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Abstract—In this paper, we illustrate the use of our partial
differential equations for flow maps to quantify Lagrangian
transports and non-advective dynamics in geophysical fluid
flows. Our emphasis is on the use of spatiotemporal flow
maps to help differentiate the advective transports from non-
advective transformations of water masses and ocean features
in four dimensions. Preliminary results are presented for real-
time sea experiments with autonomous sensing platforms and
advanced modeling systems in diverse ocean regions and dy-
namical regimes. They include the Nova Scotia Shelf-Slope and
New England Seamount Chain regions, Gulf of Mexico, and
Balearic and Alboran Seas in the western Mediterranean. Our
differentiations directly highlight regions of higher shear and
mixing, including the edges of meanders, eddies, filaments, and
internal waves, and the regions undergoing strong vertical or
spiral motions.

Index Terms—Ocean modeling, dynamical systems, La-
grangian transports, flow map composition, coherent sets, La-
grangian Coherent Structures, incoherence, mixing

I. INTRODUCTION

Ocean currents and atmospheric winds transport a variety
of natural and man-made materials. Natural Lagrangian trans-
ports involve aerosols, pathogens, plankton, algae, sediments,
and air and water masses themselves, while man-made quan-
tities include pollutants, debris, floating objects, robots, or
humans themselves in search and rescue operations. Due to
advection and other forces such as Coriolis, buoyancy, tides,
and boundary forcing, coherent structures such as fronts, jets,
eddies, and gyres form. These coherent structures and their
shear flows also lead to instabilities, turbulent stirring, and
ultimately mixing through molecular diffusion. For both sci-
entific understanding and practical applications, it is essential
to predict, map, and characterize flow transports and flow
structures across space and time. Equally useful is the ability
to distinguish between advection, coherence, inertia, and re-
versible processes, and instabilities, incoherence, mixing, and
irreversible processes.

Much progress has been made in understanding chaotic
transports and coherent flow structures in fluid, ocean, and
atmosphere dynamics [1-10]. Many transport studies first
compute Lagrangian trajectories of passive water parcels.
These trajectories, the corresponding flow maps, and their
derivatives are then utilized to define and compute powerful
quantities such as finite time Lyapunov exponents (FTLES)
and other common types of Lagrangian Coherent Structures
(LCSs) [11-15]. The results originating from flow maps and
dynamical system analyses include attracting basins, repulsive
surfaces, residence times, connectivity patterns, and coherent
and incoherent sets. In fluid dynamical systems, a classic flow
map indicates where each parcel of water is transported after a
given time, forward or backward. For a finite-time trajectory,
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the forward flow map is the function that maps the initial
location to the final location, while the backward flow map
maps the final location back to the initial location. In other
words, the forward flow map field is the final destination at
each start location, while the backward flow map field is the
start location at each final destination.

In this work, we highlight and extend the use of our partial
differential equation (PDE) methods for flow map and La-
grangian transport studies in geophysical fluid flows [16—-20].
They include super-accurate schemes for advective transport
through flow map composition, achieving minimal errors and
strong theoretical guarantees. Flow maps are spatiotemporal
fields governed by PDEs that correspond to an infinite number
of classic trajectories governed by ODEs (the characteristics
of the PDESs). We can utilize our four-dimensional flow map
predictions to extract dynamical regions and classify ocean
processes, and inform classical geophysical fluid dynamics
analyses [21-24]. An emphasis of the present exploration is to
highlight the use of PDE-based flow maps to help differentiate
the advective transports from non-advective transformations of
water masses and ocean features in four dimensions. Prelimi-
nary results are presented for real-time at-sea experiments with
autonomous sensing platforms in diverse ocean regions and
dynamical regimes. They include the northwestern Atlantic,
Gulf of Mexico, and western Mediterranean.

The spatiotemporal ocean fields that we employ are
real-time forecasts or reanalyses from our MIT-MSEAS
data-assimilative Primitive-Equation (PE) submesoscale-to-
regional-scale ocean-modeling system [25-27]. These multi-
resolution simulations were forced with tides and air-sea fluxes
and initialized by downscaling from global models. Flow maps
and derived Lagrangian quantities are then obtained using the
MIT-MSEAS velocity fields.

In what follows, we outline our Lagrangian flow map
methods and ocean modeling systems. We then showcase
transports and transformations of water masses in the Nova
Scotia Shelf-Slope and New England Seamount Chain region,
multiscale stirring and mixing in Gulf of Mexico, subduction
pathways in the Balearic Sea, and dynamical flow structures
in the Alboran Sea. We then provide brief conclusions.

Il. METHODOLOGY

Our Lagrangian approach consists of computing flow maps
[16, 18, 28, 29] using super-accurate schemes to integrate
advection PDEs for Lagrangian transport of positions and field
variables of interest. We then characterize these transports,
compute flow structures, and differentiate pure advection pro-
cesses from complete dynamical processes. The flow velocity
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fields used in the advection are the ocean currents predicted
by our data-assimilative ocean modeling.

A. Lagrangian Flow Map

To compute flow maps, we employ our PDE-based method
of composition [17] extended for use in realistic open-flow
fields, with time-dependent inlets and outlets [19].

The advective transport of a generic (possibly vector valued)
quantity  defined per unit mass is governed by Eq. (1), over
some open spatial domain , with inlets and outlets,

6D L vixt) r (x:t)=0:
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(xX0) = o;

where v is the velocity field and (x;0) = o(x) the initial
condition (IC). This PDE governs the motion of fluid parcels
initially in position Xg, carrying the quantity ¢(Xp), and
advected by the velocity field v(x(t);t). By definition, the
position of this parcel at the final time T (denoted by X) is
given by the forward flow map x = J(Xo). The backward
flow map is the inverse of the forward flow map. Hence, we
can also write the advection relation in terms of the backward
flow map as Xo = { 'x) = 9 ().

For the quantity  governed by Eqg. (1), we thus have
GT)= oX0)= o $(X) 8x2 a(T);
where 4(t) is the active domain or the region of  where
the flow map is defined [19]. If we now consider for  the
3D field of parcel positions, for the IC o(X) =X 8x2

we then have that:

(T)= o(x0)= T(X) 8x2 aT): )
The backward flow map 2(x) is thus governed by the
following PDE system forward in time with the given IC [19],

g;;t) +v(x;t) r (x;t) =0;
(X; 0) =X; (3)
then (x;T)= $(X):

Similarly, the forward flow map [ (x) can be obtained by
solving the following PDE system backward in time, with the
stated terminal c@ongi(t_i%?:

@t’ TVt r () =0;

x;T)=x;

then (x;0)= J(X):
These PDE flow map systems are simply what we solve for
advection-only dynamics. Using appropriate boundary condi-

(4)

tions, Eq. (3) and Eq. (4) are numerically integrated using the
efficient and super-accurate method of composition [17, 19].

B. Ocean Modeling Systems

The ocean fields we employ were simulated using our
probabilistic MSEAS modeling system [25, 26, 30]. MSEAS
has been used for scientific simulations and research forecasts
in many ocean regions [e.g., 22, 27, 31-53]. In our applica-
tions, we employ its hydrostatic primitive-equation (PE) model
with second-order structured finite volumes, generalized-level
vertical coordinates, a nonlinear free surface, and implicit
two-way nesting/tiling for multiscale dynamics [25, 26]. We
also utilize our schemes for initialization and fast-marching
objective analysis [26, 54], nested tidal prediction and in-
version [55], subgrid-scale models [56, 57]. and ensemble
forecasting and data assimilation with Error Subspace Sta-
tistical Estimation (ESSE) [58-61]. Other applications of
MSEAS include underwater acoustics [33, 35, 53, 62-66],
biogeochemical-ecosystem simulations and learning [38, 67—
70], ocean monitoring and environmental assessment [21, 71—
75], rapid responses [76, 77], reduced-order modeling onboard
ocean vehicles [78-80], reachability analysis and path plan-
ning [42, 81-90], and adaptive sampling [43, 52, 61, 91-94].

I1l. APPLICATIONS

We now illustrate the use of our PDE-based flow maps, ad-
vective transports, non-advective transformations, and coher-
ent structures in four regions: the Northwest Atlantic Ocean,
the Gulf of Mexico, the Balearic Sea, and the Alboran Sea.

A. Water Mass Transports and Transformations in the North-
west Atlantic Ocean

We first highlight the transport and transformation of water
masses in the Nova Scotia Shelf-Slope and New England
Seamount Chain region (Fig. 1). The ocean fields we used as
input for this study are forecasts issued during the Intensive
Observation Period (IOP) of the collaborative New England
Seamount Acoustic (NESMA) sea experiment in the New
England Seamount Chain in July 2024 [95]. These MSEAS
ocean forecasts were commonly 3 to 5 days in duration,
using 100 optimized vertical levels and 2.4 km horizontal
resolution. Initial conditions were downscaled from two global
models (HYCOM and Mercator) and corrected using some
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(a) 4-day bkwd. x flow map at 100 m  (b) 4-day bkwd. y flow map at 100 m (c) 4-day bkwd. z flow map at 100 m (d) July 22 Ertel potential vorticity

Fig. 1: Water transports in the northwest Atlantic during July 18-22, 2024. (a,b) 4-day backward x and y flow maps at 100 m reveal the
origins and extent of filaments off the shelf. (c) 4-day backward z flow map at 100 m reveals locations of parcels that have upwelled (blue)
and downwelled (red) to 100 m after 4 days. (d) Ertel potential vorticity on July 22, has high correlation with the backward flow maps.
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Fig. 2: Water transports and mixing in the northwest Atlantic during July 18-22, 2024. Top row: Initial (a) temperature, (b) salinity, and
(c) spiciness of water parcels purely advected by backward flow maps to 100 m depth after 4 days. Bottom row: Differences between full
MSEAS-PE fields and purely advected fields, for (d) temperature, (e) salinity, and (f) spiciness, display how non-advective processes change

the water mass properties.

data of opportunity. They were forced by blended atmo-
spheric flux field forecasts from the High-Resolution Window
(HIRESW) 5 km Model and Global Forecast System (GFS)
0.25 model from the National Centers for Environmental
Prediction (NCEP), and by tides from TPX09-Atlas of OSU
adapted to the higher-resolution bathymetry and coastlines
[55]. We utilized a bathymetry blended from the Shuttle Radar
Topography Mission (SRTM) 15-arcsecond global map [96]
and the l1-arcsecond NOAA coastal relief bathymetry [97].
Ocean physics and acoustics forecasts were issued daily.

In Figs. 1 and 2, we exemplify the direct use of flow maps
for analyzing Lagrangian transports and the actual degree
of conservation of dynamical tracers such as temperature T,
salinity S, and spiciness during these transports. Spiciness is
related to density-compensated variations in potential T and
S. It is a variable whose isopycnal variations reflect isopycnal
water-mass contrasts in density units [98].

Fig. 1 first predicts the 3D origin, extent, and potential
vorticity properties of streamers and filaments of Nova Scotia
shelf water being entrained off the shelf in the northwestern
Atlantic Ocean during July 18-22, 2024. It also highlights
known properties of features in this region, including those
of Gulf Stream meanders, cold eddies (CEs), and warm core
rings (WCRs) [99, 100]. Backward flow maps are thus used
(Fig. 1a-c): they show the initial locations of fluid parcels at
their final positions, hence the origin of water parcels and
features. As a reminder, a single X, y, or z backward flow
map over a specified time window, at a specified depth, does
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not by itself describe the full 3D movement of water parcels:
it merely shows the X, y, or z origin of all water parcels that
end up at the specified depth at the end of the time window.
For example, Fig. 1a only shows the initial x coordinates of all
parcels that end at 100 m after 4 days, and does not indicate
the initial latitude or depth. The backward flow maps of
horizontal positions shown in Fig. 1a and 1b reveal the origins
of filaments off the shelf and alongside the Gulf Stream, while
the backward flow map of vertical position (Fig. 1c) reveals
the locations of parcels that upwelled (blue) or downwelled
(red) to 100 m after 4 days. Synthesizing Figs. 1a—c provides a
fuller picture of the 3D motions: we find that during July 2024,
filaments originated from the western flank of Browns Bank,
likely spillovers off the Nova Scotia shelf (Fig. la-b), at
around 80 m depth (Fig. 1c), and were advected southeast,
parallel to the New England seamount chain, to reach 100 m
depth (downwelling). The Gulf Stream (GS) enters the domain
near (39 N, 72 W); the white coloring in this area indicates
parcels originated outside the PE ocean domain (flow maps
are computed in what we call the active domain 4(t)).
The GS interactions with the near-shelf fields and jets likely
also contributed to this offshore entrainment. Immediately to
the southwest of these Nova Scotia waters, a return branch
upwells waters towards Georges Bank. Additional filaments
can be seen east (downstream) of the Seamounts, e.g., near
(39 N, 60 W), as well as remnants of WCRs. Lastly, the Ertel
potential vorticity (PV) forecast at the end of the 4 days, on
July 22, is shown on Fig. 1d. The high correlation between
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