the Jacobi
method (Section 2), and develop block encoding protocols spe-
cific to the method (also describing generalizations to other it-
erative schemes). This offers high-performance and flexibility in
terms of allocated resources. We discuss the full details of the
algorithmic implementation in Section 3. Examples of applying
the quantum Jacobi method to solve the Burgers equation and
Euler’s equations are presented in Section 4. The discussion in
Section 5 highlights the resource requirements for the quantum
method, identifying areas for further improvements, and consid-
ering the performance of the method in the context of CFD ap-
plications. Conclusions are presented in Section 6.

2. Algorithm

The steps involved in constructing the algorithm for the quan-
tum circuit implementation of quantum iterative methods are
outlined in Figure 1. We start with the Jacobi method as an in-
structive example. Other methods follow a similar workflow, with
a difference in steps corresponding to splitting matrix A and de-
signing block encodings for its parts. The ultimate aim of the pro-
posed method is to iteratively solve a differential equation by oft-
loading the computationally intensive operations to a quantum
processor. In this and the next section we detail the intuition and
necessary tools needed for composing quantum iterative solvers.

The algorithm for iterative solving begins by applying finite dif-
ferencing to the differential equation. ['%] This can also include
a linearization step for nonlinear systems. The problem is then
reduced to solving a system of N equations specified by Ax = b
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with unknown solution x and known right-hand vector b. For the
Jacobi method the matrix A = D + R is divided into a diagonal
matrix D and an off-diagonal matrix R. It is assumed throughout
that A is diagonally dominant to guarantee convergence. Instead
of inverting A directly, the Jacobi solver updates the solution in-
crementally to converge toward the final numerical approxima-
tion using the iterative scheme

x,=D'(b— Rx,_,) Vk € [LK] (1)

Note that the diagonal matrix D is readily invertible for nonzero
diagonal elements, greatly simplifying the process of obtaining
the solution x;. As the solver progresses from iteration k — 1 to
iteration k, the solver converges closer to the true value of x, start-
ing from an initial guess x,. After K iteration steps, the result-
ing solution x is obtained as a numerical approximation to the
true solution.

The Jacobi iterative scheme in Equation (1) can be recast as
a quantum solver by mapping classical data (matrices) into uni-
tary quantum circuits and utilizing post-selection. This involves
identifying a protocol capable of loading the data. We achieve this
by employing a block encoding technique, where any operator
O can be implemented as a projection of some unitary operator
U, onto a tailored state | G), such that O = ((G| @ 1) U, (|G) ® 1).
(199] Here 1 is the identity matrix acting on a part of the system.
Specifically, we develop block encodings to embed R into the uni-
tary Uy, and D! into the unitary Uy (discussed in details in
the next section). In addition, the preparation of vectors x, and b
is achieved by constructing respective unitaries U, and U,. The
corresponding quantum states are then prepared as |x,) = U, |@)
and |b) = U, |@), starting from a fiducial quantum state |@f) taken
as a computational zero state. The quantum JacoDbi iterative algo-
rithm can then be written as

%) = Up-1 [U, 19) = Ug 1)), (2)

where the state |x, ) stores the iterate solutions. We detail the con-
struction and implementation of the circuits used in Equation (2)
in Section 3. Later in Section 4, we apply the method to solve dif-
ferential equations appearing in the field of fluid dynamics. We
observe that the iterative approach is able to recover high-quality
solutions in very few iterations, even for problems where the so-
lution is discontinuous. This is particularly prominent in CFD
simulations where shock waves appear.

The protocols and tools used within the implementation of the
quantum Jacobi solver can be applied to other classical iteration
schemes. For example, we can split the matrix R= B+ T into a
bottom off-diagonal matrix B and top off-diagonal matrix T. In
this case, the Gauss—Seidel scheme can be employed which has

the following iterative scheme [1%8],

x,=(D+B)'(b-Tx, ) Vke[LK] (3)

While Equation (3) does not readily map to quantum operators,
we propose to use the Woodbury identity 1% and recast the iter-
ation scheme using the recursive summation. The Gauss—Seidel
iteration then becomes

X = {2(_D_1B)1}D_l(b —Tx, ) QD '(b—Tx,,),  (4)

=0
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with a Woodbury summation term Q < ZlL:()(—D‘1 B)' being
truncated to some integer-valued order L. Generally, we note that
amodest truncation order L provides excellent results in practice.
We provide more information regarding the convergence with L
and numerical tests in the Appendix.

3. Implementation

We proceed to describe an implementation of quantum iterative
solvers on a quantum processor with the help of block encoding
techniques. Specifically, we concentrate on the quantum Jacobi
solver. To execute the iteration presented in Equation (2), an ef-
ficient method for statevector subtraction is needed. Implement-
ing this in practice involves devising a circuit capable of subtract-
ing the amplitudes of two states, one of which is generally un-
known as it encodes the prior iterate solution. The no-cloning
theorem prohibits the creation of a deterministic circuit for this
purpose. [l Despite this, probabilistic statevector subtraction
is achievable. [1'?] One way of implementing iterative statevector
subtraction is to make use of the linear combination of unitaries
approach. *8] In particular, we suggest to use a LCU for prepar-
ing the superposition of multiple states representing all parts of
the iterate state at a given step k.

Let us consider the quantum iteration scheme in Equation (2)
and expand the recursion such that the k' iterate is composed of
the linear combination of operators acting on the computational
zero state. The equation can be written as an expansion of the
form

k
%) = Z (=Up- UR)j_l Up-1 Uy + (= Up- UR)k Up| 19), )
j=1

consisting of k + 1 terms. We can write this in the LCU form as

|%,) =57s |#). Each term in the expansion can be represented as
a unitary by multiplying the individual block encodings of the
known quantities. The circuit used to perform this multiplication
is given in Figure 2a. The circuit is constructed such that the indi-
vidual block encoding of each matrix is multiplied with the use of
ancillary qubits."3] This is a necessity because the matrices are
individually embedded within larger block matrices to form uni-
tary operators. The nature of this embedding means that the di-
rect multiplication of the block encodings introduces additional
unwanted cross terms. These terms arise from the multiplica-
tion of the off-diagonal blocks within the individual embeddings.
These additional terms interfere with the required data structure,
which is expected to only encode the data corresponding to the
multiplication of the underlying matrices themselves. As shown
in Figure 2a, this is resolved by extending the register such that
block encodings are only partially overlapped. After the multipli-
cation, the Jacobi expansion takes the form of

k+1

EAEDIETAAE (6)
j=1

The coefficients ¢; refer to the multiplication of the normalization
constants associated with the data encodings. The top log,(N)
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Figure 2. The quantum circuit used to implement the Jacobi iterative method. a) The multiplication circuit used to obtain the block encoding U; of each
expansion term. The block encoding U, represents the vector encodings U, or U,. The block encodings Uy and U, represent the matrix encodings Up1
and Ug. After multiplying the block encodings, the top log, (N) qubits encodes the j" expansion term. b) The LCU circuit used to solve for the k'" iterate
x,) using a = [log, (k + 1)] ancillary qubits. The unitaries U; represent the block encodings of the jth € [1, 29] expansion term. The unitary V encodes
the normalization constants associated with each block encoded expansion term. The final result is obtained after taking a projective measurement on
the ancillary qubits. c) The block encoding circuit used to encode matrices D' and R and vectors xg, b and v. The circuit is constructed from a product
of g Givens rotations over n qubits. Each Givens rotation G (6, i, j) consists of permutation gates P(j, 2"), P(i, 2" — 1) and a y-axis rotation by angle 6 that

is controlled by n — 1 qubsits denoted R, (6).

qubits encode the multiplied data corresponding to the j* expan-
sion term.

We also note that instead of multiplying the block encodings
directly, it can be beneficial to encode the powers of the block
encodings. For example, we see from Equation (5) that multiple
powers of the term U, Uy are required. Encoding matrix powers
can be achieved naturally with a QSP framework in order to re-
duce the quantum resource requirement in performing block en-
coding multiplications. More details regarding overall resource
requirements are explained in Section 5.

To account for the coefficients ¢, it is necessary to construct
a normalization unitary. [°®) First, the normalization vector v is
calculated according to

VG {Bw’-l&i ifj <k+1
» 6=

V= e 9T s e
ZJ,:lcj bdx, ifj=k+1.

)

The normalization factors are b=|b|l, %, = ||, 7 = ||R|| and
d = ||D7!|]. Secondly, block encoding is applied to create the re-
sulting unitary V that encodes this information, which is defined

by ) = V |9).

Implementing the addition and subtraction of the expansion
terms in Equation (6) can be achieved with the LCU circuit shown
in Figure 2b. The circuit accounts for all of the terms in the full
expansion of the k™ iterate solution using controlled versions of
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the multiplication unitaries that encode the problem data. Note
that the minus signs in Equation (6) can be incorporated into uni-
taries U, by including additional phase gates. In order to prepare
the approximate solution |x;), a total of a = [log, (k + 1)] control
qubits are required to embed 2% controlled expansion unitaries.
In the case where 2* > k + 1, an additional j = 2* — k — 1 zero
terms are appended to v. This corresponds to the calculation of
the iterate solution where there are fewer terms in the Jacobi ex-
pansion compared to the number of controlled unitaries required
by the LCU circuit. The normalization unitary V is therefore cru-
cial in accounting for both the normalization of the encoded data
and the calculation of iterate solutions where k + 1 is not a power
of two. Upon implementing the full LCU circuit, the superposed
solution |x,) is obtained by projecting the auxiliary register onto
the zero state.

The final step in the quantum circuit implementation of the
Jacobi method is to extract the relevant information from the
solution that is prepared as a quantum state. Generally, this
is not easy due to the readout problem, which represents one
of the challenges for quantum linear algebra solvers. 13114
One option corresponds to accessing features of the solution
by measuring an expectation (x,|M |x,) of an observable that
is represented by operator M. This observable can represent
statistical moments of a field, [52] a principal component, '] or
correspond to evaluating the solution at a particular grid point.
(2] Alternatively, shadow tomography can be used to measure the
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state |x,) in the computational basis. %] After post-processing,
several amplitudes of the classical solution vector x; can be
measured. The final solution will then be an approximation to
the true solution x after both solutions have been normalized.

When solving for the K™ iterate as an approximate solution of a
differential equation, the quantum state |x) effectively embeds
all of the prior iterate solutions that spans from |x,) to |xx_).
While these prior iterates are naturally stored in the history of
the state, it is noted that there is no easy way to access |x,_x)
within the LCU circuit itself without having to perform a series
of mid-circuit measurements. Nonetheless, the circuit construc-
tion is valid for any k such that any prior iterate solutions can be
measured from the output of successive circuit implementations,
if required.

The steps taken to implement the quantum analog of the Ja-
cobi method can be applied to the Gauss—Seidel method. In this
case, the quantum state solution at iteration k is obtained from
the full expansion when written in terms of quantum objects
with block encodings Uy, U1, Uy, U, and U,. Thus, the quan-
tum Gauss-Seidel scheme from Equation (3) can be written as an
expansion of the form

k
%) = LZ (=UoUp Ur) ' Ug Upa Uy + (U Up Up) Uy | 16) .

®)

def
The Woodbury summation U, = ZzL:o (= Up-1 Up)' can be imple-

mented with an LCU circuit, using techniques such as QSP to
embed the I power of Uy Uy. This circuit is then embedded
within the k + 1 terms of the expansion. These terms form the
controlled unitaries of the LCU circuit from Figure 2b, which is
then measured to extract the solution state |x,).

Let us now discuss possible implementations for block encod-
ings. First, we note that this can be done via methods of LCU-
based encoding or an oracle-based encoding. ['%! Second, the ap-
proach can benefit from block encodings with sparse matrices
and degenerate matrix elements, where efficient strategies based
on oracles have been put forward recently. ['17-120] In the follow-
ing we put forward another option where the use of oracles is
avoided, and unitary representations of operators are developed
with the help of Givens rotations. [121-123] The Givens-based block
encoding protocol and the corresponding quantum circuit are
shown in Figure 2c. The procedure begins by embedding the data
within a unitary matrix and then applying a QR decomposition
to express the matrix as a product of Givens rotations. [123] Each
Givens rotation is then implemented using n qubits using the
following gate sequence,

G(6,1,j) = P(j, 2")P(i, 2" — 1)C®"V.R (6)P(i, 2" — 1)P(j, 2"). (9)

¥
Here, C®‘”'”-RV(0) is a single qubit rotation by angle 6 about the
y-axis that is controlled by n — 1 qubits and P(i, ) are permutation
gates. The permutation gates P are matrices with components
P;=P;=1, P;=P;=0and Py ; = 1. These permutation
gates can be decomposed into a series of CNOT and SWAP oper-
ations. (1241

We note that the procedure used to embed the data using the
Givens block encoding protocol depends on the data structure. To
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begin with, all of the known classical quantities are normalized
prior to encoding. Their normalization constants are accounted
for in the construction of unitary V via Equation (7), which is
block encoded using [log, (k + 1)] qubits. To see how the block
encoding is implemented in practice, consider a non-unitary ma-
trix W that has dimensions of N x N. This matrix is first substi-
tuted into the unitary matrix W according to

T w Vi—wiw (10)
“\WVi-wiw —w '

The QR decomposition is applied to W to decompose it into a
product of Givens rotations. [12*] This matrix is then encoded into
the gate sequence Uy, using the Givens block encoding circuit
with [log,(2N)] qubits. The full construction of the block encod-
ing circuit can be simplified for instances where W has a par-
ticular sparsity pattern. In the Jacobi scheme, W takes the form
of a purely diagonal matrix or a banded structure with zero di-
agonal components. In these cases, there are fewer Givens rota-
tions in the QR decomposition and the resulting construction of
the permutation matrices are simplified. The overall circuit depth
however depends on the chosen finite differencing scheme and
details of the problem.

Finally, returning back to block encodings required specifically
by JacoDbi iterations, we substitute W by the relevant operators.
The Givens-based block encoding circuit Uy, is obtained by encod-
ing R in the top-left matrix block of W. For the diagonal part D',
the matrix inversion is first performed classically by simple inver-
sion of elements (and assuming they are nonzero). This largely
simplifies the workflow and allows avoiding expensive quantum
operator inversion. [3l The inverted matrix is then encoded into
the top-left matrix block of W and the unitary U, is prepared
with the block encoding circuit. For vectors x, and b of length
N, their unitary embeddings U, and U, are implemented using
the Givens block encoding circuit with log,(N) qubits. This ap-
proach eliminates the need for extra ancillary qubits compared
to traditional state preparation subroutines ['%].

4, Results

We proceed to address the application of quantum iterative
solvers as applied to problems in computational fluid dynam-
ics. One of the challenges in CFD involves modeling convection-
diffusion systems. The physics of these systems is dictated by the
viscous Burgers equation. This equation is employed in various
fields such as aerodynamics, biology and cosmology to study phe-
nomena related to fluid mechanics, shock waves and turbulence.
(126] The viscous Burgers equation in one-dimension is expressed
as

of  pof _ 9f
E+ Mo for 0<x<L, and 0<t<T, (11)

where u represents the fluid viscosity. The boundary conditions
and initial condition are given respectively by

FO.8 =fo, f(L,t)=f;, and f(x,0)=g(x). (12)
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Figure 3. A demonstration of how the output from the quantum imple-
mentation of the Jacobi method iteratively converges toward the true so-
lution. a) The problem is defined by the viscous Burgers equation, whose
true solution is a shock wave as displayed by the solid curve. The dashed
curves represent the k" € [0, 1,4, 10] iterate solution obtained from the
quantum Jacobi solver. b) The logarithmic decrease in the error of the
quantum Jacobi solution over 30 iterations.

This partial differential equation (PDE) models the scalar field
f(x,t) of a dissipative system across a space of length L, over time
T from a smooth initial condition function g(x).

We now exemplify solving the Burgers equation with an itera-
tive solver. This use case acts as a benchmark to demonstrate the
algorithmic framework of the quantum iterative solver. The first
step is to discretize the PDE and obtain a system of equations.
Using an appropriate finite differencing method, a mesh is de-
fined which consists of N + 1 spatial nodes uniformly spaced in
the interval [0, L] and M + 1 temporal nodes uniformly spaced
in the interval [0, T]. The quantum implementation of the Jacobi
method is then utilized to perform the iterative matrix inversion
of the resulting system of equations, and obtain a quantum state
with amplitudes proportional to the scalar field solution of Equa-
tion (11).

In Figure 3, we illustrate how the iterate solutions converge
during the quantum implementation of the Jacobi method. The
result considers a snapshot solution to the viscous Burgers equa-
tion with y = 0.05, at a fixed point in time. The initial and bound-
ary conditions are defined by a shock wave profile. The iterates in
Figure 3a demonstrate how the intermediate solutions obtained
from the algorithm converges toward the true solution of the dif-
ferential equation (here we show the full solution for illustrative
purposes). The error scaling of the subsequent quantum solution
is plotted in Figure 3b with the error taken to be one minus the
fidelity. The fidelity is given by | (f (x)|f; (x)}|”, where both the
true solution f(x) and the Jacobi solver solution f,(x) have been
normalized beforehand. We observe that the accuracy of the re-
sult improves significantly in only a few iterations, even in cases
like this where the solution contains a discontinuity in the form
of a shock wave.

An example solution to the Burgers equation using the quan-
tum circuit implementation of the Jacobi method is shown in
Figure 4. The problem is given by the Burgers equation defined
in Equation (11) with 4 = 0.08, L, = 1 and T = 0.5 (using dimen-
sionless units for brevity). The finite differencing mesh is de-
fined with N =128 and M = 150. Using a backward time cen-
tered space differencing scheme, the PDE is converted into a sys-
tem of equations of the form

Flet,) = A7 f (51, ¥ m e [0, M. (13)
Here, the matrix A represents the linearized system obtained af-

ter classical pre-processing, which includes the semi-implicit lin-
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Figure 4. The solution to the Burgers equation using the quantum circuit
implementation of the Jacobi method after 80 iterations. The scalar field
surface f (x, t) represents a traveling sinusoidal wave in a dissipative sys-
tem.

earization of nonlinear terms. The quantum iterative solver is
then applied to this linearized system at each time step, effectively
embedding classical linearization within the quantum frame-
work. The initial condition is set to g(x) = sin(2zx) with dynamic
boundary conditions such that f(0,t,,) = —t,, and f(L,,t,) = t,.
The surface plot visualizes the scalar field solution, which repre-
sents a wave traveling through a medium with non-zero viscosity.

The solution to the system of equations is obtained from the
simulation of the quantum Jacobi algorithm outlined in Figure 1
with k = 80. The numerical simulation of quantum circuits is
performed using Julia’s Yao package,!'?’) including full circuit de-
compositions. We observe that high-quality solutions can be ob-
tained from the full statevector using limited resources.

Next, we proceed to another example in the CFD domain. The
study of aeroacoustics considers the interaction between noise
generation and fluid flow. Accurately modeling the propagation
of sound waves from the perspective of aerodynamic flows is a
challenge that concerns the aerospace and automotive sectors.
(128] The fluid dynamics is governed by the Navier-Stokes equa-
tions which reduces to the Euler equations in the case of an invis-
cid flow. For acoustic fields, the problem reduces further to the
study of the linearized Euler equations. (1% The two-dimensional
linearized Euler equations for a quiescent fluid with negligible
base flows are given by

op ou  ov

—+pl—+=)=0, 14

ot p(&x 6y) (14)

ou  10p

—Z4+=-==0, 15

0t+ﬁdx (15)
d

LA (16)

ot  poy

Here, u(x, t) is the velocity component in the x-direction, v(y, t)
is the velocity component in the y-direction and j is the mean
density of the fluid. These equations model the propagation of
acoustic waves via the pressure field solution p(x, y, t) in quiescent
air by considering the conservation of mass and momentum.
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Figure 5. The solution to the Euler equations using the quantum circuit
implementation of the Jacobi method after 12 iterations. The pressure
field solution p(x, y) represents the transmission of a Gaussian-modulated
noise, emitted from a static point source, through quiescent air.

An example solution to the Euler equations using the quan-
tum circuit implementation of the Jacobi method is shown in
Figure 5. This solution uses a Gaussian-modulated sinusoidal
initial condition cos(2zwr)e™” with frequency @ = 2 and radial
component r? = x? + y%. The solution also uses non-reflective
boundary conditions. As before, the solution is obtained first by
performing backward time centered space differencing on the 2D
PDE system. The discretization is applied in the x-direction us-
ing N, = 128 spatial nodes with x € [-2, 2] and in the y-direction
using N, = 128 spatial nodes with y € [-2, 2]. The temporal do-
main is divided into M = 60 temporal nodes. The solution is then
obtained from the simulation of the quantum Jacobi algorithm
with k = 12. The resulting contour plot visualizes the pressure
field solution of the noise transmitted from a static point source.
From this, we see how the Gaussian-modulated sinusoidal waves
are traveling through a quiescent fluid.

Finally, we assess the complexity of running the iterative algo-
rithms based on linear systems of equations properties, namely
the condition number. The scaling behavior of the quantum cir-
cuit implementation of the Jacobi method with respect to con-
dition number « is shown in Figure 6. A tridiagonal system of
dimension 256 X 256 is solved using the quantum Jacobi solver

125}
100+
7571

50

Iteration number

25¢

10 20 30 40 50 60 70
Condition number
Figure 6. The scaling of the number of iterations with condition number
for a system of fixed size. The iteration number represents the minimum
number of iterations required such that the error between the true solution
and the quantum Jacobi solution meets a given threshold.
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with different numerical values. The respective condition num-
bers of these systems ranges from 3 to 70. Their respective itera-
tion numbers correspond to the minimum number of iterations
such that the error between the true solution and the quantum
Jacobi solution meets a threshold of 107¢. Here, the true solu-
tion is taken to be the direct inversion of the resulting matrix
A. The cost associated with performing iterations scales linearly
with the condition number, suggesting that systems with higher
condition numbers require more iterations to converge toward
a solution with a given level of accuracy. It should be noted that
the cost of each iteration is independent of the condition num-
ber. This scaling of iterations K ~ O(x) is representative of the
depth of the LCU circuit and confirms the observation that the
optimal scaling of a linear systems quantum solver with respect
to condition number is strictly linear. [6%]

5. Discussion

The total circuit width for the quantum Jacobi circuit accounts
for the qubits required to multiply the block encoded data
and the control qubits required to perform the statevector
addition and subtraction. As a result, the circuit requires
log,(N) + 2k + [log,(k + 1)] qubits. The linear dependence on
the iteration number k stems from the multiplication circuit from
Figure 2a. Where required it is possible to remove this depen-
dence by using QSP in place of the existing multiplication strat-
egy. QSP then uses at most two additional ancillary qubits to ap-
ply polynomial transformations to block encoded matrices.!'3% To
see why QSP may be useful, consider writing the expansion of the
Jacobi scheme from Equation (1) in terms of matrix Q = D™'R
and vector p = D'h. After respectively block encoding the data
into unitaries U, and U, Equation (5) can be rewritten as

k
) = | D (~Up) U, + (~Ug) Uy | 19). (17)

J=1

The encoded power of U, can then be directly multiplied by U,
or U, without requiring any additional qubits. With QSP the to-
tal circuit width becomes log, (N) + 4 + [log, (k + 1)], which now
has only logarithmic dependence on iteration number.

The total circuit depth for the quantum Jacobi circuit accounts
for the number of gates associated with the block encoding of the
data and the operations used to manipulate the subsequent uni-
taries. The dominant contribution in terms of gate count comes
from the O(k*) multiplications of the block encoded matrices.
This gate count scaling is also applicable for QSP since the depth
of the circuit for terms (— UQ)d are proportional to the degree d
of the polynomial.l"3!] Generally speaking, the choice of block en-
coding procedure used to embed the data should be dependent
on problem specifics such as the number of repetitions and the
number of non-zero matrix elements of A. If the cost associated
with the chosen block encoding protocol is C, the total circuit
depth will be O(k?C). To date the research on identifying opti-
mal block encoding protocols 177120 suggests that for a given
problem, its cost typically depends on the sparsity s and multi-
plicity z of the matrix values such that C = C(s, 2). In our case,
this cost is alleviated to some extent by decomposing the system
matrix into components with reduced sparsity and by employing
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a swap-based density matrix embedding scheme for diagonal op-
erators. These steps enable simpler block encodings compared
to the full matrix, though they do not eliminate the general chal-
lenge. This circuit implementation is thus most favorable for
sparse systems, where the block encoding of the problem data
is efficient and the resulting circuit depth is reduced. Overall,
the number of iterations scales linearly with the condition num-
ber, while the per-iteration cost depends on the chosen block en-
coding strategy. This distinction is helpful for establishing the
figures of merit relevant for CFD; memory and runtime are
driven by the block encoding efficiency, while accuracy and con-
vergence are determined by the iteration count. By isolating these
two contributions, our approach highlights where quantum ad-
vantage may arise.

The accuracy, reliability and efficiency of numerical techniques
play a crucial role in obtaining dependable results in CFD. In
terms of computational savings, the quantum circuit implemen-
tation of the Jacobi method offers a significant enhancement in
data storage efficiency when compared to its classical counter-
part. An exponential speed-up in memory comes from the fact
that optimized classical iterative approaches achieve a scaling of
O(N), while the quantum Jacobi solver has an improved scaling of
O(log, (N)) (of course, keeping in mind that the solution is stored
as a quantum state). This is a characteristic that is particularly rel-
evant for extensive industrial CFD simulations where the mem-
ory required to store and manipulate the data exceeds the amount
available in classical computing. In addition, the convergence
rate is the same as the classical implementation whereby conver-
gence is obtained in the same number of iterations. The quan-
tum Jacobi solver therefore offers promising prospects for re-
ducing the computational resources required for industrial sim-
ulations, especially when embedded within higher-dimensional
multigrid algorithms.

The success probability associated with post-selection on an-
cillary qubits is an important factor in assessing the practicality
of quantum iterative methods. We evaluated the success prob-
abilities of our complete quantum circuits for increasing num-
bers of iterations, limited by system size in classical emulation.
Our results show that the success probability remains at accept-
able levels across varying condition numbers. For instance, with
€ = 1071%, the success probability for the third iterate correspond-
ing to K =31is p =0.9983 for k =1, p = 0.7088 for k = 67 and
p = 0.7157 for k = 165. These results indicate that while the suc-
cess probability decreases with larger condition numbers, it re-
mains practical. For larger systems, success rates can be further
amplified using repeat-until-success strategies ['32] or amplitude
amplification.!!33]

In discussing the role of quantum iterative solvers for PDEs
and CFD problems, we note that they provide an alternative ap-
proach that is not covered by other options. Approaches based
on variational state preparation are frugal in terms of qubit num-
bers and depth, but are largely dependent on the ability to train
state preparation circuits.['** On the other hand, approaches like
the QLSA are geared toward large-scale fault tolerant quantum
processors, where the direct matrix inversion can be performed
assuming access to a large number of ancillas.??! In contrast,
quantum iterative solvers fall in between these two regimes and
are geared toward early fault tolerant devices. Due to the itera-
tive nature of these algorithms, fewer error corrected qubits are
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required and the subroutines used are less intensive. Compared
to existing QLSAs that depend on direct matrix inversion, which
is often challenging for poorly conditioned systems, our quan-
tum iterative approach can avoid inversion in its full form. Com-
pared to Kacewicz-based methods [1*°] we do not rely much on
post-processing, and unlike Burgers-specific schemes exploiting
the Cole-Hopf transformation,!13¢] it generalizes across PDEs as
shown in the acoustic flow example. The iterative solver directly
encodes the iterative update process into quantum circuits, in-
stead of converting the problem into a large matrix inversion
or simulating the full evolution operator as in the linear com-
bination of Hamiltonian simulations approach.['*”] Additionally,
we handle nonlinearity using linearization, a standard approach
in classical CFD. This avoids the need for multiple reuploads,
though it comes at the cost of reduced stability when dealing with
strong nonlinearities.['*] These extensions enable the treatment
of larger systems with moderate accuracy, making our method
more relevant for CFD problems. Furthermore, approaches like
the quantum physics-informed neural networks 8792139 can be
integrated with iterative solvers to reduce the number of itera-
tions required.

From an industrial CFD perspective, approaches like the quan-
tum Jacobi algorithm are best used as a preconditioning subrou-
tine within larger classical multigrid algorithms. In this sense,
only the most computationally intensive aspects of the simula-
tions are off-loaded to a quantum device. These computational
pipelines are a necessity for future surrogate modeling and dig-
ital twin simulations in leveraging the computational advantage
of quantum physics. Machine learning approaches can also be
used here to further increase the accuracy and performance of
the quantum iterative solver.[*0]

6. Conclusion

We proposed algorithms for implementing quantum iterative
solvers of differential equations based on a linear combination
of unitaries represented by block encodings. Specifically, we
demonstrated the building blocks for the quantum Jacobi iter-
ative solver and developed a pipeline for preparing the approxi-
mate solution as a quantum state. This included the circuits for
block encoding problems (differential equations), the construc-
tion of the circuit using the LCU approach and the validation
of the results in solving PDEs. The tools and techniques devel-
oped are readily applied to other iterative schemes, as demon-
strated here with the extension to the Gauss-Seidel method where
we have developed a particular expansion based on the Wood-
bury identity.

We have tested the approach by preparing solutions of the
convection-diffusion systems described by the viscous Burgers
equation, as well as sound wave propagation from the aerospace
and automotive sectors which are industrially relevant.['?8] The
results showed that high-quality solutions can be obtained
already with limited resources. We note that the presented
quantum Jacobi solver is best applied to problems where the
solution contains an instability or discontinuity, advancing on
techniques that require variational state preparation. The main
advantage of using a quantum iterative solver over a classical
iterative solver stems from the memory savings associated
with manipulating the problem data and calculating the iterate
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Figure Al. The logarithmic decrease in the error of the Gauss—Seidel
solver over 80 iterations for different values of the Woodbury summation
truncation parameter L € [5, 10, 15, 20].

solutions on quantum processors. This can be further improved
with developing readout techniques and multigrid approaches.

Appendix A

The Gauss—Seidel iteration scheme can be written in terms of a truncated
Woodbury summation using the Woodbury identity.[’1% The influence that
the truncation parameter L can have on the overall error scaling of the
Gauss-Seidel solver is demonstrated in Figure Al. This result considers
solving a linear system of size N = 128 with condition number k = 24.

The error reduces when L is larger but this is at the expense of in-
creased terms in the Woodbury summation. This translates to requiring
more ancillary qubits in the LCU circuit of the quantum implementation
of the Woodbury term Ug,. As a consequence, the choice of truncation L
is dependent on a trade-off between improved convergence and increased
quantum resources.
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