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Potential of quantum scientific machine learning applied to weather modeling
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In this paper we explore how quantum scientific machine learning can be used to tackle the challenge
of weather modeling. Using parametrized quantum circuits as machine learning models, we consider two
paradigms: supervised learning from weather data and physics-informed solving of the underlying equations of
atmospheric dynamics. In the first case, we demonstrate how a quantum model can be trained to accurately
reproduce real-world global stream function dynamics at a resolution of 4°. We detail a number of problem-
specific classical and quantum architecture choices used to achieve this result. Subsequently, we introduce the
barotropic vorticity equation (BVE) as our model of the atmosphere, which is a third-order partial differential
equation (PDE) in its stream function formulation. Using the differentiable quantum circuits algorithm, we
successfully solve the BVE under appropriate boundary conditions and use the trained model to predict unseen
future dynamics to high accuracy given an artificial initial weather state. While challenges remain, our results
mark an advancement in terms of the complexity of PDEs solved with quantum scientific machine learning.

DOLI: 10.1103/PhysRevA.110.052423

I. INTRODUCTION

The ability to forecast the weather is of great impor-
tance to many areas of modern society including agriculture,
transportation, and the mitigation of extreme weather events.
Accurate prediction of near and medium term weather re-
mains difficult owing to the complex, nonlinear, and dynamic
behavior of atmospheric physics. Simulating such processes
incurs a staggering computational cost. For example, the Inte-
grated Forecasting System (IFS) used by the European Centre
for Medium-Range Weather Forecasts computes numerical
simulations on a 1 x 10° CPU core supercomputer every 6 h
[1,2]. These state-of-the-art spectral element methods (SEMs)
involve computations that alternate between real-space and
spectral representations at every time step [3,4], as discretized
in a semi-Lagrangian scheme [5] where the grid computation
often relies upon a finite element method [6]. However, sig-
nificant open problems remain with these methods, including
maintaining an appropriate grid resolution, avoiding numer-
ical instabilities, and bottlenecks imposed by data transfer
when transposing from real to spectral spaces [7]. This ulti-
mately leads to error in predictions [8], particularly at time
scales beyond one day [9,10]. Crucially, it is not clear yet how
much further these numerical methods will need to scale to
solve these issues, nor if the required computational power
to do so will be available. Therefore, methods which might
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offer reductions in computational cost or improved long-time
accuracy are highly desirable.

Recently, machine learning (ML) has demonstrated great
potential as a solution. ML methods differ from traditional
methods as they make predictions based on weather patterns
that are present in the data sets used to train them. Rather than
repeatedly running expensive simulations, a larger one-off
cost is invested in the training of a ML model, with the idea
that after training the model can make predictions at low cost.
When large amounts of historical data are used as a data set
[11], the predictions of such models may even outperform IFS
in accuracy [12,13]. However, open questions remain around
whether such models generalize to regions with limited data
or under extreme conditions not seen previously [14]. This is
in contrast to some traditional numerical methods, which do
not face this issue as they forecast purely based on the un-
derlying partial differential equations (PDEs) of atmospheric
simulations.

Therefore, it seems natural to try to combine these ap-
proaches. This has led to the field of scientific machine
learning (SciML), in which the ML model aims to also sat-
isfy the physical laws of nature. Promisingly, there is already
evidence that for weather and climate modeling this paradigm
leads to less data required for training and improved gen-
eralization of the trained models [15]. In particular, among
the various SciML approaches, the physics-informed neural
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network (PINN) formulation has led to a rapid progression
of impressive results [16—19]. Here the output of a neural
network is used as a solution to the underlying PDEs, achieved
via introducing a penalty during training if the output at a
discrete number of sampled locations does not satisfy the
equations. Notably, PINNs have been shown to demonstrate
various benefits, including downscaling (i.e., accurately pre-
dicting at a finer resolution than the training data) [20] and
improved extrapolation to unseen conditions [21].

The success of classical ML has led to the swift devel-
opment of quantum machine learning (QML). Very broadly
QML is any machine learning approach that uses a quan-
tum computer for all or part of the process. The aim is to
leverage the properties of a quantum computer to solve ma-
chine learning problems more efficiently, most ambitiously
to tackle classically intractable problems. Encouragingly,
there are a number of QML algorithms which demon-
strate rigorous computational advantage, for example with
regards to specific learning problems [22-24] or replacing
fundamental subroutines in classical ML [25,26]. However,
due to the high number of quantum operations and qubits
required, these specific algorithms require fault tolerant quan-
tum computing, widely assumed to be on the order of a
decade away.

An alternative approach, more amenable to the near term, is
variational QML algorithms [27-29]. In this setting, a classi-
cal neural network is replaced with a quantum circuit in which
the logic gates embed tunable parameters, leading to a tunable
output. This output can then be used to calculate the value
of a loss function and, following typical ML procedures, can
be used to optimize the weights to train the model. Impor-
tantly, variational QML models require reduced gate depths
and qubit counts [30] and exhibit intrinsic resilience to some
noise sources, a desirable feature when using real quantum
hardware as evidenced by many experimental demonstrations
[31-33]. Mirroring classical SciML, variational QML archi-
tectures can also be trained to satisfy a set of governing
equations, leading to the field of quantum scientific machine
learning (QSciML). Within this realm, a particular effort has
been focused on using physics-informed terms analogous to
PINNSs [34-36].

In this paper we use QSciML to solve the barotropic
vorticity equation (BVE), a third-order PDE, for a global
setting via a physics-informed variational quantum algorithm
and ad hoc circuit architectures. The corresponding model
is then benchmarked aside its classical equivalent. This is
strongly motivated by the fact that, as stochastic optimisation

J

problems, the trainability and performance of QSciML mod-
els are hard to predict in general. This makes it all the
more important to test them in new domain areas, as is
reflected by progress across the field in other application
areas [37-39].

This paper is laid out as follows. In Sec. II we intro-
duce the problem setting including the barotropic vorticity
equation (BVE), a PDE which we use as our model of the
atmosphere to solve. In Sec. III we introduce how quantum
computing circuits with parametrized gates can be trained as
ML models, either through data only or with the inclusion of
PDEs. In Sec. IV, we give further details on the encoding
of the input parameters in the quantum circuit and on the
ansatz used for the optimization. In Sec. V we present results
achieved using each paradigm, looking at artificial weather
systems and cases of real global weather. Finally, we discuss
and summarize our results in Sec. VI.

II. BAROTROPIC VORTICITY EQUATION

The BVE describes the evolution of the vorticity, a measure
of the rotation of air, for an inviscid and incompressible flow.
The BVE can be used to model a simplified atmosphere in
which winds are independent of geopotential height [40—42].
Considering the flow within a single two-dimensional (2D)
plane in this atmosphere, the BVE can be written as

Dn _dn

Dr - ot +@-Vn=0, (1)
where u is the velocity, ¢ is time, and the absolute vorticity
n = ¢ + f is a sum of the relative vorticity of the flow ¢ and
the vorticity caused by the Earth’s rotation f.

It is convenient to transform Eq. (1) into spherical co-
ordinates by defining the longitude A, the latitude ¢, and
f =2Qsin¢ where Q = 7.292 x 107> rad/s is the angular
velocity of the Earth. It is also convenient to introduce the
stream function v, linked to the relative vorticity via { =
V24, for which lines of constant value are streamlines (i.e.,
curves which show the direction in which a fluid element will
travel at any point in time). In terms of stream function and
vorticity, Eq. (1) can be written as
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Further still, one can express Eq. (2) in terms of the stream-
line function alone:
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where for conciseness in the following, in the last line we
omitted the explicit dependencies of the functional F on

3)

(

partial derivatives and of ¥ on the features. Further details of
these derivations can be found in Appendix A. Equation (3)
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FIG. 1. Anoverview of the QSciML algorithm used in this paper.
Considering a single layer of the atmosphere, a collocation point can
be defined in terms of the latitude ¢, longitude A, and time #, which
is embedded into the Hilbert space using a quantum feature map.
Subsequently, an ansatz consisting of trainable unitary operations is
applied to manipulate the embedded features. Finally, measurement
of qubits is used to construct an expectation value of a cost operator
C, which is used as a prediction of the stream function . The model
is trained using the differential quantum circuits (DQC) algorithm to
minimize the loss function associated to the BVE and the boundary
conditions.

represents the form of the BVE used as the PDE training loss
in Sec. VB.

III. QUANTUM CIRCUITS AS MACHINE
LEARNING MODELS

A quantum algorithm, consisting of a set of quantum
(parametrized) logic gates, can be visualized as a quantum
circuit diagram. One example of this is shown in Fig. 1, which
describes at a high level the variational QML algorithm used
in this paper [29]. The diagram should be read left to right,
with each line representing a qubit, initialized as standard in
the computation basis state |0) and evolved according to the
various gates overlapping with the corresponding lines. Look-
ing at this diagram, the first component is the quantum feature
map (FM). This is used to encode a given classical input X
into the Hilbert space, for which X is a (multidimensional)
coordinate from the problem domain. In order to do so, after
initialization the qubits are acted upon by a unitary matrix
UF(¢, A, t). Lower-level details about the specific encoding
unitary are given in Sec. I'V.

Following the FM is a second component of our algo-
rithm, the variational ansatz. Each layer of the ansatz can
be expressed mathematically as a general unitary operation
Ux(6) acting across all of the qubits and parametrized by the
vector of tunable parameters 6. In practice, each block Uy
is composed of a series of single-qubit operations and multi-
qubit entangling operations and depends on a small subset of
parameters §,~, such that UA(é) = UAI(QI)UA2 (Qz)UA3 03)....
Importantly, each parameter 6; is not prescribed like those of
Ur, but instead is tuned during the learning by a classical
optimizer. A particular case is given by digital-analog quan-
tum architectures, where the unitaries acting upon (subsets
of) the circuit qubits correspond to the spontaneous (driven)
evolution over a time ¢ of the subtended quantum system

UAI, (671-, t) = exp [—if?i(éi)t], as described by the correspond-
ing Hamiltonian H;.

Finally, with the input coordinate encoded by the FM
ij (¢, A, t) as a quantum state, which is then transformed by
the trainable ansatz U, (6), classical information is extracted
from the quantum model through a set of measurements of the
evolved state |D) = 0A(§)L7F (¢, A, 1)]|0). In quantum neural
network (QNN) architectures, these measurements are de-
signed to obtain the expectation value (®|C|®) with respect
to a desired cost operator C. Alternatively, the overlap (W|®)
with another quantum state |W) used as a reference is the
approach adopted in “kernelized” versions. We choose the
QNN approach, for which the choice of cost operator is an-
other crucial architectural choice [43]. In this paper we adopt
the cost operator € = erle Zm. an equally weighted total
magnetization across the N qubits. We stress how such choice
derives from a compromise between a rich access to infor-
mation from the quantum circuit (dictated by the spectrum
of the operator) and the experimental availability. The total
magnetization offers a robust choice validated in a number of
previous applications [34,35,37-39], is not proven to induce
barren plateau phenomena [44], and is widely available in a
number of quantum computing architectures.

The expectation value of this operator, extracted from the
quantum circuit, is then taken as the prediction of the stream
function ¢ for the given input coordinate. Importantly, the
combination of constant depth ansatz and one-local observ-
ables is known to avoid trainability issues [44].

A. Parametrized quantum circuit training routine on data

In Sec. III we introduced parametrized quantum circuits
(PQCs) as the variational quantum architecture of choice, to
effectively embed a number of real parameters into a quantum
circuit and tune the dependency of the circuit output(s) on the
corresponding input values.

We are thus equipped to describe how to perform super-
vised learning on a training data set {X;, y;}, i.e., train the
quantum circuit to reproduce the dependency of the labels y;
upon an (unknown) function f acting on the model features,
i.e., ¥ = f(%;). Note that here we assume the output y is a
scalar for simplicity. Thus, the measured output of the PQC

i = (@) C| D)) “4)

can be used to approximate the given y;Vi. Correspondingly,
it appears from Eq. (4) that for each training point, a dif-
ferent expectation value needs to be evaluated, leading to a
linear scaling in circuit executions with the number of training
points. Optimizing a model so that J; = y; can be cast as
a regression problem, as shown in [45], by introducing an
appropriate loss function L, capturing the distance from the
provided training labels and the circuit outputs. This strategy
was coined quantum circuit learning (QCL). A typical choice,
adopted also in this paper, is a mean-squared error (MSE)
L= ,Gi— yi)?/N; with N; = |{%}| the number of training
points; however, other options are possible [34,45]. Finally,
this can be coupled with (gradient-based) optimization meth-
ods and back-propagation, in order to progressively train the
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free variational parameters 6 of the circuit, until L is mini-
mized upon convergence by iterating the procedure.

B. Solving nonlinear PDEs with quantum computers

When targeting the solution of PDEs, several quantum
computing strategies have been suggested. Often invoked for
this purpose is the Harrow-Hassidim-Lloyd (HHL) algorithm,
a linear algebra quantum subroutine with exponential im-
provements for some classes of problems [25]. While later
HHL was followed by a number of improvements and exten-
sions [46,47], strategies within this category still are either
limited to address linear problems, rely upon linearization
techniques with restrictive applicability, or require ancillary
quantum registers to tackle increasing degrees of nonlinearity
in the problem. In contrast, we are often interested in solving
nonlinear, high-dimensional problems. The large overhead to
solve these problems with traditional computing makes them
ideal candidates to test the feasibility and potential advantage
of (hybrid) quantum architectures.

This premise has led to the development of noisy
intermediate-scale quantum amenable QML approaches.
Among them, the differential quantum circuits (DQC) algo-
rithm optimizes the variational parameters of the quantum
circuit using a loss function informed by the (known) equa-
tions governing the problem [34]. DQC is a natural choice to
explore with near-term quantum hardware implementations,
due to its computationally cheap encoding and readout circuit
components, while capable of addressing nonlinear instances
of PDEs without the need for any preliminary linearization
scheme.

DQC training routine

In this paragraph, we detail the essential steps of DQC;
a more detailed explanation can be found in [34]. First, we
obtain a trial solution by evaluating the output of a variational
quantum circuit y;(X;, 6) as in Eq. (4), which can approximate
the action of any function f(X) on the feature(s) X [here v and
X = (¢, A, 1), respectively], i.e., represent a tentative solution
for the equations targeted. The main idea behind DQC is
to variationally train such trial solutions ¥, by quantitatively
evaluating their accuracy, until the training eventually con-
verges to an approximate solution j = f(¥) ~ f (). Inspired
by PINNSs, such training can occur in a physics-informed
manner by incorporating a loss function Lppg derived from
a PDE. In this paper, that PDE is specifically the BVE, as
formulated in Eq. (3). In order to express derivative terms in
the equation under the same framework, it is also necessary
to build and evaluate derivative quantum circuits to estimate
df(x)/dx, etc. Specifically for our case, evaluating Eq. (3)
requires four first-order derivatives, four second-order deriva-
tives, and six third-order derivatives. A quantitative metric
for the accuracy of tentative solution can be the interior loss
Sfunction Lppg, which is the residual left-hand side (LHS) of
the BVE, when replacing the formal with the trial solution
Y(p, A, t) = &(qb, A, 1). The evaluation of Lppg is conve-
niently done at a discrete number of locations in the domain
{X;} € X, such that the solution is tested across the whole
domain, rather than at a single point. Other loss terms can be

introduced, to quantify the adherence to boundary conditions,
or take into account regularization data points {y;} attained
elsewhere. Combining all the available loss, e.g., as a sum of
all the independent loss terms, one constructs a total loss £
[48] as

L = Lppg + Lc + Laaa
= Y LIFW. )]+ Lec + Y LG ¥(&),  (5)

{xiteX {vi}

where L is an appropriate distance function and F follows the
notation adopted in Eq. (3). A classical optimizer can then
used to update the circuit weights 6 in the DQC in the direc-
tion which minimizes the total loss function, e.g., via gradient
descent [49]. With the parameters updated, this concludes one
iteration of the DQC algorithm, at which point an improved
trial solution is generated and evaluated. This loop continues
for a predetermined number of epochs, or until a desired loss
value is reached.

IV. SPECIFIC ARCHITECTURE CHOICES

While Secs. VA and VB give specifics of the quantum
models used (e.g., number of qubits, ansatz layers, etc.), here
we first detail some of the more advanced aspects used across
all the numerical experiments in this paper.

A. Learnable linear feature transformation

As discussed in Sec. III, the measured output of our quan-
tum model is used as a prediction of the stream function .
Obtaining a close mapping between the model output and
problem range is important for performance.

However, considering the specific chosen cost function
¢ = ZZZI Zm, any prediction of ¥ by the QNN is bounded
by the range of the sum of the N single-qubit measurements,
corresponding to a range of [—N, N]. By contrast, the real
value of ¢ in the data ranges from [—2,2]. One possible
solution to this issue is to manually scale the output of the
QNN to be larger or smaller. However, this process can be
tedious and inefficient. Instead, we apply a strategy that will
work generally across different problem settings by intro-
ducing a learnable scaling and shifting to the output of the
QNN. Therefore, for a particular coordinate QNN(A, ¢, 1), we
apply the classical learnable linear transformation such that
Y= a, 1QNN(A, ¢, 1) + a,.

Furthermore, given an input feature (e.g., ¢), we apply a
similar transformation such that the model actually encodes
a1¢ + ay to conveniently span a range accessible to an an-
gle encoding [0, 27). A similar process is also applied to
A and ¢t with their own unique parameters. These additional
trainable parameters are exposed to the optimizer alongside
the parameters within the QNN. Ultimately, we use learnable
linear feature transformations to allow the model to automati-
cally choose scales of input and output which are optimal for
minimizing the loss.

B. Spherical geometry encoding

In the problem under study, the input coordinates are X =
¢, A, t as introduced in Sec. II. A vital component of our

052423-4



POTENTIAL OF QUANTUM SCIENTIFIC MACHINE ...

PHYSICAL REVIEW A 110, 052423 (2024)

0 RG] Ry [ A ] Ry(ea2) | .
| |

0 HRGad 5 ) } N I
| Ual(0) Ua(6) Ua(0) | Ual(0) Ua(0)

[0) M Ry(ﬂ/J.ST) Ry(ﬁ/yﬁy) Ry("/z‘sz) T 1 cee
| |

0 T R Rl =

FIG. 2. Circuit diagram demonstrating the specific quantum feature map used for DQC experiments in this paper. The original features ¢,
¢, A are mapped to ¢, x, y, z through a classical preprocessing, which are then embedded in the quantum circuit by single-qubit R, rotation
gates. Each feature is encoded sequentially in what is known as a serial quantum feature map, with trainable ansatz layers between the features
to ensure they do not sum together trivially. Furthermore, for a given feature, each repeated encoding gate has its own independent trainable
parameter, creating a trainable-frequency feature map (TFFM) [51]. After the feature map (enclosed in dashed line), the quantum model

continues with trainable ansatz layers and eventually measurement.

architecture involves consideration of the geometry of the
problem. Specifically, for a problem domain over the surface
of the Earth, approximated as a sphere, embedding symme-
tries of spherical coordinates leads to a more effective model.
We implement such a scheme through a differentiable classi-
cal layer that preprocesses the features as

X = sin¢ cos A, (6)
y = sin¢ sinA, )
Z = CoS¢. ®)

In other words, we encode the original two spherical dimen-
sions ¢ and A into three spatial dimensions, which are in fact
the Cartesian coordinate representations x, y, and z. Subse-
quently, the values of ¢, x, y, z are embedded in the QNN using
the quantum FM. We use the so-called angle encoding such
that each dimensign r € {t, x,y, z} is encoded via the unitary
Up(r) = er‘éYm’, corresponding to a single-qubit Pauli ¥
rotation on each qubit.

C. Serial quantum feature map

It is possible to encode multidimensional coordinates into
quantum models in two different ways: parallel and serial
[43]. In this paper we choose serial FMs, in which each of
the d features is encoded across all N qubits sequentially, for
a total of d encoding layers (see Fig. 2). This contrasts with a
more direct parallel encoding, whereby different subregisters
in the quantum circuit across Ni, N,, ..., N; qubits encode
separately the various model features, such that Ny + N, +
...Ny = N. Note that for a serial FM, some intermediate gates
are required between each feature to change the computational
basis, otherwise the rotations of each feature will be summed
leading to a loss of information. In this paper we choose these
intermediate layers to be the same structure as our trainable
ansatz. Repeated blocks of this FM are also possible, to reu-
pload the features similarly to [50].

The benefit of the serial FM is apparent when interpret-
ing the quantum model’s expressive power in terms of a
spectral decomposition into Fourier-like basis functions [43].
Specifically, the number of basis functions per feature is deter-
mined by the eigenvalues of the encoding operation. This is a
monotonous function of the Hilbert-space dimension spanned
by the encoding register(s). Thus, by encoding each feature

sequentially over the whole N register, rather than in parallel
over size N/d registers, the quantum model has access to a
richer basis set.

D. Trainable frequency feature map

As shown in Fig. 2, we use the angle encoding quantum
feature ‘map, such that, for any given feature r, UF(r) =
®Zn\; e ' However, it was recently demonstrated that in-
cluding trainable parameters into the FM generator can lead
to practical performance improvements, including specifically
for solving PDEs [51]. We adopt usage of these trainable
frequency feature maps (TFFMs) in this paper by modifying
the previously introduced FM to be

N
Up(r,7) = ®e_éyr.mymr’ )
m
where the parameters y,.,, are trained by the optimizer.

E. Digital vs (digital-)analog ansatz

In this paper, our choice of ansatz [UA(®) in Fig. 2] is
the hardware efficient ansatz (HEA) [52], a structure widely
adopted across variational quantum algorithms due to its
amenability to near-term quantum hardware. Underpinning
this is the HEA’s constant depth scaling with number of
qubits, use of commonly available hardware connectivity, and
well-understood benefits even in shallow regimes [53]. Per-
haps most importantly, also the use of entangling gates native
to the quantum hardware of choice can crucially affect the
ansatz performance. For example, the cascaded controlled-
NOT (CNOT) entangling gates originally proposed for HEA
require complex operations to be implemented in emerging
neutral atom quantum processors [54]. In such cases, simpler
hardware implementations of all models trained in this paper
could be achieved by applying emerging digital-analog ap-
proaches [55,56], where, e.g., chained CNOT gates are replaced
by global analog entangling operations [57]. These consider-
ations are important for any future implementations of this
approach on realistic quantum hardware, without affecting the
noiseless simulations performed here.
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FIG. 3. Prediction of global stream function v after # = 22 h of evolution by SEM (left) or trained quantum model (right). The initial state
is real weather data from midnight on 15th July 1980 [58], down-sampled to a spatial resolution of 4.04° (see Appendix B 1). An SEM solver
(see Appendix C) is used both as a reference solution and to generate a data set from which the quantum model is trained. The direction of

rotation is indicated by the black arrow.

V. RESULTS

A. Data-based training

Having introduced the algorithm and architecture, here we
present our results. In this first section we demonstrate the use
of QSciML for learning from data only, i.e., in a supervised
learning setting. Here the learning problem is as such: given
Y data at 3-h intervals t = 1,4, 7, ..., 22, train the quantum
model such that its output ¥ successfully reproduces . In
this experiment the data set used is derived from the ERAS
hourly relative vorticity on 15th July 1980 [58]; more infor-
mation is given in Appendix B 1.

In this experiment we train a N = 6, £ = 32 layer QNN
with a HEA ansatz and serial TFFM. The HEA ansatz has 3N
parameters per layer and the serial feature map contains 13N
parameters in total, 9N from the three ansatz layers and 4N
from the trainable encodings. Thus, our model has a total of
P =N x (3¢ + 13) = 654 parameters. The model is trained
using the ADAM optimizer [59] for Ny = 5000 iterations
with a batch size by = 1602 sampled randomly from the data
and learning rate [r = 1072, The loss function is simply the
MSE of the model prediction compared to the reference data
L =MSE®W, ¥).

Once training is complete, we record the predicted stream
function for each point in space and time. To test the ability
of the quantum model to reproduce the complex real-world
weather patterns, we compare this prediction to the results
from a standard approach for solving this equation, the
spectral element method (see Appendix C), for two key fig-
ures of merit (FOM). These are the mean-relative error (MRE)
relative to the SEM median and Pearson product-moment cor-
relation coefficient (PPMCC), defined fully in Appendix D.
Furthermore, given the MRE is a pointwise metric, we com-
pute the median MRE at each time step. Similarly for the
PPMCC, we define the median PPMCC as a single valued rep-
resentation of how well correlated the predicted and reference
dynamics are.

Overall we find excellent numerical agreement to the ref-
erence solution, showing that the model can successfully
reproduce the stream function at space-time points it was
trained on. Across all eight time steps, the model achieves
between 7.1 and 10.9% median MRE and a median PPMCC
of 0.870. The high correlation demonstrates how the quantum
model correctly captures the different nontrivial dynamics
across the globe, which qualitatively include an anticlock-
wise rotation around the north pole (which can be seen, e.g.,
from the changing position of the shape with a black-purple
core in Fig. 5), a westwards drift around the equator, and
many other smaller patterns. Figure 3 visualizes a single
snapshot of this evolution at time + = 22. Notably, the pre-
diction of the quantum model is at a minimum resolution of
4.21°, comparable to that used in state-of-the-art ML climate
models [11].

B. DQC: Training on data and physics

We now move to the more advanced task of predicting
weather patterns by training the model to solve the BVE. This
is achieved via the DQC algorithm [34], using boundary and
initial conditions from the data set. Specifically, the learning
problem is posed as follows: given an initial stream function
¥ and vorticity ¢ and boundary conditions, train the quantum
model to learn a stream function v/ which solves the BVE,
such that it successfully predicts unseen future i and ¢. Due
to the additional complexity of solving an underlying PDE,
as opposed to supervised learning, here we work on a lower-
resolution artificial data set. This initial state is defined by a
grid of 14 latitude (¢) points and 25 longitude (1) points over
the entire sphere A € (0°, 360°), ¢ € (—90°, 90°). Further de-
scription of the data is given in Appendix B 2.

The quantum model used is a N =4, £ =4 QNN with
a HEA ansatz and serial TFFM, containing a total of 100
trainable parameters. The model is trained using the ADAM
optimizer for Ny, = 30000 iterations with learning rate
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FIG. 4. Left: Performance captured via the spatially averaged mean relative error (MRE) at each time point, as attained upon convergence
by the QCL model presented in Sec. V A, when predicting the stream function v (red) and vorticity ¢ (blue). The median PPMCC across all
time steps is 0.870 (0.287) for ¥ (&), respectively. Right: Same analysis for the DQC model presented in Sec. V B, applied to evolving an
initial state by solving the BVE. The median PPMCC across all time steps is 0.994 (0.998) for v (¢), respectively. Note the different y-axis

scaling on both subplots.

Ir = 1072, In this experiment there are multiple loss terms
L=o1L;+aLy+a3L5+ oLy, (10)

including data terms £ = MSE(&,ZO, Y,—0) the MSE of
the initial stream function, £, = MSE(E,zo, ¢i—o) the MSE
of the initial vorticity, and £3 = MSE(¥/-.0,cquaor) the MSE
of the stream function at the equator for times ¢ € (0, 3) at
intervals of 0.1. The inclusion of the £3 loss is necessary due
to the fact that solving the BVE gives a unique ¢ solution
but a range of i solutions up to a factor of integration, as
seen from the relation ¢ = V2. Most notable is the loss
L4 = MSE(BVE), the PDE loss which is the MSE of the BVE
residual [i.e., left-hand side of Eq. (3)].

For the data loss terms, the loss weighting factors («,
ay, a3) are the inverse of the mean of the respective training
data squared (e.g., o = 1/]1;—0|?). This ensures that data
with larger scalar values are not disproportionately prioritized.
The loss weight o4 = 0.1 was optimized via trial and error to
minimize the corresponding total loss upon convergence. The
batch sizes of each of the loss terms are 350, 300, 25, and
350 respectively, with sampled points (“collocation points™)
chosen randomly from the data grid for the data loss terms
(see caption of Fig. 1). For L4 there is no restriction that
the points must lie within the data grid as Eq. (3) applies to
all points so points are selected from the continuous problem
space.

Once training is complete, the model is used to predict the
stream function and vorticity including at unseen time points
t > 0. Figure 4 shows the quality of the solution for each
observable. In terms of ¢ prediction, the model achieves a
median MRE (left axis, crossed markers) of between 1.1%
at t =0 and 21.6% at t = 3. The predicted dynamics also
have a median PPMCC of 0.992, very close to the maximally
correlated value of 1. Similarly for {, we see a median MRE

of between 1.6 and 13.8% and a PPMCC of 0.998. Thus, for
both figures of merit, the trained solution scores excellently.
This demonstrates how a variational quantum model can solve
the BVE. Furthermore, Fig. 5 visualizes the predicted stream
function at ¢+ = 0, 1.5, and 3.0. Here we see the high level of
similarity between the two solutions, as the northern negative
vorticity rings rotate eastwards while the southern positive
vorticity rings push northwards. While at + = 0 the solutions
are identical, we do observe a small discrepancy in the gray
region approximately located at A = 0°, ¢ =30° by t =3,
reflecting what is shown by the figures of merit.

VI. CONCLUSION AND OUTLOOK

In this paper we take the first steps in understanding how
the field of QSciML could be applied to weather model-
ing. In Sec. I we introduce the BVE, which we adopt as a
simplified model of the global atmosphere for demonstrative
purposes. Following this, in Sec. III we provide an overview
of the general structure of variational quantum models, includ-
ing a description of the data-based QCL and DQC learning
algorithms which mirror the classical supervised learning
and PINN approaches. Subsequently, in Sec. IV we detail
specific quantum architecture choices necessary to achieve
high-accuracy results, including a geometric encoding for
inputs on the surface of a sphere. Finally, in Sec. V we demon-
strate the use of the QCL algorithm to predict the stream
function across the spatial domain for times in the prediction
range, as well as solve the BVE for the flow function in the
case of DQC, when a reference at a limited subset of points to
ensure uniqueness is provided.

From this trained model, we are able to successfully predict
the evolution of an initial artificial weather state with high
numerical accuracy for both the stream function and vorticity
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FIG. 5. Visualization of predicted stream function i at times ¢t = 0, 1.5, and 3 by the trained quantum model and the SEM reference
solution. The quantum model has access to the initial state, after which the evolution is predicted by solving the BVE. The direction of rotation

is indicated by the black arrow.

components. Specifically for the former one, we attain me-
dian 7.1 < MRE < 10.9% for the data-based model of ¥ in
Sec. VA, and 1.1 < MRE < 21.6% for the physics informed
model of the same in Sec. V B.

Although it may be tempting to directly compare the two
quantum methods, supervised and unsupervised, using the
size of the error, this is not always appropriate as the context
in which each method can be used is different. Adopting par-
tially or exclusively a supervised model often depends entirely
on (good) data availability. In some situations reliable data
cannot be provided because, e.g., (i) acquiring a sufficient
dataset for the targeted problem is unfeasible or (ii) is too
costly or (iii) the goal is a forecast that extends further the
time range available to data (as well known in the gener-
alization problem for machine learning models). In all such
situations unsupervised models are required, notwithstanding
their higher computational cost, as is the case for the DQC of
this paper.

Our demonstration of solving the BVE is of particular note
in the context of the wider literature. Specifically, in addition
to being a three-dimensional (3D) problem, it is the highest-
order nonlinear PDE to be tackled with the DQC algorithm
to date. Even though no conclusive quantum advantage can
be inferred from the results presented here, they yet demon-
strate how QSciML is steadily advancing to bigger and more
complex problems.

It is clear of course that there is still a large gap to state-
of-the-art classical ML solutions, which have been developed
over the last few decades. Thus, it is important to consider
what natural next steps arise from our paper, and we do so
distinguishing the cases of our supervised QCL experiments
and our physics-informed DQC experiments. For QCL, in this
paper we evaluate the ability of quantum models to reproduce
the training data, a necessary precondition to predicting un-
seen weather. With our positive results, looking forward, a key

goal is to numerically establish the generalization capabilities
of our model. The ability of a model to forecast beyond the
training data is the basis for the adoption of machine learning,
and understanding how specifically QSciML models gener-
alize is an active area of research [60,61]. Encouragingly, in
Sec. V A we already identified a temporal and spatial resolu-
tion which is both amenable to near-term quantum models and
in which the predicted evolution of the global stream function
contains meaningful dynamics.

In terms of DQC, a clear future target would be to extend
our experiments to more realistic settings. First, an initial
state more representative of global weather patterns could
be chosen, e.g., derived from real data itself. Second, one
could drop the barotropic and incompressible assumptions
behind the BVE. The ultimate goal here would be to solve
for the hydrostatic primitive equations [62], employed by the
state-of-the-art IFS system [63], and recently explored also
in classical PINN settings [64,65]. This more complex set of
equations considers conservation of mass, momentum, and
energy and can also be coupled to moisture equations [66].

Advancing our method to more complex and realistic mod-
els will be more challenging due to (i) the linear scaling in
complexity with the number of training points, a problem
affecting classical ML and numerical methods alike, along
with (ii) the complexity in calculating high-order derivatives
likely to appear in challenging PDEs, especially when per-
forming classical simulations, and finally (iii) the unknown
scaling in circuit size required for different instances, which
is highly problem dependant and therefore might need to be
addressed heuristically. Excitingly, recent advances in under-
standing how to evaluate DQC in a mapped feature space [35]
raise the prospect of a quantum approach the complexity of
which scales as O(1) with the number of collocation points.
Thus, understanding how to apply these advances to the differ-
ential equations underpinning weather modeling would be an
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exciting and valuable next step on the route to advantageously
exploiting the Hilbert space accessible to quantum devices.

The ERAS weather data [58] were downloaded from the
Copernicus Climate Change Service (C3S) (2023).

APPENDIX A: DERIVATION OF THE BVE
IN TERMS OF STREAM FUNCTION

Let us start with the general Navier-Stokes equation for a
viscous incompressible flow for the velocity vector and derive
the vorticity equation. From this, we derive the Barotropic
equations for a nonviscous, incompressible flow in two
dimensions.

The Navier-Stokes equation for a viscous incompressible
flow is

o . . 1 R -
— 4+ iu-Vi=—-——Vp+g+ vV, (A1)
dt 0
where ii is the velocity vector, p is pressure, p is density, v is
the viscosity term, and g is the gravity term.
Taking the curl of the above equation results in

o |
an—l:+Vx(ﬁ~Vﬁ)=—Vx(—Vp>+Vx§+V
0

x (vVZ%ii). (A2)

Let us first look at the terms in the LHS. From the relation
&=V x ii, the first term gives us V x 3 = 22 Further-

F) 3
more, the term i - Vii can be written as '

R St - -
u~Vu=§V(u'u)—u>< (Vxi)=V— —ii x .

(A3)
Now taking the curl of this quantity results in
. |ii|* I

Vx(rou):VxVT—Vx(uxw)

=0+ V x (@ x ii)
={-V)d— (@ Vi+a(V- i)+ iV -d)
=@{@-V)d— (@ V)Qi+0+0 (A4)

where we use the standard expansion V x (A x B). We also
use the fact that curl of a gradient is zero. And in the last line,
we notice that V - ii = 0 since the fluid is incompressible and
V.o =V - (V x i) = 0 since divergence of a curl is zero.

For the right-hand side (RHS), we see that V x (%V p)=0
assuming the density is uniform and the fact that curl of a gra-
dient is zero. Further, V x g = 0 since g only has a component
in one direction (say the Z direction). For the last term of RHS,
we see that

V x (W2i) = vV2a. (A5)
Thus the Navier-Stokes vorticity equation looks like
96
T V) = @ V)i + vV, (A6)
This is also popularly written as
D&

o = (@ - V)i +vV3a. (A7)

1. Nonviscous 3D flows

For nonviscous 3D flows, we have v = 0, and then we have
the vorticity barotropic equation as

D

o=@ V)i (A8)

2. Nonviscous 2D flows

Consider the flow in the 2D x-y plane: & = (uy, uy, 0)).

Then the vorticity ® =V x ii = (% _ Oy

7% — 3,)% is only in the 2
direction is thus perpendicular to the flow plane. Hence in this
case, the vorticity can be thought of as a scalar. In this special
case, we have that (@ - V)ii = 0. Thus the vorticity barotropic
equation in this case looks like

D& 0o
— =—+@{@-V)o=0. A9
Dr = 9 (@-V) (A9)
We now define the barotropic equations for 2D flow in
spherical coordinates. We divide the equations in stationary
and rotating spheres.

a. Stationary sphere equations (in terms of vorticity)

Let us now solely focus on the 2D nonviscous incom-
pressible flow in a stationary sphere. Consider the local flow
on the sphere of radius r, i = (0, ug, u,), where uy, is the
latitudinal velocity and u; is the longitudinal velocity. The
vorticity can be denoted as @ = ¢ (¢, A, t)7 (where ¢ is the
latitude with direction denoted by ¢, A is the longitude with
direction denoted by A, and # denotes that the vorticity is in
the radial direction). The vorticity can then be expressed as
@ = (P, A, )T

We now have to compute the term i# - V¢ in spherical
coordinates. We can write the gradient of { in geographical
coordinates as

10¢ 4 1 9¢.
— %5y £3

V¢ = —A. Al10
3 rdg rcos ¢ dA ( )
Now the term ii-V¢ = "7“’3—; + rc”:)%g—i. Thus the
barotropic equation in spherical coordinates is
a ad a
_€+u_¢_§+u_’\_§=0 (A11)
ot r d¢p rcos¢ dr

Next, let us represent this function with respect to the
streamline function. The streamline function i is related to
the vorticity ¢ = V2. In two dimensions, the vorticity is only
in the radial direction, hence in geographical coordinates it
can be written as

=V xi=

1 fouy A
roosd (H - ﬁ(ux COS(P))- (A12)

Now, representing V2 in spherical coordinates, we have

ad ] 1 92
V2 = Y A —2—1'/’. (A13)
r2cos¢ d¢p ¢ r2cos? ¢ A2
From the equality { = V21, we have that
1 o
Uy = i (A14)
rcos¢ dA
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and Combining all of these in Eq. (A18), we obtain
10
= 13V (A15) _tand oy 1y
r g dgor | 9201 | cos? ¢ 9220t
Now we can represent Eq. (A11) in terms of stream function 1 oy 1y Py Dy
Y and ¢ as —| - s —tang—— + —=
r2cos¢ OA cos” ¢ ¢ apr 0993
%:38_4 ”_¢§_§ s g_i PSP B i A B
anp—s——+ ————
! at " 1¢ racosaqb - cos’¢ A2 cos? ¢ IA20¢
= _C _w_g _ _w_g 1 aw 321/f aSw 1 83w
9t rrcos¢ \ OA 3¢ 3¢ IA — —tan¢ + + ———
o r2cos¢ d¢ dpIL 320X cosP¢ 023
=3 +J(W, ) (A16) =0. (A23)
where J(, £) is the Jacobian which is defined as ¢. Rotating sphere equation (in terms of vorticity)
J(a.b) = 1 a_a % _ % % (A17) The above equation was in the stationary sphere assump-
’ r2cosgp \dL 3¢ AP L)’ tion. But in the realistic setting, one needs to consider the

Now, we can write the final barotropic equation in terms of
the Jacobian as follows:

i

m =—=J(. D).

(A18)

b. Stationary sphere equations (in terms of streamline)

The above barotropic equation is expressed in terms of
vorticity and streamline. However, given the extra equality
condition ¢ = V21, we can express the above equation com-
pletely in terms of the streamline function alone. Let us
rewrite the V2 in the spherical coordinates:

Viy = ! 8( ¢,1//) ;82_1/[

r2cos¢ 3¢ ¢ r2cos® ¢ 9A?
1 13y 1 %y
= — ———. (A19
2 end A Tz 392 ' r2cos? ¢ A2 (A19)
Now let us rewrite the LHS of Eq. (A18):
¢ VY
a ot
1 02 13 1 0°
——tan¢ v + = v Ld .
r? ot r29¢2ot  r2cos’ ¢ IA20t
(A20)

The RHS has the Jacobian term J(y, ¢) which has the

terms 5= a 7 and - Let us calculate these terms individually:
¢ AViy 1 w1 Py 1Y
p— —_ — —_— — —tan o — R
¢ R10) r2cos’¢ d¢p  r? 992 r?2 93
2t a2 1 33
2y LB
r2cos® ¢ A2 r2cos® ¢ 9120¢
Similarly, the term 25 o= A is the following:
3¢ VY
ar 9
3%y 1 %y 1 3y
= ——tan¢ — —_—
r2 0por  r20¢ror  rlcos’¢ A3
(A22)

motion of the Earth’s surface. This induces an extra vorticity
term which is due to the angular motion of the Earth. The total
vorticity is then written as it = 2Q -7+ V2 = 2Qsing +
¢. Here f = 2Q sin ¢. Thus the barotropic equation by taking
the absolute vorticity term ot 1S

Aot _ 9C
o = ar =—JW, Got) =IO, f+ )
=—Buy —J (WY, ¢) (A24)
where 8 = ZQCOS‘Z’

Note that the rotating sphere equation can just be written
in terms of ¢ and ¢:
g 29 vi
ar

S, 8). (A25)

d. Rotating sphere equation (in terms of streamline)

From the derivation done in Eq. (A23), we rewrite
Eq. (A24) in terms of the streamline and recover Eq. (3):

2y By 1 3y vy
—t 202"
Y P FC T P T EF P T

1 aw( 1oy Py By

Poosh 9\ coxtg dp %7 T ogr

9 19
e
cos’ ¢ dA2  cos’ ¢ A3
1 oy Py Yy 1 9y
— | —tan¢ + —
r2cos¢ ¢ dpOr  0p20A  cos® ¢ IA3

=0. (A26)

APPENDIX B: DATA SETS

1. Generation of real global weather data
evolving under the BVE

In this paper our underlying equation is the BVE, which
is only an approximation of the true nature of atmospheric
physics. Therefore, even a perfect ML solution would not
exactly represent the real-world future times. To account
for this, we generate a reference data set by running
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our SEM solver (see Appendix C) on a real-world ini-
tial vorticity state, producing dynamics that evolve under
the BVE.

The initial state is the relative vorticity of the ERAS hourly
relative vorticity on 15th July 1980 [58] at a pressure level
of 50 kPa. Without any processing, this data set contains 1148
longitudinal (1) x 574 latitudinal (¢) x 24 temporal (¢) points
for a total of >107 data points. Since the ML training time for
SL scales linearly with the number of data points, achieving
reasonable run times requires us to downsample the spatial
dimensions of the data. Such downsampling is achieved using
the scikit-image block_reduce function, for which square
blocks of points are replaced by a single point which is the
mean of the vorticities in that block. The length of the block
is called the downsampling factor, since it is the factor by
which the number of points in each dimension is reduced,
and the total number of points is reduced by the square of
the downsampling factor.

Choosing the correct downsampling factor is important, as
fewer data points leads to quicker training times. However,
if downsampling too far, the important low-level features of
the real-world vorticity are removed. This not only makes the
data under study less interesting, but the SEM evolution of
only high-level features leads to a trivial solution of the BVE
where the vorticity is smoothed into one constant value across
the globe. We find through trial and error that the largest
downsampling factor which can be used, while allowing the
SEM to propagate an interesting low-level feature, is 13. This
results in a data set of 89 (1) x 45 (¢) grid points. The largest
of any of the boxes formed by this grid will be the longitude
at the equator, corresponding to a size of % = 450 km where
Cg = 40075 km is the circumference of Earth at the equator.
This means that our model has a minimum spatial resolution
of (450 km x 360°)/Cg = 4.04°. We propagate this lower-
resolution initial state using SEM time steps of 400 s (the SEM
solver uses units of seconds), taking snapshots every 3600 s
(1 h), for a total of 23 h of evolution. This leads to a data set we
refer to as the real-world data, a set of 89 x 45 x 24 = 96 120
points that represent the BVE evolution from a real-world
initial state.

2. Generation of artificial data evolving under the BVE

While the ultimate goal of any weather modeling is to
be applied to the physical world, solving the BVE from a
real initial state is at the moment infeasible with current
overheads of quantum computing and simulating quantum
computers. Instead, in this paper we consider an artificial
initial global weather state, which we would like to have
both local and global dynamics. To generate this state,
we first take inspiration from the known single-mode an-
alytic solution to the BVE, which on the unit sphere has
the form

Y = P"(sin¢)(cosmh cosot + sinmisinot), (B
where P/" corresponds to the associated Legendre polynomial
with modes m and [ and o is given by the dispersion formula

2Qm

a:a,m:—l(l+1). (B2)

While this solution can be used to validate our DQC solver,
it in itself represents a fairly uninteresting evolution to solve
for, since it contains only trivial global dynamics. In order
to generate a richer (artificial) data set, we create an initial
stream function state by combining multiple modes of the
analytic solution. Specifically, first we construct the analytic
solution generating the stream function  at time t = 0 over
the sphere:

Yt =0)= Zl’,’"(sinqb)cosmk, (B3)
m,l

summing the m = = 1 and m = 1,/ = 2 modes. This initial
state is defined by a grid of 100 latitude (¢) points and 200
longitude (X) points over the entire sphere A € {0, 360}, ¢ €
{—90, 90}. Note that such summations of the single-mode
analytic solutions do not satisfy the BVE, but are simply a
convenient way to generate more interesting artificial data.

Next, we translate the stream function values to vorticity
using the relationship

2
¢ = ! 9 (cos¢%> + —1 il

r2cos? ¢ A2

1 a1 0%y 1 9%y
=——tanp— + - —— f ————
r2 an ¢ + + r2cos? ¢ A2

Finally, this initial vorticity is fed into the SEM code along
with various SEM parameters including the spectral trunca-
tion and the size of the evolution time step At = 0.001 (see
Appendix C for details). Since we are working with an arti-
ficial system, the SEM solver evolves in unitless time steps.
We also assume a unit sphere » = 1 and redefine the global
rotation to be Q = 1. The value of ¥ and ¢ is then recorded at
time intervals of 0.3, up to a maximum time ¢,, = 3. Finally,
this data set is then spatially downsampled to a smaller grid
of 14 x 25 points to reduce the ML training overhead. This
leaves a total of 14 (¢) x 25 (1) x 11 (¢) grid points.

Overall, the SEM evolution produces dynamics with both
global dynamics and local swirling patterns of two pairs of
positive-negative stream function poles that rotate around one
another (e.g., see Fig. 5).

(B4)

APPENDIX C: SPECTRAL METHODS

The dynamics of nondivergent flows on a rotating sphere
are described by the conservation of absolute vorticity given
in the BVE. One approach to solving this is through an expan-
sion of the vorticity as a sum of spherical harmonics:

L L
L@ 0= D GrOY ()

m=—L n=|m|

L L
= > Y &GP (sing)e™,

m=—L n=|m|

(ChH

where m is the order or the azimuthal wave number, 7 is the
degree, and L is the largest degree included in the truncated
expansion, under the usual expectation that a higher L can lead
to a more accurate reproduction of ¢ at the cost of a more
complex model. Y¥," is the eigenfunction of the Laplacian on
the unit sphere with eigenvalue —n(n + 1). The P are the
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FIG. 6. Left: Loss during training of the QCL model as outlined in Sec. V A. Right: Loss during training of the DQC model as outlined in
Sec. VB. The terms Ly, £,, L3, and L, refer to loss contributions from the initial conditions of v, ¢, the regularization term given equatorial

data, and the BVE loss, respectively.

associated Legendre polynomials. Further still, we can use the
condition that ¢ is real to enforce ¢, ™ = ¢,. Thus the above
Eq. (C1) can be rewritten as

L
C($. ) =Y P (sin ¢)

n=0

L L
+2) ) Pl(sing)Re[g) ()™ ] (C2)

m=1n=m

This spectral representation can be used to solve the BVE
through a SEM. In the SEM, the spatial domain is discretized
into elements, each represented by one of the basis functions.
Spatial derivatives can be analytically computed within each
element, which leads to a semidiscrete system of ordinary
differential equations, which may be integrated in time us-
ing time-stepping schemes. Our SEM benchmark is based
on the publicly available GITHUB code [67], which works as
follows.

(1) Input the initial + = 0 vorticity of the system to be
evolved.

(2) Define the grid of ¢, ¢, and A coordinates; the total
evolution time; the step size of each evolution Af; and the
number of basis functions to use.

(3) Convert the grid vorticity into the spectral vorticity.

(4) Evolve the spectral vorticity a step forward by solv-
ing the discretized version of Eq. (A26). This step forward
uses the triangular truncation technique and Robert coefficient
smoothing to prevent the resulting spectral vorticity errors
from accumulating [68].

(5) Convert the stepped-forward spectral vorticity back to
a grid vorticity.

(6) Repeat steps 3-5 until the total evolution time is
reached. This final grid vorticity is then returned as the
evolved vorticity.

We note that the time-step parameter Af is perhaps the
most important for the SEM and picking it correctly is
a balancing act: too large and numerical instability will
cause the vorticity to explode; too small and the computa-
tion will take too long to run. To find an optimal solution,
we test increasingly large At values on a trial evolution
of only 100 time steps and observe the largest value at
which an instability does not occur. The specific values
found for each data set are given in Appendixes B 1 and B 2
respectively.

APPENDIX D: DEFINITION OF FIGURES OF MERIT

We establish two FOM, both based on the difference be-
tween a predicted metric (stream function or vorticity) and
the reference data. The first is the MRE compared to the SEM
median. This is defined for a single time as

N
1 —
MRE = — Z wNN wSEM

N 1V |sem
where Yy is the stream function predicted by the trained
PINN model, hﬁ |sem is the median of the absolute stream
function predicted by the SEM model, and the summation N is
over the spatial grid points. Note that while our equations are
written in terms of stream function, the same FOM are defined
for the vorticity.

We also define the PPMCC as

C;
R,’j = —

where C;; is the covariance between random variables i and
Jj. In the context of this paper, we define the stream function
of the QNN and SEM solutions for a single grid point as
random variables and consider the values at each time step
as samples of the variables. Thus, for each grid point we
can calculate the PPMCC, computing how correlated the two

; (D)

(D2)
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solutions are over time. Since the PPMCC is normalized, a
value of —1, 0, and 1 represents perfect anticorrelation, no
correlation, and perfect correlation respectively. Numerically
we find that models with high PPMCC correspond to models
that also score low in MRE. This agreement between our
correlation-based FOM and distance-based FOM gives us a
powerful toolkit to analyze the quality of the machine learning
models trained.

APPENDIX E: TRAINING LOSSES FOR QCL
AND DQC MODELS

Training a QCL model as in Sec. V A requires a direct
optimization of a single loss term, whereas the optimization
of the DQC model of Sec. V B requires optimization of four
separate terms.

The loss evolution during training is shown in Fig. 6, which
corresponds to the models as presented within the main text.
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